5 21 22 23 27

Numerical Modeling of Oil Containment By a Boom 1

by StØephan T. Grilli, Zhimin Hu, and Malcolm L. Spaulding

Department of Ocean Engineering University of Rhode Island Narragansett, RI 02882, USA

Abstract

This work is part of a research project, funded by the U.S. Coast Guard2, aimed at developing a hydrodynamic model of oil containment by booms. The main goal of the project is to use the model to analyze oil containment failure mechanisms causing substantial loss of oil under the boom. Due to its more catastrophic nature, the failure mode referred to as critical accumulation is the main object of the study.

An extensive literature review was conducted for interfacial instabilities between two fiuids and for oil containment failure problems. Based on this review, a hierarchy of modeling strategies was proposed. The Phase I model was developed, implemented, and tested as part of this project. Other models are being developed as continuations of this project.

The Phase I model uses piecewise-constant vortex sheets (VS) to represent the oil-water interface in a contained oil slick. Biot-Savart’s law is used to calculate fiow velocities induced by vorticity distributions in the VSs. An evolution equation is derived for time updating vorticity along VSs, including the effects of inertia, gravity, oil and water density differences, and surface tension at the interface. Higher-order modeling of the VS’s geometry is introduced, based on 4th-order sliding polynomials and cubic splines.

The idealized case of a periodic Kelvin-Helmholtz instability is ffrst solved to test and validate the principal numerical algorithms in the model. The pure headwave instability case (i.e., without a boom) is then solved. Model calculations are found to be both stable and accurate. Computational results are qualitatively similar to other published results. Applications of the model to more realistic cases of oil containment by a boom are then presented.

1In Proc. 19th Arctic and Marine Oilspill Program Tech. Seminar (AMOP, Calgary, Alberta, CANADA, June 96), pps. 343-376. Environment Canada, Canada.

2Oil Pollution Research Grant Program, U.S. Department of Transportation, Grants No. DTRS57-94-G-00076 (FY94) and DTRS57-95-G-00065 (FY95).

1 Introduction and literature review

1.1 Overview

Booms are one of the most commonly used techniques to collect and contain oil on the sea surface, or to protect speciffc areas against slick spreading by containment or diversion. In the collection mode, fioating boom systems are deployed on the free surface, usually in a U or V conffgurations, and towed towards the oil slick. In the diversion mode, they are used to direct oil to the shoreline or sheltered area.

The containment of oil by a boom is illustrated by the sketches in Fig. 1 which correspond to both an ocean situation in which a boom is towed by a boat at speed U over an essentially nonmoving water mass ↼zero current↽ and a river situation in which a αxed boom is placed across a river βow with current U▷ In both cases oil accumulates inside the boom with the maximum accumulation occurring at the boom catenaryφs apex where the maximum relative water velocity also occurs▷ Considering the location of accumulation and the small curvature of the boom geometry around the apex point it is often acceptable ↼as a αrst approximation↽ to simplify this essentially threedimensional problem to a twodimensional one in the vertical plane intersecting the boomφs apex ↼Fig▷ 2↽▷ It is also reasonable to assume that for both cases in Fig▷ 1 the boom does not move and the water βows under the boom at a velocity U equal to the relative boomwater velocity▷ In order to collect as much oil as possible in the shortest possible time it is desirable to have a tow velocity as large as possible▷ Various hydrodynamic instabilities at the oilδwater interface however contribute to a fairly low practical limit for the tow velocity on the order of 0▷5 m◁s▷ In fact for the idealized problem sketched in Fig▷ 2 laboratory observations show that interfacial waves start developing at the oilδwater interface for relative current speeds U ≃ ′.15 m◁s▷ For larger speed these waves grow unstable and in most cases lead to substantial or even total loss of oil under the boom ↼Agrawal and Hale ♭1♯ Lau and Kirchifer ♭20♯ Wicks ♭27♯ Wilkinson ♭28 29♯↽▷ In the literature such instabilities are referred to as boom containment failure modes and three main types of containment failures have thus far been identiαed3 • D∇⊣⟩\⊣}⌉ F⊣⟩↕⊓∇⌉ ¬ A\ ⟩\⌋∇⌉⊣∫⌉ ⟩\ ∇⌉↕⊣⊔⟩⊑⌉ ⊒⊣⊔⌉∇↖⌊≀≀⇕ ⊑⌉↕≀⌋⟩⊔† U leads to an increase in interfacial friction stresses causing a shortening and a thickening of the slick▷ An increase in slick thickness beyond the barrier draft d leads to drainage failure▷ Cross and Hoult ♭7♯ studied the steadyδstate proαles of contained oil slicks and formulated an equation for the maximum slick length l as a function of barrier draft d l = 156.25 g (1 − s) U2 d2 (1) where, s = ρ_o/ρ_w ↼ρ_o being the oil density and ρ_w the water density↽ and g is the gravitational acceleration▷ This equation is applicable only for low current speeds and smooth oilwater interfaces▷ If slick length is larger than l containment failure will occur by drainage under the boom▷ 3Note that in addition to these failure modes which occur in calm weather the effectiveness of the boom in containing oil can be severely limited by the hydrodynamic behavior of both the boom and the slick under extreme weather conditions that may create high seas▷ These factors will not be considered in the present study▷

Figure 1. Planview of typical setup for oil containment by . ↼a↽ a towed boom ↼ocean↽, or ↼b↽ a static boom ↼river↽▷ Arrows mark the direction and magnitude of the relative velocity U between boom and water▷

Figure 2. Sketch for initiation of oil containment failure by critical accumulation with mention of important parameters . U waterboom relative current velocity, u_{ow} oilwater relative velocity, ρ o ρ w oil and water density respectively, σ ow σ oa σ aw interfacial tension coefαcients for oilwater oilair and airwater respectively, C f oilwater interfacial friction coefαcient, q oil slick depth, MWL Mean Water Level▷

3

For larger current speed the oilwater interface is no longer smooth ↼see below↽ and the interfacial friction coefαcient C_f increases▷ For such cases Delvigne ♭8♯ αnds empirically that maximum slick length depends on oil volume Q as l ∝ Q 2/3▷ • E\⊔∇⊣⟩\⇕⌉\⊔ F⊣⟩↕⊓∇⌉ ¬ F≀∇ ⟨⟩}⟨ ∇⌉↕⊣⊔⟩⊑⌉ ≀⟩↕∘⊒⊣⊔⌉∇ ⊑⌉↕≀⌋⟩⊔⟩⌉∫ ⊣\⌈ ↕≀⊒ ⊑⟩∫⌋≀∫⟩⊔† ≀⟩↕∫⇔ ν_o < 3, 000 cs large interfacial stresses occur and induce shear instabilities of the oil water interface▷ Such instabilities are characterized by the formation of small fastmoving interfacial waves ↼ripples↽ which for sufαciently large U ↼on the order of 0▷25 m◁s↽ may grow unstable and break leading to subsequent entrainment of oil droplets in the underlying βow▷ The droplets either reattach to the slick ↼if the slick is long enough↽ or pass under the barrier leading to progressive containment failure by droplet entrainment▷ Signiαcant work on droplet entrainment was done by Agrawal and Hale ♭1♯ Leibovich ♭21♯ and Wilkinson ♭28 29♯▷ Note that drainage and entrainment failure may occur simultaneously in some situations ♭8♯▷ • C∇⟩⊔⟩⌋⊣↕ A⌋⌋⊓⇕⊓↕⊣⊔⟩≀\ ¬ P∇⟩≀∇ ⊔≀ D⌉↕⊑⟩}\⌉≃∫ ∪∀⊎ ⌉§√⌉∇⟩⇕⌉\⊔∫⇔ ⌉\⊔∇⊣⟩\⇕⌉\⊔ {⊣⟩↕⊓∇⌉ ⊒⊣∫ ⊔⟨≀⊓}⟨⊔ ⊔≀ ⌊⌉ ⊔⟨⌉ √∇⟩⇕⊣∇† ⌈†\⊣⇕⟩⌋ {⊣⟩↕⊓∇⌉ ⇕≀⌈⌉ {≀∇ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖∫↙ D⌉↕⊑⟩}\⌉⇔ ⟨≀⊒⌉⊑⌉∇⇔ ∫⟨≀⊒⌉⌈ ⊔⟨⊣⊔⇔ {≀∇ ≀⟩↕∫ ⊒⟩⊔⟨ ↕⊣∇}⌉ ⊑⟩∫⌋≀∫⟩⊔⟩⌉∫⇔ ν_o ≥ ∋, 000 cs another more catastrophic failure mechanism always occurs at a lower velocity U than the other two modes▷ Previous studies did not reveal this failure mechanism because the oil viscosities used in the experiments were too low▷ In this failure mode referred to as critical accumulation the oilδwater interface when exposed to a relative oilδwater βow velocity exceeding a certain critical velocity U_{cr} ≃ ′.15 m◁s develops slowmoving large scale oscillations which eventually cause all of the oil to escape under the barrier independent of barrier draft d▷ A more detailed analysis of Delvigneφs experiments reveals that critical accumulation is characterized by the formation of a headwave at the front of the slick ↼Fig▷ 3↽ which grows in amplitude as a function of time and propagates downstream towards the boom▷ This causes the slick to become both shorter and thicker and eventually leads to almost total loss of oil under the boom▷ Quite remarkably for large enough viscosity Delvigneφs experiments show a lack of dependence of U_{cr} on oil viscosity ν_o density difference Δρ_{ow} = ρ_w − ρ_o = ρ_w (1 − s), oil volume Q or water depth h▷ Finally it should be emphasized that due to weathering and emulsiαcation real slicks can quickly reach large viscosities on the order of 10000 cs ↼Johnston et al▷ ♭17♯↽ and hence their containment by a boom is likely to fail by critical accumulation for tow velocities beyond the critical value▷ Many experimental and theoretical studies were pursued in the 1970φs to understand the physics of oil containment by a boom and circumstances leading to containment failure▷ More recently there has been a renewed interest in studying the problem and attempts made to use numerical modeling tools▷ An exhaustive literature review was conducted by Grilli et al▷ ♭14♯ for the oil containment problem as part of this project including qualitative experimental and numerical studies▷ This review clearly showed that interfacial waves occurring during the failure modes discussed above are both initiated and sustained by shear instability at the

Figure 3. Experimental shapes of oil slicks measured in Delvigneφs ♭8♯ experiments with Arabian light emulsion ↼ν_o = 2, 300 cs↽ for relative waterboom velocity U / a . 0▷065, b . 0▷095, c . 0▷128, and d . 0▷145 m◁s▷ The αgure shows the increase in size of the headwave and the shortening of the slick as U increases from curve a to c and αnally the failure by critical accumulation with the oil slick draining under the boom in curve d▷ oilwater interface usually referred to as a KelvinHelmholtz ↼KH↽ instability ↼Benjamin ♭4♯ Drazin ♭10♯ Jones ♭18♯ Rangel and Sirignano ♭23♯↽▷ Hence modeling KH instability in the context of oil containment by a boom was deαned as one of the main objectives of the present study▷ This is detailed in the next section▷

1▷2 Statement of the problem The literature review by Grilli et al▷ ♭14♯ identiαed key parameters and physical phenomena responsible for the three failure modes of oil containment by a boom discussed above▷ In the light of Delvigneφs ♭8♯ and Johnston et al▷φs ♭17♯ experiments critical accumulation seems to be the dominant failure mode for high viscosity oils that are found in many real slicks▷ Critical accumulation results from the interplay of the following physical processes and parameters ↼see Fig▷ 2↽ • ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ ⊒⊣⊔⌉∇↖⌊≀≀⇕ ⊑⌉↕≀⌋⟩⊔† U which controls the magnitude of interfacial friction forces and triggers and sustains KH instability, • ⊔⟨⌉ ⊙⊓⟩⌈ ⌈⌉\∫⟩⊔† ⌈⟩{{⌉∇⌉\⌋⌉ Δρ_{ow} which affects both slick thickness and spreading forces, • Δρ_{ow} and the surface tension at the oil water interface σ_{ow} which both affect the growth of interfacial KH waves, • ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ {∇⟩⌋⊔⟩≀\ ⌋≀⌉{⊘⌋⟩⌉\⊔ C_f which controls the magnitude of interfacial friction forces and thus affects oil slick thickness and is dependent on interfacial shape ↼including irregularities due to KH waves↽, • ≀⟩↕ ⊑⟩∫⌋≀∫⟩⊔† ν_o which damps out short interfacial waves and limits the strength of internal circulation cells within the oil slick ↼hence justifying a quasihydrostatic assumption for highly viscous oil slicks↽▷

Other parameters of lesser importance are σ aw and σ oa the airwater and oilair surface tension respectively▷ Increasing U or C f reinforces the KH instability whereas increasing σ ow or Δρ ow ↼i▷e▷ buoyancy↽ reduces the instability▷ Overall a steadysate slick shape can be achieved for U < U cr when stabilizing forces ↼i▷e▷ spreading forces and circulation in the slick↽ balance interfacial friction forces▷ For U > U_{cr} however increased friction forces at the interface can no longer be compensated by counteracting forces particularly for high viscosity oils for which circulation in the slick is very limited▷ Hence slick length must decrease to balance friction forces and as a result interfacial waves grow even larger ↼see Fig▷ 3↽▷ This in turn increases friction forces even more leading to the unstable reduction in slick length and total loss of oil by drainage under the boom that characterize critical accumulation▷ Delvigne points out that at the onset of critical accumulation strong deformations of interfacial waves headwave or both are observed ↼see e▷g▷ Fig▷ 3 curve c↽▷ ♭This is conαrmed by Johnston et al▷♯▷ He also notes that for lower viscosity oils a similar unstable growth of interfacial waves would probably lead to oil being torn off the wave crests and therefore to droplet entrainment▷ Hence modeling KH instability and resulting interfacial waves in the context of oil contain ment by a boom seems to be the key to both understanding and predicting critical accumulation failure▷ To do so due to the high degree of complexity of physical mechanisms involved an Ψincremental approachν was used in which the initial model developed in this project would only be a αrst step towards a more comprehensive model of oil containment that could eventually provide practical useful results▷ The αrst model in this incremental approach referred to as the Phase I model is detailed in the following▷ Modeling the problem sketched in Fig▷ 2 involves solving for the unsteady motion of a two βuid system in the presence of αxed obstacles ↼bottom boom↽▷ This system has both free surfaces ↼airoil airwater↽ and an interface ↼oilwater↽ for which viscous and turbulent effects may be important▷ Apart from the region very close to the oilwater interface due to the large Reynolds number of the βow water behaves as an almost perfect inviscid βuid ↼Batchelor ♭3♯↽▷ From the literature review it is apparent that dynamic effects dominate along the oilδwater interface as far as development of KH instabilities and interfacial waves ↼Wilkinson ♭28♯↽▷ Besides dynamic effects both slick thickness q and shape also depend but to a lesser extent on viscous◁turbulent effects at both the oilwater interface and within the oil slick ↼slow viscous circulation occurs within the oil slick, Milgram and Van Houten ♭22♯↽▷ Surface tension at the interface also plays an important role in the development of KH waves ↼Di Pietro and Cox ♭9♯ Rangel and Sirignano ♭23♯↽▷ Only a very limited number of modeling approaches have been proposed in the literature to represent the motion of contained oil slicks i▷e▷ the oilδwater interface and the underlying water βow▷ Among the few it seems that only the work by Zalosh ♭30♯ included the important parameters identiαed above that affect interfacial instability phenomena responsible for the critical accumulation failure of oil slicks▷ Zaloshφs model in particular was the only one where unsteadiness of KH shear instability and the detailed shape of interface was taken into account▷ This work was based on using inviscid Vortex Sheets ↼VS↽ to represent interfacial geometry and vorticity as a function of time▷ Several unrealistic simpliαcations and incorrect coefαcients in the model equations however prevented this model from providing quantitatively realistic results for a sufαciently long time▷

Two other models by Bai and Kim ♭2♯ and Clavelle and Rowe ♭6♯ concentrated on representing βuid behavior in the bulk of the oil and water domains in front of the boom and ignored surface tension and KH waves on the oilδwater interface▷ Because domain discretizationtype methods were used in these models ↼i▷e▷ Finite Difference Method Finite Volume Method↽ they also lacked sufαcient resolution for the discretization of the oilwater interface geometry▷ This however is the region of the βow where accuracy is most needed in order to correctly model and predict oil containment failure by critical accumulation▷ Along the same line Ertekin and Sundararaghavan ♭12♯ recently computed viscous βows past a boom▷ In this study however both the oilthickness and the KH waves at the oilδwater interface were totally neglected and the model concentrated on determining the βow below the slick and downstream of the boom▷ Hence despite the authorsφ statement such a model is unable to predict instabilities at the oilwater interface observed in experiments▷ Finally in the last three models due to the large Reynolds number of the βow below the slick and in spite of using NavierStokes equations the models actually solve Euler equations and hence implicitly assume an inviscid βuid▷ For an inviscid βuid in which ↼shearinduced↽ vorticity is concentrated along interfaces and solid boundaries vorticity is well represented by vortex sheets ↼VS↽ ↼Batchelor ♭3♯↽▷ The analysis of the VS dynamics shows that induced velocities can be expressed by BiotSavartφs law ↼Lamb ♭19♯ Batchelor ♭3♯↽ which employs a boundary integral formulation▷ This allows for the development of Boundary Integral Equation ↼BIE↽ models which when combined with higherorder Boundary Element Methods ↼BEM↽ for the spatial discretization have proven to be very efαcient and accurate for solving unstable free surface βow and gravity wave problems ↼e▷g▷ Grilli and Subramanya ♭15 16♯↽▷ More speciαcally in BIE◁BEM models discretization of the solution is limited to the boundaries ↼i▷e▷ to interfaces in the present case↽ whereas the representation of the solution inside the βuid domain is exact▷ Hence model grids are very much reduced in size compared to domaindiscretizationtype methods and high resolution can thus be achieved along the boundaries ↼and interfaces↽▷ Furthermore for moving boundary problems like the present one time updating of both the discretization and the boundary conditions is much more efαciently and accurately implemented in BEM models than in domaindiscretizationtype models where the whole spatial grid has to be recreated at each time step▷ In the Phase I model we adopted an inviscid VS approach to represent interfaces between the two βuids▷ Viscous circulation is neglected in the oil slick i▷e▷ a quasihydrostatic pressure is assumed which is acceptable in view of experimental evidence particularly for high viscosity oils ↼e▷g▷ Milgram and Van Houten ♭22♯↽▷ The VS approach exactly accounts for the vorticity generated by the velocity discontinuity at the oilwater interface but not for the viscous or turbulent diffusion of vorticity that may occur at the interface4▷ The underlying water is assumed to behave as an incompressible inviscid βuid ↼i▷e▷ an ideal βuid↽▷ Equations for the Phase I model are given in Section 2 and applications in Section 3▷ Possibilities for further development and improvements of this model are discussed in Section 4▷ 4Note that the vorticity along the VSs will induce a slow nonviscous rotational motion in the oil slick but with likely minimal vertical accelerations▷ Hence this is consistent with the assumption that pressure in the oil is close to hydrostatic▷ Accounting for a slow circulation in the slick would only provide small additional stabilizing forces which would reduce interfacial waves▷ The present model is thus likely to slightly overpredict the growth of interfacial instabilities▷

2 The mathematical and numerical model In the Phase I model VSs are used to represent interfaces ↼airwater airoil oilwater↽ and solid boundaries ↼boom bottom↽▷ Here the VSs are discretized by piecewiseconstant elements of vorticity▷ This however already represents an improvement over most existing VS models which use less accurate point vortices ↼e▷g▷ Zalosh ♭30 31♯ Rangel and Sirignano ♭23♯↽▷ The velocity induced by the VSs will be calculated based on BiotSavartφs law ↼Batchelor ♭3♯↽▷ Time evolution of the VSs will be computed using an equation that accounts for the oilwater density difference interfacial tension effects and gravity effects ↼Fink and Soh ♭13♯ Rangel and Sirignano ♭23♯ Zalosh ♭30 31♯ Zalosh and Jensen ♭32♯ Zaroodny and Greenberg ♭33♯↽▷ Details of model equations and numerical algorithms are given in the following▷ 2▷1 Velocities induced by VSs For an inviscid βuid βow when vorticity is concentrated within twodimensional vortex sheets ↼VS↽ in a vertical plane (x, y), Biot-Savart’s law can be used to calculate the induced velocity (u, v) as (Batchelor [3], p527), u(x, y) = 1 2π ∫ y − y^′ r2 γ(s) ds v(x, y) = − ∞ ∈π ∫ x − x^′ r2 γ(s) ds ↼2↽ where γ(s) is the clockwise vortex sheet strength (i.e., minus the vorticity) and s(x^′, y^′) is the curvilinear abscissa along the sheet.

When points x = (x, y) do not belong to the sheet, integrals in (2) are non-singular. For points (x, y) within the sheet, integrals in (2) are singular for vanishing r and must thus be calculated in a Cauchy Principal Value ↼CPV↽ sense▷ In this case ↼2↽ also takes the form of a Boundary Integral Equation ↼BIE↽ for u(x, y) on the sheet. In the numerical model, discretized expressions of (2) are used to calculate the sheet position as a function of time, according to the Lagrangian deffnition of velocities, dx dt (t) = u(x, y) (3)

where the time derivative follows the motion of the sheet.

A standard simplifying assumption in studies involving VS dynamics is to assume that the vorticity is either piecewise constant or is concentrated at point vortices along the sheets. Despite their similarity�and sometimes their confusion in the literature�, these two representations differ in the sense that point vortices do not have a self-induced velocity contribution to Eqs. (2) whereas piecewise constant distributions of vortices do have self-induced velocity at the center of each interval, due to CPV integral contributions in (2) (Fink and Soh [13], Van de Vooren [25]). In many studies, point vortices are found to only give a poor representation of continuous vortex sheets which often quickly leads to inaccurate or even to unstable results, when used to calculate the dynamics of VSs as a function of time. This is true unless point vortices are continuously regridded to equal arc-length distance on the sheet (Fink and Soh [13]). The reason for this will be clear from the following.

Vortex sheets in fact represent a continuous (line) vorticity variation which can be well approximated by a piecewise polynomial distribution of vorticity similar to Boundary Elements used in continuum mechanics (e.g., Brebbia [5]). The simplest possible representation of this type is made of N piecewiseconstant elements of vorticity density γ(s_i) = γ_i▷ Doing so ↼2↽ transforms into u_i = 1 2π N∑ j=1 γ_j ∫_{sj+Δsj /2} sj −Δsj /2 y_i − y r2_i ds

v_i = − ∞ ∈π N∑ j=1 γ_j ∫_{sj+Δsj /2} sj −Δsj /2 x_i − x r2_i ds ↼4↽ for (i = 1, ..., N), with, r_i = {(x − x_i)2 + (y − y_i)2}∞^{/2} (5) Assuming that the geometry within each vortex element is smoothly varying and can thus be approximated by values at mid-point s_i of each element and denoting by Γ_i = γ_iΔs_i the vorticity attributed to each element i ↼4↽ transforms into a simple summation for j ≠ i▷ For j = i however integrals in ↼4↽ are singular and CPVφs must be calculated▷ This can be done using either polar coordinates or complex notations ↼e▷g▷ Fink and Soh ♭13♯↽ and we αnd for (i = 1, ..., N), u_i = 1 2π ∑ j≠i y_i − y_j r2_{ij} Γ_j + ũ_i

v_i = − ∞ ∈π ∑ j≠i x_i − x_j r2_{ij} Γ_j + ṽ_i ↼6↽

where (ũ i, ṽi) represent CPV’s contributions to the velocity (ui, vi) given by,

ũ_i = − ∞ ∈π Γ_i Δs_i^{sin} θ_i log r_{i+1/2} r_{i−∞/2} ṽ_i = + 1 2π Γ_i Δs_i^{cos} θ_i log r_{i+1/2} r_{i−∞/2}^{↼7↽} where θ i is the angle between the xaxis and segment i and [r i−∞/2, ri+1/2 ] denote distances from both extremities to the mid-point of segment i▷ It is easy to see in Eq▷ ↼7↽ that the CPV contributions disappear when vortex elements are regridded to equal arclength distance so that r_{i−∞/2} = r_{i+1/2}▷ ♭This was the method used by Rangel and Sirignano ♭23♯ to avoid calculating CPV integrals▷♯▷ Thus when regridding is used or when vortex elements do not change too rapidly in length as a function of time Eq▷ ↼4↽ reduces to the summations in the αrst terms of its right hand side which is identical to assuming discrete vortices▷ When either regridding is not used or when the length of vortex elements signiαcantly changes with time CPVφs terms ↼7↽ provide signiαcant contributions in ↼6↽ and the assumption of discrete vortices is unacceptable 5▷ This is the likely reason why Zalosh ♭30 31♯ 5One would see for instance that if elements ↼i▷e▷ boundary segments↽ are very much stretched or become very small CPV terms in ↼7↽ provide almost singular ↼i▷e▷ very large↽ contributions to ↼6↽ whereas discrete vortices approaching each other would not exhibit this behavior▷ who used discrete vortices and no regridding was unable to pursue his computations for a long time without experiencing numerical instability whereas Rangel and Sirignano ♭23♯ who also used discrete vortices but performed regridding at each time step were able to calculate the development of KelvinHelmholtz instability and rollingup of vortex sheets at an interface for a fairly long time ↼see Fink and Soh ♭13♯ and Van de Vooren ♭25♯ for discussions of these and other related problems↽▷

2▷2 Rate of change of circulation on the VSs For a vortex sheet representing the interface between two βuids moving with velocity u o and u1 respectively the vortex sheet strength ↼i▷e▷ vorticity density↽ is given by ♭30 31 25 23♯ γ(s) = Δu_s = u_{os} − u1_s (8)

in which, u_{os} = u_o · s , u1_s = u_1 · s , s = [cos β, sin β] (9) where s is the tangential vector along the sheet and β(s) is the angle between the tangent to the sheet and the xaxis6▷ Using ↼8↽ the circulation ↼i▷e▷ vorticity↽ associated with a small vortex element i of length Δs_i over which we assume constant velocity and smoothly varying geometry is given by Γ(s_i) ≡ Γ_i = ∫_{si+Δsi /2} si−Δsi/2 γ(s) ds ≃ ( u_{os} − u1_s)_i Δs_i = γ_iΔs_i (10)

For a uniform, incompressible, inviscid fiuid with conservative forces, Kelvin’s theorem states that the rate of change of circulation around a closed material contour moving with the fiuid is zero (e.g., Batchelor [3]), D Γ D t = 0 with D D t ≡ ∂ ∂t + u · r (11) where D/Dt denotes the material derivative▷ For a vortex sheet at the interface between two regions of different velocity within the same βuid however Van de Vooren ♭25♯ clearly showed that Kelvinφs theorem as stated in ↼11↽ is not applicable▷ Kelvinφs theorem may only be applied for a contour moving with the reference velocity u = 12(u_o + u_1), equal to the mean between velocities on both sides of the sheet. This reference velocity is deffned as the sheet velocity and will be used whenever calculating material time derivatives with respect to the sheet motion, referred to as d/dt▷ For the interface between two different βuids with density ρ_o and ρ 1 and nonzero interfacial tension σ_{o1} the βuid is nonuniform and forces are nonconservatives▷ Hence the rate of change of circulation around a material contour crossing the interface is nonzero and an evolution equation must be developed to predict its behavior▷ Zaroodny and Greenberg ♭33♯ αrst derived an equation for the rate of change of circulation for a continuous vortex sheet without surface tension▷ Zalosh ♭30 31♯ developed a similar equation including surface tension effects for a 6Note that β and θ introduced earlier have different deαnitions but that for calculations of selfinduced velocity of piecewise constant vortex sheet elements these angles have the same value▷ sheet discretized with point vortices but made an error when he failed to consider the difference mentioned above between time derivatives D/Dt following βuid particles on either side of the sheet and those d/dt following the sheet motion▷ This was later pointed out by Rangel and Sirignano ♭23♯ who derived the correct evolution equation but without including gravitational effects▷ The following is a derivation of the rate of change of circulation including both gravity and surface tension effects at the interface between two βuids for a vortex sheet with piecewise constant vorticity elements▷ Taking the material time derivative of Eq▷ ↼10↽ with ↼8↽ we get for the rate of change of circulation associated with a small vortex element of length Δs_i as D Γ D t (s_i) ≡ D Γ_i D t = ∫_{si+Δsi/2} si−Δsi/2 ( D u_{os} D t − D u1_s D t ) ds ≃ ( D u_{os} D t − D u1_s D t )_i Δs_i (12)

Tangential accelerations in (12) can be expressed for both fiuids using Euler’s equations in the s direction as D u_{os,1s} D t = − ∞ ρ_{o,1} ∂p_{o,1} ∂s − g sin β (13) in which p denotes the pressure ↼discontinuous across the interface due to surface tension↽▷ From the deαnition of the sheet velocity u the tangential acceleration following the vortex sheet is obtained as du_{si} dt = 1 2 ( du_{os} dt + du1_s dt )_i (14)

with, according to the deffnitions of different material derivatives, d dt = D D t ± ∞ ∈ (u_o − u1) · r (15)

with the plus sign being taken in fiuid 1 and the minus sign in fiuid 0. Introducing Eq. (15) in Eq. (14), we get, du_{si} dt = 1 2 ( D u_{os} D t + D u1_s D t )_i − ∞ △ (u_{os} − u1_s)_i ( ∂u_{os} ∂s − ∂u1_s ∂s )_i (16)

Finally, using Eqs. (8) and (13) for the tangential velocities and Eq. (8) for the vortex sheet strength, we get, du_{si} dt = − ∞ ∈ ( 1 ρ_o ∂p_o ∂s + 1 ρ1 ∂p1 ∂s + 2g sin β)_i − ∞ △ γ_i ∂γ_i ∂s (17)

Due to a confusion between different material derivatives, the last term in equation (17) was missing in Zalosh’s [30, 31] equations.

From the expression of surface tension effects at the interface between two fiuids (Batchelor [3]), the pressure jump across the VS is given by, p_o − p1 = σ_{o1}^1 R (18)

in which 1/R(s) is the VS curvature. Using curvilinear coordinates, it can easily be shown that the curvature is identical to, ∂β/∂s▷ Hence taking the tangential derivative of ↼18↽ and eliminating the material tangential accelerations and the pressure between equations ↼12↽ ↼13↽ and ↼17↽ we αnally get the rate of change of circulation at point s_i of the sheet as D Γ_i D t = 2κ Δs_i ( du_{si} dt + g sin β_i + 1 4 γ_i ∂γ_i ∂s ) − ∈σ_{o1} ρ_o + ρ1 Δs_i ∂2β_i ∂s2 (19)

where κ = (ρ1− ρ_o)/(ρ1+ ρ_o) is the Atwood number and, by (9), du_{si} dt = du_i dt cos β_i + dv_i dt sin β_i (20) Equation (19) contains the tangential acceleration along the VS, du_{si}/dt which is propor tional to βuid acceleration components on the sheet ↼20↽▷ In most earlier numerical models of unsteady motion of VSs accelerations were calculated by backward αnite differentiation ♭30 31 32 23♯▷ As suggested ↼without detail↽ by Rangel and Sirignano ♭24♯ however accel erations can also be calculated by direct time differentiation of BiotSavartφs law ↼2↽▷ When carried out under the integral signs following Leibnitz rule such a differentiation creates terms proportional to both Γ_i and DΓ_i /Dt▷ Hence rates of change of circulation DΓ_i/Dt can be iteratively calculated using ↼19↽ and this expression of accelerations▷ In their time differentiation of ↼2↽ however it is not clear whether Rangel and Sirignano ♭24♯ accounted for CPV integrals▷ In fact since they avoided calculating such terms for the velocities in Eq▷ ↼6↽ altogether by using a regridding method it is likely that they simply calculated accelerations by time differentiating the equivalent7 of Eq▷ ↼2↽▷ Grilli et al▷ ♭14♯ calculated accelerations by time differentiation of Eq▷ ↼2↽ assuming a vortex sheet with a piecewiseconstant distribution of N vortex elements and taking into account CPV integrals resulting from selfinduced velocities▷ Detailed expressions for these accelerations can be found in ♭14♯▷ In the numerical model accelerations will thus be explicitly replaced in ↼19↽ as a function of Γ_i and DΓ_i/Dt and rates of change of circulation DΓ_i/Dt will be explicitly calculated▷ 2▷3 Semiinαnite vortex sheets As in Zalosh ♭30♯ horizontal semiinαnite vortex sheets will be used in the numerical model to represent regions of the water domain with constant uniform horizontal velocity U▷ In Fig▷ 4 for instance this corresponds to free surface and bottom regions both in front of the slick ↼e▷g▷ from x = −∞ ⊔≀ x = x_ℓ↽ and behind the boom ↼e▷g▷ from x = x_r to x = +∞⇒↙ A∫∫⊓⇕⟩\} \≀ ⊣⟩∇ ⊑⌉↕≀⌋⟩⊔† ⊣\⌈ \≀ ⊙≀⊒ ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ⌊≀⊔⊔≀⇕⇔ ⊔⟨⌉∫⌉ ∫⌉⇕⟩↖⟩\⊘\⟩⊔⌉ ∫⟨⌉⌉⊔∫ ⟨⊣⊑⌉ ⊣ ⊔⊣\}⌉\⊔⟩⊣↕ ⊑⌉↕≀⌋⟩⊔† |⊓⇕√ Δu_s = ±U with the negative sign being taken on the free surface and the positive sign on the bottom▷ When part of the βuid domain is discretized with piecewiseconstant vortex elements such semiinαnite vortex sheets provide contributions to the discretized form ↼6↽ of BiotSavartφs law ↼2↽ for the sheet velocity and also to the VSφs accelerations▷ These contributions were calculated by Grilli et al▷ ♭14♯▷ For instance if the unperturbed free surface is at y = 0 and the horizontal 7Note that in Zalosh [31], Van de Vooren [25], and Rangel and Sirignano [23, 24], periodic problems were solved for which Eq. (2) was replaced by a different expression assuming a spatial periodicity λ for the interface shape▷ See Section 3▷1▷

Figure 4. Sketch of computational domain for the oil containment by a boom with deαnition of main parameters . U / βow velocity, si1si4 / semiinαnite vortex sheets, ds1ds7 / piecewise constant discretized vortex sheets, ∘ ℑ ⌋⌉\⊔⌉∇∫ ≀{ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ ⊑≀∇⊔⌉§ ⌉↕⌉⇕⌉\⊔∫↙ ⌊≀⊔⊔≀⇕ ⟩∫ ⊣⊔ y = −h the total contribution to the velocity of four semiinαnite vortex sheets located at (x_ℓ, 0) and (x_r, 0), with strength −U and at (x_ℓ, −h) and (x_r, −h), with strength +U can be calculated as u_{ℓr} = U 2π {∈π + arctan ( x − x_ℓ y ) − ⊣∇⌋⊔⊣\ ( x − x_ℓ y + h ) − ⊣∇⌋⊔⊣\ ( x − x_r y ) + arctan ( x − x_r y + h )} v_{ℓr} = U 4π log [(x − x_r)2 + y2] [(x − x_ℓ)2 + (y + h)2] [(x − x_ℓ)2+ y2] [(x − x_r)2 + (y + h)2]

(21) As a veriffcation, if we take x_ℓ = x_r in Eq▷ ↼21↽ thus assuming a uniform βow represented by two inαnite vortex sheets we can see that ↼21↽ indeed reduces to u ℓr = U and vℓr = 0. For the accelerations it could be shown, similarly, that all contributions from the four sheets, as expected for a uniform fiow, cancel each other and we get, du_{ℓr} /dt = dv_{ℓr} /dt = 0.

2.4 The numerical model

Figure 4 gives a sketch of a computational domain that could be used to model oil containment by a boom in ffnite depth, with deffnition of various parameters. The geometry of the boundaries and interfaces is represented using both discretized vortex sheets (ds), with piecewise-constant vorticity distribution and continuous semi-inffnite horizontal vortex sheets (si), representing regions of the water domain with constant uniform horizontal velocity U ↼see Section 2▷3↽▷ Vortex sheet dynamics equations for both of these cases have been detailed before▷ Contributions of semiinαnite sheets to βow velocities and accelerations are exactly ac counted for in the model whereas contributions of discretized sheets are numerically calculated as a function of geometry ♭(x_i, y_i), Δs_i θ_i β_i ∂ 2β_i/∂s2♯ and αeld variables ♭Γ_i dΓ_i/dt (u_i, v_i), (du_i/dt, dv_i/dt)] at mid-points of each constant vortex sheet element (boundary element).

Adaptive time stepping method

Assuming that both discretized geometry and ffeld variables are known at time t the numerical model is used to compute these quantities at time ↼t + Δt↽ ↼with Δt being a small time step↽▷ This can be done by simultaneously integrating vortex sheet dynamics equations in discretized form ↼6↽ ↼7↽ ↼10↽ ↼19↽ and ↼20↽ together with the expressions of induced accelerations and contributions of semiinαnite sheets of the form ↼21↽▷ Computation of an initial steady state solution for the general oil containment problem will not be discussed here but two speciαc applications are discussed in Section 3▷ In earlier models proposed in the literature ↼Zalosh ♭30 31♯ Rangel and Sirignano ♭23 24♯↽ implicit iterative methods were used for the integration of equations of the form ↼2↽ ↼6↽ ↼or equivalent for periodic problems, see Section 3▷1↽ and ↼19↽ ↼or equivalent↽ together with iterative or backward αnite difference approximations of accelerations▷ These models however often exhibited sawtooth instability of the solution which required smoothing of the geometry after each time step ↼e▷g▷ Zalosh ♭30♯↽▷ Such instabilities we believe are partly due to the lack of representation of selfinduced velocities of vortex elements ↼see discussion above↽ and to the implicit iterative scheme used in the models▷ In the present study CPV integrals are exactly accounted for and hence selfinduced velocity contributions ↼7↽ are included in the equations and an adaptive explicit time stepping method is developed to improve both the stability and the accuracy of computations▷ The explicit time stepping method is based on truncated Taylor series expansions expressed in Lagrangian form for both the position and the vorticity value of individual vortex elements ↼Grilli and Subramanya ♭15 16♯↽▷ In the present case secondorder Taylor series are used for time updating of both the sheet geometry and the vorticity as x_i(t + Δt) = x_i(t) Δt dx_i dt (t) +

(Δt)2 2 d2x_i dt2 (t) + O[(Δt)3]

y_i(t + Δt) = y_i(t) Δt dy_i dt (t) +

(Δt)2 2 d2y_i dt2 (t) + O[(Δt)3]

Γ_i(t + Δt) = Γ_i(t) Δt dΓ_i dt (t) +

(Δt)2 2 d2Γ_i dt2 (t) + O[(Δt)3] (22)

using the Lagrangian deffnition of velocities (3), dx_i dt = u_i , dy_i dt = v_i d2x_i dt2 = du_i dt , d2y_i dt2 = dv_i dt ↼23↽ where velocities (u_i, v_i) are given by Eqs. (6) and (7), accelerations (du_i/dt, dv_i/dt) are given by the expressions derived in [14], and rates of change of circulation dΓ_i/dt are given by Eqs▷ ↼19↽ and ↼20↽ with contributions of semiinαnite vortex sheets of the type ↼21↽ being added to the equations for the velocity and the acceleration as detailed above▷ As previously noted equations for (du_i/dt, dv_i/dt) and dΓ_i/dt are coupled and therefore must αrst be solved simultaneously at time t before accelerations and rates of change of circulation can be used for time stepping of the VSφs geometry and vorticity to time ↼t + Δt↽ using Eqs▷ ↼22↽ and ↼23↽▷ Also note that second derivatives of circulation needed in Eq▷ ↼22↽ are calculated based on backward αnite differences as d2Γ_i dt2 ≃ ∞ Δt { dΓ_i dt (t) − dΓ_i dt (t − Δt) } (24)

Following a similar approach as in Grilli and Subramanya [15, 16], the time step Δt used in the model is adaptively calculated at each time step based on a constant mesh Courant number

C_o such that Δt = C_o^{Min} (Δs_i) Max(| u_i |)

(25)

where the numerator represents the minimum length and the denominator represents the maxi- mum velocity of vortex elements at the current time t▷ A value C_o ≃ ′.5 ensured good accuracy and stability of computations in most cases▷ Computation of geometry and tangential derivatives In earlier studies ↼e▷g▷ Zalosh ♭30♯↽ simple loworder αnite difference approximations were used to calculate tangential derivatives along the interfaces8▷ For the problems solved in the present study however due to the intense rollup of vortex sheets that occurs when instabilities develop along the oilwater interface it is necessary to use a higherorder representation of the geometry along interfaces even if a lowerorder ↼piecewiseconstant↽ representation is satisfactory for the vorticity▷ Rollup indeed leads to a large curvature of the interface and to enhanced surface tension effects ↼proportional to secondorder tangential derivatives of the slope angle, see Eq▷ ↼19↽↽ which must be accurately represented▷ Hence the interfacial slope and the curvature must be continuous between vortex elements which requires using a piecewise representation of the geometry of thirdorder or higher▷ A higherorder representation of the geometry can be achieved along a segment of an inter face either by deαning a sliding polynomial interpolation of the geometry on center nodes of the vortex elements or by using a cubic spline αt on these nodes▷ In the model sliding polynomials are 5node 4thorder isoparametric boundary elements in which geometric characteristics are calculated for the middle node of the polynomial▷ Angles β_i and tangential derivatives ∂/∂s are calculated along the vortex sheets by direct differentiation of the polynomials▷ To calculate characteristics for the next node along the interface the sliding polynomial element is moved forward by one node▷ The polynomial is identical for the αrst 3 nodes and for the last 3 nodes on a sheet▷ With cubic splines 2nodes cubic polynomials are deαned in such a way as to maintain continuity of the slope from one polynomial to the other▷ This method however re quires knowledge of end slopes on the interface to be used as boundary conditions in the spline analysis▷ Moreover due to the multiplevalued interface geometry that occurs during rollup it is necessary to simultaneously use two parametric spline approximations of the geometry▷ Details about both methods can be found in Grilli and Subramanya ♭16♯▷ In the applications the sliding and the spline methods are used either individually or in combination▷ In the latter case a hybrid interpolation method is deαned which combines the advantages of both methods to achieve optimal accuracy . ↼i↽ the sliding method is used αrst to calculate the slope at both extremities of the computational domain representing an interface, and ↼ii↽ the spline method is then applied to the whole interface using the slopes computed in ↼i↽ as boundary conditions at both extremities▷ More speciαcally using either one of the interpolation methods the angle β along the interface can be expressed as a piecewise analytic expression▷ Following a classical Boundary Element methodology ↼e▷g▷ Brebbia ♭5♯↽ we deαne the intrinsic coordinate μ ∈ [−∞, +1] using a piecewise sliding or cubic polynomial interpolation. Under this representation, x(μ), y(μ) 8This is likely another reason why Zalosh could not follow the time development of interfacial instabilities for very long.

and s(μ) are expressed in closed form within each piecewise polynomial approximation of the geometry of an interface, only as a function of node coordinates. For the geometric parameters in the model, we obtain,

cos β = x_μ s_μ , sin β = y_μ s_μ , s_μ = {x2_μ + y2_μ}∞^{/2} (26)

and, for the curvature and its gradient along s ∂β ∂s = x_μy_{μμ} − x_{μμ}y_μ s3_μ ∂2β ∂s2 = 1 s5_μ { s_μ (y_{μμμ}x_μ − x_{μμμ}y_μ) − ∋ s_μ [ x_{μμ}y_{μμ} (x2_μ − y2_μ) − x_μy_μ (x2_{μμ} − y2_{μμ}) ] }

{}

√~√√~^]~⌈/ ]{ []^[ ]{^]^~√ ^~{}~ }∐⌈ ^~√]∐]~√ ][ √~√√~^ } [~ ]{√]{√]^ ^}}√^]{∐~/ ⨂}~ [∐/ ]{ [~ √~^}{^ ~√∐]}{ {}/ []√^ ^~√]∐]~√ }~ [~ ~~}⌉~√ ∐√~ {~~^~^ } ^∐⌈^⌈∐~ ^√∐√~ ~√∐^]~{√ ∐⌈}{~ [~ ]{~√~∐^~√/ ⋂[]√ ⌊√]⟩~√ √]{~ ∐ ⌈~∐√ ^^]^ √}⌈{}⌉]∐⌈√ ~}√ [~ √~√√~√~{∐]}{ }~ [~ ~~}⌉~√/ ∮{ ~∐^/ ]{ [~ ∐√√⌈]^∐]}{√/ } ]⌉√√}~ [~ ∐^^√∐^ }~ ^}⌉√~^ ^√∐√~ ~√∐^]~{√ [~{ ^^]^ √√⌈]{~√ ∐√~ √~^/ [~ []√^ ^~√]∐]~√ ]{ {} ∐√~ ^∐⌈^⌈∐~^ ][]{ ∐ {√~^}{^} √√⌈]{~ ∐√√√}]⌉∐]}{ ^]√~^⌈ ^∐√~^ }{ [~ ⟩√√\^~√]∐]~√/ x_μ and y_μ▷

3 Applications

The complexity of the oil containment problem makes it difαcult to independently test model results for both accuracy and convergence on fully realistic test cases▷ Moreover there is not to our knowledge any detailed experimental data available for oil slick evolution that could directly be compared with model predictions▷ Hence validation and testing of the principal numerical algorithms in the model is αrst performed through the solution of the idealized case of a periodic KelvinHelmholtz ↼KH↽ insta bility for which a number of interesting studies can be found in the literature ↼e▷g▷ Drazin ♭10♯ Drazin et al▷ ♭11♯ Van de Vooren ♭25♯ Rangel and Sirignano ♭23♯ Zalosh ♭31♯↽▷ Furthermore as discussed in the introduction since most failures of contained slicks are initiated by small scale KH instability at the oilwater interface the periodic KH problem has physical features similar to the oil containment failure problem▷ The pure headwave instability of a semiinαnite oil slick in deep water is solved next ↼i▷e▷ for a slick without a boom↽ in a setup similar to the study by Zalosh ♭30♯ and Zalosh and Jensen ♭32♯ ↼which used an equivalent but less accurate model↽▷ This case illustrates the formation of the headwave which initiates containment failure by critical accumulation▷ Application to oil containment by a boom is presented in Section 4 to give an idea of the potential of the Phase I model to solve more complex problems typical of the deployment of real booms▷

Figure 5. Sketch of computational setup for periodic KelvinHelmholtz instability with wave length λ ↼with x ′ = x/λ y′ = y/λ↽▷ Uo U1 are uniform velocities and ρo ρ1 are densities of βuid 0 and 1 respectively▷ Curve ↼ ↽ is the initial sinusoidal perturbation on the interface between βuid 0 and 1 and ↼�↽ is the unstable interface shape computed at a later time ↼see Fig▷ 6 ↼d↽↽▷

3▷1 Periodic KH instability The instability patterns observed at the oilwater interface below an oil slick contained by a boom are in many ways similar to a periodic KH instability of small interfacial shear waves ↼see Section 1↽▷ Figure 5 illustrates the periodic KH problem showing both the initial sinusoidal interfacial waves and ↼breaking↽ waves occurring at a later time due to KH instability and rollup of the interface VSs▷ In order to simulate the KH problem the equations in the Phase I model had to be modiαed to account for periodicity of both lateral boundary conditions and integrals and CPV singularities in the BiotSavartφs law▷ Most of the numerical procedures however were unchanged ↼e▷g▷ for time updating of geometry and vorticity in the interface↽ and thus could be tested and validated in this application▷ In the following we brieβy explain how the model was modiαed to address the periodic KH problem ↼see details in Grilli et al▷ ♭14♯↽ and give results of computations for two selected sets of parameter values▷

Equations for periodic KH problem In the periodic KH problem we consider a twolayer stratiαed system of inαnite extent in the x direction consisting of two homogeneous inviscid βuids with density ρ_o ↼e▷g▷ the oil↽ and ρ1 ↼e▷g▷ the water↽ moving at uniform horizontal velocity U_o and U 1 respectively ↼Fig▷ 5↽▷ An initial sinusoidal disturbance of wavelength λ η(x) = ε sin (2πx/λ), is speciffed on the interface between the fiuids, with the initial vorticity distribution corresponding to the velocity discontinuity across the interface.

This problem was solved by Lamb [19] in a linearized framework (see p. 373 and p. 461; see also Leibovich [21]). Lamb found that a periodic disturbance would always be unstable and grow exponentially with time if,

ΔU =| U_o − U1 | > 1 + s √ s c_o (28) where, c_o = ( + s {(1 − s) g k + σ_{o1} k ρ1 } )_{/2} (29) is the speed of propagation of interfacial waves, k = 2π/λ is the wavenumber of the interfacial perturbation waves s = ρ_o/ρ1 and σ_{o1} is the interfacial tension coefαcient▷ Another way of expressing condition ↼28↽ is to deαne a nondimensional wavenumber W such that W = (1 + s)2 s c2_o (ΔU)2

< 1 (30)

According to Eq. (28) or (30), the (linear) growth of the instability is maximum for a minimum value of c_o▷ Calculating dc_o/dk = 0 in Eq. (29), we see that a minimum value is achieved for a wavelength, λ_m = 2π ( σ_{o1} ρ1g (1 − s) )_{/2} (31)

and takes the value, c_{om} = ( + s √ σ_{o1} ρ1 g (1 − s) )_{/2} (32)

the critical interfacial wave velocity. If we select λ = λ_m as the wavelength of the interfacial instability and W = W_m = 1 (given by Eq. (30), with c_o = c_{om}↽ we can calculate the critical velocity discontinuity causing instability ΔU cr and see whether there is ↼linear↽ instability or not for the speciαed ΔU▷ We thus obtain ΔU_{cr} = ( + s s √ σ_{o1} ρ1 g (1 − s) )_{/2} (33)

Lamb’s solution assumes that the height of the interfacial waves is inffnitesimal. This is only an approximation, particularly if the instability is free to develop for a long enough time. This solution, however, can be used to predict the threshold velocity discontinuity ΔU_{cr} likely to cause initial instability of interfacial waves▷ Moreover despite their limitations Lambφs equations contain all the correct physical parameters known to inβuence interfacial instability in the oil containment problem ↼i▷e▷ βuid density ratio interfacial tension and gravity↽▷ Rangel and Sirignano ♭23♯ computed the nonlinear periodic KH instability problem includ ing surface tension effects ↼but not gravity↽ and found that Lambφs linear solution only gave the correct growth rate of the interfacial waves for short times▷ For sufαciently long time the amplitude of interfacial waves increased and nonlinearity provided additional stabilizing effects that slowed the growth of the instability▷ Furthermore they showed that maximum growth was achieved in the nonlinear case when W = 2/3▷ For a periodic problem with wavelength λ it can be shown that BiotSavartφs law transforms into ↼e▷g▷ Van de Vooren ♭25♯ Grilli et al▷ ♭14♯↽ u_i = 1 2λ ∑ j≠i Γ_j^{sinh 2} π(y^′_i − y^′_j ) cosh 2π(y^′_i − y^′_j ) − ⌋≀∫ ∈π(x^′_i − x^′_j ) + ũ_i v_i = − ∞ ∈λ ∑ j≠i Γ_j^{sin 2} π(x^′_i − x^′_j ) cosh 2π(y^′_i − y^′_j ) − ⌋≀∫ ∈π(x^′_i − x^′_j ) + ṽ_i ↼34↽ for (i, j = 1, ..., N), where dimensionless variables, x^′ = x/λ and y^′ = y/λ have been used▷ In Eq▷ ↼34↽ as in Eq▷ ↼6↽ the interface has been assumed to be discretized by N segments with piecewiseconstant vorticity density γ_j ▷ Velocities ũ_i and ṽ_i denote CPV integrals resulting from singularities occurring when the source point ↼x i, yi↽ coincides with the integration point ↼x_j , y_j ↽ ↼i▷e▷ selfinduced velocity contributions↽▷ To our knowledge since most existing models assume a discretization using ↼less accurate↽ point vortices these periodic CPV integrals have never been exactly calculated in the literature▷ Only Van de Vooren ♭25♯ provided a αrstorder approximation for these based on a Taylor series expansion of the singularities▷ Full expressions for ũ_i and ṽ_i can be found in Grilli et al▷ ♭14♯▷ Using linear theory the initial distribution of vorticity can be calculated for the initial sinusoidal interface as ↼i = 1, ..., N↽

γ_i = 1 NΔs_i ( + 2πε { κ sin (2πx^′_i) − ∈ √ s (1 − W ) (1 + s) cos (2πx^′_i) } ) (35) where κ is the Atwood number deαned earlier ε is the initial amplitude of the interfacial wave and W ↼< 1↽ is given by Eq▷ ↼30↽ for the selected values of the physical parameters▷ Equation ↼35↽ was used by Rangel and Sirignano ♭23♯ with g = 0, to specify initial vorticity in their solution of KH instability problems9.

If the two-fiuid system is made of identical fiuids with different velocities, we have s = 1, κ = 0, and W = 0 and, hence, the initial vorticity density is given by,

γ_i = 1 NΔs_i { ∞ − ∈π ε cos (2πx^′_i) } (36) Zalosh [31] used this simpler equation to specify the initial vorticity distribution in his solution of the KH-problem. Since he used two different fiuids, however, this led to an incorrect speciffcation of the initial disturbance, which might partly explain why he could not achieve sufffcient accuracy and stability in his computations.

Summary of computational techniques

A computational test case for the KH instability problem is deffned by selecting values of physical parameters : ρ_o, ρ1, ΔU, and σ_{o1}▷ Due to the spatial periodicity of the KH problem ↼e▷g▷ Fig▷ 5↽ a domain representing only one wave length λ is modeled in the computations ↼e▷g▷ Figs▷ 6 and 7↽ and numerical parameters are selected as . ↼i↽ the initial number N of piecewiseconstant vortex elements on the interface of initial length Δs_o ≃ λ/N, and ↼ii↽ the initial time step Δt_o▷ The latter is found according to Eq▷ ↼25↽ in which we assume that the initial sheet velocity is by deαnition ↼see ♭3♯↽ the average of βuid 0 and 1 velocities i▷e▷ ΔU/2 ↼for U_o = 0 in the present case), and the Courant number C_o = 0.5, we thus obtain Δt_o = λ/(NΔU). The initial vorticity distribution on the interface is calculated using Eq. (35) for a two-fiuid system (second application below) and Eq. (36) for a problem with the same fiuid for both layers (ffrst application below). In the present computations, as in Rangel and Sirignano [23], 9Note that, in this study, computations were carried out using an incorrect coefffcient in the equation for time updating of the vorticity (i.e., similar to Eq. (19)); this was later corrected by Rangel and Sirignano [24].

we use ε = 0.025 to deαne the initial perturbation on the interface and the initial shape of the interface is selected as η(x) = ε sin (2πx/λ). Due to periodicity, corner points at both extremities of the modeled interface-sheet (i.e., points 1 and N↽ must always behave similarly in the computations i▷e▷ have the same y coordinates xcoordinates separated by λ and identical velocity acceleration and vorticity▷ Lateral boundary conditions are used to Ψenforceν these requirements▷ For instance horizontal coordinates are constrained as (x_N − x1) + Δs1_{/2}cos β 1 + Δs_{N +1/2} cos β_N = λ (37) The interface evolution is tracked as a function of time by iteratively using the explicit time updating procedure (22)-(24). For each time step, the velocity on the interface is calculated using Eqs. (34), with the expressions of the CPV induced velocities from [14], and the acceleration is calculated using time derivatives of these equations.

Tangential derivatives along the interface are calculated using both the 4th-order sliding elements and the spline procedures. In the present computations, the hybrid interpolation method is used in combination with periodicity conditions expressed between nodes (1 + j) and (N − j), (j = 0, ..., 3) of the computational domain. This hybrid interpolation method was found to eliminate errors and instabilities of the solution that were ffrst observed, particularly at both extremities of the interface, when only one of the above methods was used.

Computational results

Computations were performed for two cases, using U_o = 0 (i.e., a still upper layer) and U1 = 0.25 m◁s ↼which is larger than the critical value for oil◁water of about 0▷15 m◁s, see below↽ . ↼i↽ s = ρ_o/ρ1 = 1 (water/water interface; same fiuid) and no surface tension (σ^′_{o1} = 0); and (ii) s = 0.90 ↼light oil◁water interface, twoβuid system↽ and an average surface tension σ^′_{o1} = 0.0237 N◁m ↼oil◁water value↽▷ N = 55 piecewise-constant vortex elements were ffrst used to discretize the interface for both cases. Figure 6 (a) shows the locations of nodes between the vortex elements in the discretization after 11 time steps.

In the ffrst case (i), with a water-water system, Eq. (19) would show that dΓ_i/dt = 0, i.e., the vorticity, is constant as a function of time (which in fact follows from Kelvin’s theorem; Eq. (11)). This case in fact represents a very unstable limiting case for KH instability computations (Rangel and Sirignano [23]); one for which the instability grows with the same time rate for any wavelength. For this case, due to the absence of surface tension and density difference at the interface, the analysis of the most unstable wavelength λ_m presented above is irrelevant▷ Hence λ can be arbitrarily selected and results for any wavelength are expected to be selfsimilar▷ To conαrm this computations were performed for λ = 0.01 0▷1 1 and 5 m▷ Nondimensional interface proαles were found to be close to identical in all cases as a function of nondimensional time τ = tΔU/λ▷ In the following we present results obtained for case ↼i↽ with λ = 1 m (Fig. 6). For this value, the initial time step is Δt_o = 0.0727 s ↼or Δτ_o = 0.01818, in fact the nondimensional time step is independent of wavelength↽▷ In the second case ↼ii↽ following the linear analysis the wavelength is set from Eq▷ ↼31↽ to λ = λ_m = 0.0309 m which provides the maximum growth rate of the ↼linear↽ instability▷ This gives a value λ = 0.0309 m and hence Δt_o = 0.00225 s or Δτ_o = 0.0182 ↼note that dimensionless time steps are identical to 1/N for both cases ↼i↽ and ↼ii↽↽▷ This small

Figure 6. Interface shape x^′ = x/λ and y^′ = y/λ for KH instability computations in a setup similar to Fig▷ 5 with U_o / 0 and U 1 = 0.25 m◁s ρ_o/ρ1 = 1 (same fiuid) and λ = 1 m and no surface tension. The initial time step is Δt_o = 0.0727 s and the initial perturbation is a sinusoidal wave with vorticity distribution according to Eq▷ ↼36↽ with ε = 0.025▷ Results are for t = (a) 0.8; (b) 1.53; (c) 1.91; and (d) 2.24 s; corresponding to 11, 21, 31, and 43 varying time steps, respectively. The interface was discretized using N = 55 piecewise-constant vorticies and C_o = 0.5▷ ↼∘⇒ ⟩\ ⊘}⊓∇⌉ ⇐⊣⇒ ⌈⌉\≀⊔⌉ \≀⌈⌉∫ ⌊⌉⊔⊒⌉⌉\ ⊑≀∇⊔⌉§ ⌉↕⌉⇕⌉\⊔∫↙ ∈∞

F⟩}⊓∇⌉ ¬ S⊣⇕⌉ ∇⌉∫⊓↕⊔∫ ⊣∫ ⟩\ F⟩}↙ ̸{≀∇ ρ_o/ρ1 = 0.9 a surface tension σ_{o1} = 0.0237 N◁m and λ = 0.031 m ↼wateroil, ripple scale↽▷ The initial time step is Δt_o = 0.00225 s and the initial perturbation is as in Fig▷ 6 with the initial vorticity distribution from Eq▷ ↼35↽▷ Results are for t = (a) 1.74; (b) 1.85; (c) 1.89; and (d) 1.98 10^{−∈} ∫∅ ⊣}⊣⟩\ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ ⇎ ∞∈⇔ ∞⇎ ⊣\⌈ ∈∈ ⊑⊣∇†⟩\} ⊔⟩⇕⌉ ∫⊔⌉√∫⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙

∈∈

F⟩}⊓∇⌉ ∀¬ S⊣⇕⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⊣∫ ⟩\ F⟩}↙ ̸{≀∇ N = (� - �) 40; (�) 55; and (- - - - -) 70, vortex elements on the interface; with : (a) interface shape at t = 2.24 s, ↼b↽ growth of interfacial amplitude ε as a function of time t compared to ↼� �↽ the linear growth rate ↼Lamb ♭19♯↽▷

wavelength corresponds to an instability at the ripple scale ↼with c_{om} = 0.0712 m◁s from Eq▷ ↼32↽↽▷ As a veriαcation of the ↼linear↽ instability of the problem for case ↼ii↽ we should obtain W = W_m = 0.325 from Eq▷ ↼30↽ and ΔU_{cr} = 0.143 m◁s from Eq▷ ↼33↽ i▷e▷ the result gives W < 1 and ΔU > ΔU_{cr}▷ Results in Figs▷ 6 and 7 show interface proαles typical of the KH instability with overturn ing and intense rollup of the vortex sheet on the interface▷ In the αrst case the time step remains approximately equal to its initial value for 23 time steps up to t = 1.67 s ↼i▷e▷ just slightly beyond the time of Fig▷ 6 ↼b↽↽▷ For later time due to the overturning of the interfacial wave and the resulting shortening of the vortex elements length however the time step value pro gressively reduces according to the adaptive time step Eq▷ ↼25↽ and reduces to Δτ = 0.00926 at t = 2.24 s ↼Fig▷ 6 ↼d↽↽▷ A similar variation in time step size is observed for the second case▷ Note that in earlier works by Zalosh ♭31♯ and Rangel and Sirignano ♭23♯ a constant time step value was used▷ This prevented adjusting the level of accuracy in their models when interfacial instabilities occurred▷

Overall for both cases numerical results are smooth and wellbehaved even when vortex sheet elements are very close to each other ↼see e▷g▷ Figs▷ 6 and 7 ↼d↽↽▷ This conαrms the correct treatment of the CPV singularities in the model▷ For both cases in Figs▷ 6 and 7 the number of vortex elements on the interface was αrst decreased to N = 40 (from N = 55) and then increased to N = 70. The initial time step was adjusted accordingly. Computations were performed for these lower and higher level discretizations. Figure 8 (a) shows a comparison of free surface shapes obtained at t = 2.24 s for the same case as in Fig▷ 6 and the three selected discretizations▷ The agreement between the three is quite good except in the small central region where intense rollup of the VSs occurs▷ Figure 8 ↼b↽ shows the evolution of the interfacial amplitude as a function of time for the three discretizations▷ For both the αner and the coarser discretizations interfacial amplitudes stay within 2ϱ of the results for N = 55. Hence, results are not signiffcantly affected by a slight decrease or increase in resolution. This conffrms both the convergence and the stability of the numerical model, particularly compared to earlier works [31, 23] where computed results showed irregular behavior when the size of the vortex elements was too small. Also, note the differences in Fig. 8 (b) between the amplitude growth rates obtained with the present nonlinear model and the rate predicted by linear theory (Lamb [19]; in fact here simply, ∝ ⌉§√ (πΔUt/λ)). Clearly, for sufffciently long times, nonlinearity increases and the instability grows slower in the nonlinear model than predicted by linear theory. This conffrms earlier ffndings [31, 23] that nonlinearity stabilizes the KH instability.

Finally, comparing both Figs. 6 and 7, one can see that the second case, with oil/water and surface tension, leads to a relatively larger scale of instability (in non-dimensional values, i.e., with respect to the selected wavelength) that also develops at a faster (non-dimensional) rate than in the ffrst case. The interface shape is up/down symmetrical in the ffrst case (Fig. 6), where buoyancy does not play a role (s = 1), and slightly asymmetrical in the second case (see Fig. 7 (d)) due to buoyancy effect (s = 0.9↽▷ The present results are qualitatively similar to those obtained by Rangel and Sirignano ♭23♯▷ The latter study however did not include gravity and used several incorrect coefαcients in the vorticity updating equation▷ Hence a direct comparison is not feasible▷

3▷2 Deep water headwave instability This case corresponds to the problem solved by Zalosh ♭30♯ and sketched in Fig▷ 9▷ A semi inαnite oil slick with zero initial velocity U_o = 0 is subjected to a water fiow velocity U_w ↼and an air βow U a↽▷ An instability soon develops in front of the slick and propagates downstream as a headwave▷ The wave quickly overturns and rollsup on itself in a way similar to KH instability waves calculated in the previous section ↼Figs▷ 6 and 7↽▷

Computational model and initial slick shape

In the following we explain how the model was used to solve the headwave instability problem ↼particularly the selection of the initial slick shape↽ and give results for two cases similar to those modeled by Zalosh ♭30♯▷ The computational model used for this case is the original model introduced in Section 2▷ In the solution three semiinαnite VSs ↼si↽ were used to represent both the up and downstream

Figure 9. Sketch of computational domain for headwave instability of a semiinαnite oil slick with deαnition of main parameters . U w / water velocity with respect to slick ↼U o = 0); air velocity can be set to U_a and interfacial tensions to σ_{oa} and σ_{ow}, densities are ρ_a = 0, ρ_o and ρ_w, si1 and si2 si3 ↼not shown↽ / three semiinαnite vortex sheets, ds1 ds2 / piecewiseconstant discretized vortex sheets, ∘ ℑ ⌋⌉\⊔⌉∇∫ ≀{ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ ⊑≀∇⊔⌉§ ⌉↕⌉⇕⌉\⊔∫↙ ⇐↖ ↖ ↖ ↖ ↖⇒ ⟩\⟩⊔⟩⊣↕ ∫⟨⊣√⌉ ≀{ ⊔⟨⌉ ∫↕⟩⌋‖∅ ⇐�↖⇒ ⊓\∫⊔⊣⌊↕⌉ ⟨⌉⊣⌈⊒⊣⊑⌉ ⊣⊔ ⊣ ↕⊣⊔⌉∇ ⊔⟩⇕⌉ ⇐∫⌉⌉ F⟩}↙ ∞′ ⇐⌈⇒⇒↙ √≀∇⊔⟩≀\∫ ≀{ ⊔⟨⌉ ≀⟩↕ ⊣\⌈ ⊒⊣⊔⌉∇ ⌈≀⇕⊣⟩\∫⇔ ⊣\⌈ ⊔⊒≀ VS∫ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ ⊒⟩⊔⟨ √⟩⌉⌋⌉⊒⟩∫⌉↖⌋≀\∫⊔⊣\⊔ ⊑≀∇⊔⌉§ ⌉↕⌉⇕⌉\⊔∫ ⇐∫⌈⇒ ⊒⌉∇⌉ ⊓∫⌉⌈ ⊔≀ ∇⌉√∇⌉∫⌉\⊔ ⊔⟨⌉ ≀⟩↕↖⊒⊣⊔⌉∇ ⊣\⌈ ≀⟩↕↖⊣⟩∇ ⟩\⊔⌉∇{⊣⌋⌉∫ ⇐F⟩}↙ ∃⇒↙ N≀⊔⌉ ⊔⟨⊣⊔⇔ ⊔≀ ≀⊑⌉∇⌋≀⇕⌉ √∇≀⌊↕⌉⇕∫ ⌋⊣⊓∫⌉⌈ ⌊† ⊔⟨⌉ ↕⊣⌋‖ ≀{ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫⌉↕{↖⟩\⌈⊓⌋⌉⌈ ⊑⌉↕≀⌋⟩⊔⟩⌉∫ ⊣\⌈ ≀⊔⟨⌉∇ ∫⟨≀∇⊔⌋≀⇕⟩\}∫ ⟩\ ⟨⟩∫ ⇕≀⌈⌉↕⇔ Z⊣↕≀∫⟨ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⊔⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊣ ⊑⟩∫⌋≀∫⟩⊔†↖⌋≀∇⌉ ⟩\ ⊒⟨⟩⌋⟨ ⌋≀\⊔∇⟩⌊⊓⊔⟩≀\∫ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ √≀⟩\⊔ ⊑≀∇⊔⟩⌋⌉∫ ⟩\ ⊔⟨⌉ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ B⟩≀⊔↖S⊣⊑⊣∇⊔ ⌉∐⊓⊣⊔⟩≀\∫ ⇐∈⇒ ⊒⌉∇⌉ ⇕⊓↕⊔⟩√↕⟩⌉⌈ ⌊† ⊣ ⊔⌉∇⇕ ≀{ ⊔⟨⌉ {≀∇⇕ [1 − ⌉§√ (−r2_{ij} /R2_c )] (in which R_c is the Ψcore radiusν↽ providing a very small contribution to the velocity αeld for point vortices jφs very close to point i▷ Zalosh stated that his numerical model was unstable without the use of this Ψdampingν method▷ After experimenting with this method we found that it was not needed for our model to provide both stable and accurate results except at the three intersections between semiinαnite sheets and the piecewiseconstant vortex sheets▷ This was thought to be due to the local mismatch between the continuous vorticity on the semiinαnite sheets and the piecewiseconstant vorticity on the discretized vortex sheets▷ This problem will likely be eliminated in the improved version of the Phase I model which is being developed as a continuation of this study�the Phase II model� in which higherorder vortex elements will be used for the discretization of vortex sheets▷ For the three intersection points a core length equal to the distance to the αrst vortex element center is used▷ The initial slick shape was selected as in Zalosh ↼see Fig▷ 9↽ based on the observation of various experimental results η(x) = D sin (2π x/L) for 0 ≤ x ≤ L/4 η(x) = D for L/4 ≤ x ≤ L ↼38↽ where D and L are the initial depth and length of the slick headwave respectively▷ Using Bernoulliφs equation between the front and the back of the slick we obtain D = U2_w 2g (1 − s) (39)

Following the work by Von Karman [26] for density intrusions along solid boundaries, Zalosh assumed a 60^∘ ⊑⊣↕⊓⌉ {≀∇ ⊔⟨⌉ ⊣\}↕⌉ ≀{ ⊔⟨⌉ ⟨⌉⊣⌈⊒⊣⊑⌉ ⊣⊔ ⊔⟨⌉ ↕⌉⊣⌈⟩\} ⌉⌈}⌉↙ W⟩⊔⟨ ⊔⟨⟩∫ ⊣\}↕⌉⇔ E∐↙ ⇐∋∀⇒ †⟩⌉↕⌈∫ L = 3.63D▷ As pointed out by Zalosh experimental results usually show smaller angles at the leading edge and result in increased values of L▷ In the present case however we simply used the same initial shape as Zaloshφs to compare our results to those he obtained▷ Speciαcation of the initial slick shape will be improved in the Phase II model▷

Computational results In the computations the VSs on the interfaces are discretized using N_a = 45 segments with piecewise-constant vorticity between air and oil, and N_w = 85 segments between oil and water. To provide a ffner discretization in the headwave region where the main instability occurs, for each sheet in the initial discretization, half the vortices are speciffed with equal xspacing in the headwave region i▷e▷ for 0 ≤ x ≤ L/4 and the other half are speciαed with equal spacing in the rest of the slick i▷e▷ for L/4 ≤ x ≤ L ↼see Fig▷ 9↽▷ With this discretization we have a minimum initial length of vortex elements equal to about Δs_o ≃ L/(2N_w) and an initial time step, according to Eq. (25), equal to Δt_o = C_oL/(N_w U_w) (assuming an initial maximum velocity of the oil-water VS equal to U_w/2↽▷ Two cases are studied for s = 0.9 and 0▷75 with an oilwater surface tension σ_{ow} = 0.0237 N◁m▷ In both cases the water velocity is set to U_w / 0▷25 m◁s which is above the critical value for oil and water and the air velocity is set to U a = 0. A length-scale λ = U2w/g = 0.00637 m is used in the model ↼deαned as in ♭22 30♯↽ and the corresponding time scale is U_w/g = 0.02548 s▷ Following Eq▷ ↼39↽ the initial slicks are speciαed with depth D^′ = D/λ = 5 and 2, and length L^′ = L/λ = 18.15 and 7.26, for each test case, respectively. With C_o = 0.5 initial time steps are Δτ_o = C_oL^′/N_w = 0.107 and 0▷0427 for each case or Δt_o = 0.00273 and 0▷00109 s respectively▷ Results obtained in Figs▷ 10 and 11 are qualitatively similar to Zaloshφs results but are better resolved in space and the developments of instabilities ↼rollup↽ can be computed for a longer time▷ Model calculations are found to be both stable and accurate without need for smoothing the interface or surface geometry or for other transformations of model outputs used in earlier studies ♭30 31 23♯▷ Results of other computations ↼not reported here↽ are also found to be improved in both resolution and duration of computations when a larger number of vorticies are used on the interface▷ This conαrms the accuracy of the CPV integrals computed for the selfinduced velocities and demonstrates both the stability and accuracy of the time updating procedures used in the present model▷

4 Conclusions and future developments In this paper we presented the development and testing of an hydrodynamic model for oil containment by a boom referred to as the Phase I model▷ To do so the relevant literature and key physical phenomena relative to oil containment were analyzed▷ Important parameters were isolated and used to develop a numerical model of interfacial instabilities for a twophase system consisting of a layer of oil on top of a uniform βowing water stream▷

Figure 10. Typical results for headwave instability computations as in Zalosh ♭30♯ in the same setup as in Fig▷ 9 with U_w / 0▷25 m◁s U_o = 0, U_a = 0 m/s, s = ρ_o/ρ_w = 0.9 σ_{ow} = 0.0237 N◁m ↼wateroil↽▷ Results (D^′ = 5, L^′ = 18.15) : (o) shape of the slick after one time step t = 0.00273 s, development of instability for t = (a) 1.8; (b) 3.1; (c) 4.1; and (d) 5.2 10^{−∈} ∫∅ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ ▽⇔ ∞′⇔ ∞⇎ ⊣\⌈ ∈∈ ⊑⊣∇†⟩\} ⊔⟩⇕⌉ ∫⊔⌉√∫⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ T⟨∇⌉⌉ ∫⌉⇕⟩↖⟩\⊘\⟩⊔⌉ ∫⟨⌉⌉⊔∫ ⊒⌉∇⌉ ⊓∫⌉⌈ ⊣\⌈ ⟩\⊔⌉∇{⊣⌋⌉∫ ⊒⌉∇⌉ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ ⊒⟩⊔⟨ N a = 45 piecewise-constant vorticies between air and oil and N_w = 85 between oil and water.

Figure 11: Same as in Fig. 10 except s = ρ_o/ρ_w = 0.75▷ Results (D^′ = 2, L^′ = 7.26) : (o) shape of the slick after one time step t = 0.00109 s, development of instability for t = (a) 0.59; (b) 0.80; (c) 1.06; and (d) 1.30 10^{−∈} ∫∅ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ ▽⇔ ∞′⇔ ∞⇎ ⊣\⌈ ∈∈ ⊑⊣∇†⟩\} ⊔⟩⇕⌉ ∫⊔⌉√∫⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙

∈∀

T⟨⟩∫ ⇕≀⌈⌉↕ ∇⌉↕⟩⌉⌈ ≀\ ⊒⌉↕↕↖⌉∫⊔⊣⌊↕⟩∫⟨⌉⌈ V≀∇⊔⌉§ S⟨⌉⌉⊔ ⌈†\⊣⇕⟩⌋∫ ⇕⌉⊔⟨≀⌈∫ ⊒⟩⊔⟨⇔ ⟨≀⊒⌉⊑⌉∇⇔ ∫⌉⊑⌉∇⊣↕ ∫⟩}\⟩⊘⌋⊣\⊔ ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⌉§⟩∫⊔⟩\} ⊒≀∇‖ ⟩\ ⊔⟨⌉ ↕⟩⊔⌉∇⊣⊔⊓∇⌉↙ K⌉† ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫ ⟩\⌋↕⊓⌈⌉⌈⇔ • ⊔⟨⌉ ⊓∫⌉ ≀{ √⟩⌉⌋⌉⊒⟩∫⌉↖⌋≀\∫⊔⊣\⊔ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔∫ ⇐⟩\∫⊔⌉⊣⌈ ≀{ √≀⟩\⊔ ⊑≀∇⊔⟩⌋⌉∫⇒ ⊣\⌈ ⊔⟨⌉ ⟩\⌋↕⊓∫⟩≀\ ≀{ ∫⌉↕{↖⟩\⌈⊓⌋⌉⌈ ⊑⌉↕≀⌋⟩⊔† ⊔⌉∇⇕∫ ⊣↕≀\} ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉∫ ⇐⊒⟩⊔⟨ ⌉§⊣⌋⊔ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ CPV ⟩\⊔⌉}∇⊣↕∫⇒∅ • ⊔⟨⌉ ⊓∫⌉ ≀{ ⊔⟩⇕⌉ ⊓√⌈⊣⊔⟩\} ⌉∐⊓⊣⊔⟩≀\∫ {≀∇ ⊔⟨⌉ ∫⟨⌉⌉⊔ ⊑≀∇⊔⟩⌋⟩⊔† ⊔⟨⊣⊔ ⊣⌋⌋≀⊓\⊔ {≀∇ ⟩\⌉∇⊔⟩⊣↕⇔ }∇⊣⊑⟩⊔† ⊣\⌈ ∫⊓∇{⊣⌋⌉ ⊔⌉\∫⟩≀\ ⌉{{⌉⌋⊔∫∅ • ⊔⟨⌉ ⊓∫⌉ ≀{ ⊣ √⟩⌉⌋⌉⊒⟩∫⌉ ⌋⊓⌊⟩⌋↖⌋≀\⊔⟩\⊓≀⊓∫ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ }⌉≀⇕⌉⊔∇† ⊣↕↕≀⊒⟩\} {≀∇ ⊣ ⇕≀∇⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⟨⟩}⟨⌉∇↖≀∇⌈⌉∇ ⊔⊣\}⌉\⊔⟩⊣↕ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫ ⊣↕≀\} ⟩\⊔⌉∇{⊣⌋⌉∫∅ • ⊔⟨⌉ ⊓∫⌉ ≀{ ⊣ ⇕≀∇⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ⊣\⌈ ∫⊔⊣⌊↕⌉ ⌉§√↕⟩⌋⟩⊔ ∫⌋⟨⌉⇕⌉⇔ ⊒⟩⊔⟨ ⌉§⊣⌋⊔ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔ ⊣⌋⌋⌉↕⌉∇⊣⊔⟩≀\∫⇔ {≀∇ ⊔⟩⇕⌉↖⊓√⌈⊣⊔⟩\} ≀{ ⌊≀⊔⟨ ⊔⟨⌉ ⊑≀∇⊔⟩⌋⟩⊔† ⊣\⌈ ⊔⟨⌉ }⌉≀⇕⌉⊔∇† ≀{ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉∫∅ • ⊔⟨⌉ ⊓∫⌉ ≀{ ⊣ ∫⌉↕{↖⊣⌈⊣√⊔⟩⊑⌉⇔ ⊔⟩⇕⌉↖∫⊔⌉√√⟩\} ⇕⌉⊔⟨≀⌈⇔ ⌊⊣∫⌉⌈ ≀\ ⊣ ⇕⌉∫⟨ C≀⊓∇⊣\⊔ \⊓⇕⌊⌉∇↙ A√√↕⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ P⟨⊣∫⌉ I ⇕≀⌈⌉↕ √∇⌉∫⌉\⊔⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ∋ ⌋≀\⌋⌉\⊔∇⊣⊔⌉⌈ √∇⟩\⌋⟩√⊣↕↕† ≀\ ∫⊔⊓⌈†⟩\} ⊔⊒≀ ∫≀⇕⌉⊒⟨⊣⊔ ⊖⊣⌋⊣⌈⌉⇕⟩⌋⪰ √∇≀⌊↕⌉⇕∫ ⊣⟩⇕⌉⌈ ⊣⊔ ⌊≀⊔⟨ ⊔⌉∫⊔⟩\} ⊔⟨⌉ ⊣⌋⌋⊓∇⊣⌋† ≀{ ⊔⟨⌉ \⊓⇕⌉∇⟩⌋⊣↕ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⟩\ ⊔⟨⌉ ⇕≀⌈⌉↕ ⊣\⌈ ⌊⌉⊔⊔⌉∇ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ⊔⟨⌉ √⟨†∫⟩⌋∫ ≀{ ⊓\∫⊔⊣⌊↕⌉ ⊔⊒≀↖ ⊙⊓⟩⌈ ∫†∫⊔⌉⇕∫∅ \⊣⇕⌉↕†⇔ ⊔⟨⌉ √⌉∇⟩≀⌈⟩⌋ K⌉↕⊑⟩\↖H⌉↕⇕⟨≀↕⊔‡ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ⊣\⌈ ⊔⟨⌉ ∫⌉⇕⟩↖⟩\⊘\⟩⊔⌉ ⟨⌉⊣⌈⊒⊣⊑⌉ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊣ ⊔⊒≀↖⊙⊓⟩⌈ ∫†∫⊔⌉⇕↙ T⟨⌉∫⌉ ⊔⊒≀ ⊣√√↕⟩⌋⊣⊔⟩≀\∫ ⟩↕↕⊓∫⊔∇⊣⊔⌉⌈ ⊔⟨⌉ ⌋⊣√⊣⌊⟩↕⟩⊔⟩⌉∫ ⊣\⌈ ⌉{⊘⌋⟩⌉\⌋† ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕↙ T⟨⌉† ⊣↕∫≀ }⊣⊑⌉ ⊓∫ ⊣ ∫≀↕⟩⌈ ⌊⊣∫⟩∫ {≀∇ √⌉∇{≀∇⇕⟩\} ⇕≀∇⌉ ⌋≀⇕√↕⌉§ ∫⊔⊓⌈⟩⌉∫ ⟩\⌋↕⊓⌈⟩\} ⊣ ⌊≀≀⇕ ⊣\⌈ ≀⊔⟨⌉∇ ∫≀↕⟩⌈ ⌊≀⊓\⌈⊣∇⟩⌉∫ ↕⟩‖⌉ ⊔⟨⌉ ⌊≀⊔⊔≀⇕↙ T≀ ⌋⊣∇∇† ≀⊓⊔ ⊔⟨⌉ ⊘∇∫⊔ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⇐KH √∇≀⌊↕⌉⇕⇒⇔ ⇕≀⌈⌉↕ ⌉∐⊓⊣⊔⟩≀\∫ ⟨⊣⌈ ⊔≀ ⌊⌉ ∇⌉↖⌈⌉∇⟩⊑⌉⌈ ⊔≀ ⟩\⌋↕⊓⌈⌉ ⊔⟨⌉ ∫√⊣⊔⟩⊣↕ √⌉∇⟩≀⌈⟩⌋⟩⊔† ≀{ ⊔⟨⌉ √∇≀⌊↕⌉⇕↙ S⌉↕{↖⟩\⌈⊓⌋⌉⌈ ⊑⌉↕≀⌋⟩⊔† ⊔⌉∇⇕∫ ⊣↕∫≀ ⟨⊣⌈ ⊔≀ ⌊⌉ ⌉§√∇⌉∫∫⌉⌈ {≀∇ ⊔⟨⌉ √⌉∇⟩≀⌈⟩⌋ √∇≀⌊↕⌉⇕↙ T≀ ≀⊓∇ ‖\≀⊒↕⌉⌈}⌉⇔ ∫⊓⌋⟨ ⌈⌉∇⟩⊑⊣⊔⟩≀\∫ ⟨⊣⊑⌉ \≀⊔ ⌊⌉⌉\ √∇⌉∫⌉\⊔⌉⌈ ⟩\ ⊔⟨⌉ ↕⟩⊔⌉∇⊣⊔⊓∇⌉↙ I\ ⊔⟨⌉ ∫⌉⌋≀\⌈ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⟨⌉⊣⌈⊒⊣⊑⌉ √∇≀⌊↕⌉⇕⇔ ⌊≀⊔⟨ {≀∇ ∫⊣‖⌉ ≀{ ⌋≀⇕√⊣∇⟩∫≀\ ⊣\⌈ {≀∇ ∫⟩⇕√↕⟩⌋⟩⊔†⇔ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫⟨⊣√⌉ ≀{ ⊔⟨⌉ ≀⟩↕ ∫↕⟩⌋‖ ⊒⊣∫ ∫⌉↕⌉⌋⊔⌉⌈⇔ ∫≀⇕⌉⊒⟨⊣⊔ ⊣∇⌊⟩⊔∇⊣∇⟩↕†⇔ ⊣∫ ⟩\ ⊔⟨⌉ ∫⊔⊓⌈† ⌊† Z⊣↕≀∫⟨ ∪∋′⊎↙ H⌉\⌋⌉⇔ ⊔⟨⌉ P⟨⊣∫⌉ I ⇕≀⌈⌉↕ √∇≀⊑⟩⌈⌉∫ ⊣ ⊘∇⇕ {≀⊓\⌈⊣⊔⟩≀\ ⊒⟩⊔⟨ ⊒⟨⟩⌋⟨ ⊔≀ √⌉∇{≀∇⇕ ⇕≀∇⌉ ∫≀√⟨⟩∫⊔⟩↖ ⌋⊣⊔⌉⌈ ⊣\⊣↕†∫⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ⇕≀∇⌉ ⌋↕≀∫⌉↕† ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩⊑⌉ ≀{ ⊣⊔ ∫⌉⊣ ⊣\⌈ {⊓↕↕↖∫⌋⊣↕⌉ ↕⊣⌊≀∇⊣⊔≀∇† ⌋≀\⌈⟩⊔⟩≀\∫↙ S⊓⌋⟨ ⊣\⊣↕†∫⌉∫ ⊒⟩↕↕ ⟩⇕√↕† ⌉§⊔⌉\⌈⟩\} ⊔⟨⌉ P⟨⊣∫⌉ I ⇕≀⌈⌉↕ ⊔≀ ⟩\⌋↕⊓⌈⌉ ⊣ ⇕≀∇⌉ ⊣⌋⌋⊓∇⊣⊔⌉ √⟨†∫⟩⌋⊣↕ ∇⌉√↖ ∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ ⟩\∫⊔⊣⌊⟩↕⟩⊔†↙ T⟨⟩∫ ⟩∫ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ≀{ ⊣ ⌋≀\⊔⟩\⊓⊣⊔⟩≀\ ≀{ ⊔⟨⟩∫ √∇≀|⌉⌋⊔ √∇⌉∫⌉\⊔↕† ⟩\ √∇≀}∇⌉∫∫⇔ ∇⌉{⌉∇∇⌉⌈ ⊔≀ ⊣∫ ⊔⟨⌉ P⟨⊣∫⌉ II ⇕≀⌈⌉↕↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ {∇⟩⌋⊔⟩≀\ ⊒⊣∫ ⟩⌈⌉\⊔⟩⊘⌉⌈ ⊣∫ ≀\⌉ ≀{ ⊔⟨⌉ ⟩⇕√≀∇⊔⊣\⊔ {⊣⌋⊔≀∇∫ {≀∇ ⌋∇⟩⊔⟩⌋⊣↕ ⊣⌋⌋⊓⇕⊓↕⊣⊔⟩≀\↙ I\ ⊔⟨⌉ P⟨⊣∫⌉ I ⇕≀⌈⌉↕⇔ ⟨≀⊒⌉⊑⌉∇⇔ \≀ ⌉§√↕⟩⌋⟩⊔ {∇⟩⌋⊔⟩≀\ ⊔⌉∇⇕ ⊒⊣∫ ⟩\⌋↕⊓⌈⌉⌈ ⟩\ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ≀{ ⊔⟨⌉ ⟩\⊑⟩∫⌋⟩⌈ VS∫↙ H⌉\⌋⌉⇔ ⇕≀⌈⌉↕⟩\} ⊑⟩∫⌋≀⊓∫ ⊣\⌈ ⊔⊓∇⌊⊓↕⌉\⊔ ⌉{{⌉⌋⊔∫ ⊒⟩⊔⟨⟩\ ⊣ ∫⇕⊣↕↕ ⌊≀⊓\⌈⊣∇† ↕⊣†⌉∇ ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ≀⟩↕↖⊒⊣⊔⌉∇ ⟩\⊔⌉∇{⊣⌋⌉ ⊣\⌈ ⊔⟨⊓∫ ⟩\⌋↕⊓⌈⟩\} {∇⟩⌋⊔⟩≀\ {≀∇⌋⌉∫ ⟩\ ⊔⟨⌉ ⊣\⊣↕†∫⟩∫ ⊒⟩↕↕ ⌊⌉ ⊣\ ⌉∫∫⌉\⊔⟩⊣↕ √⊣∇⊔ ≀{ ⊔⟨⌉ P⟨⊣∫⌉ II ⇕≀⌈⌉↕↙ I\ ⊔⟨⌉ P⟨⊣∫⌉ II ⇕≀⌈⌉↕⇔ ⊒⌉ √↕⊣\ ⊔≀ ⊓∫⌉ ⟨⟩}⟨⌉∇↖≀∇⌈⌉∇ ⌉↕⌉⇕⌉\⊔∫ ⊔≀ ∇⌉√∇⌉∫⌉\⊔ VS∫ ⊣\⌈ ⊔⟨⊓∫ √∇≀⊑⟩⌈⌉ ⌊⌉⊔⊔⌉∇ ⊣⌋⌋⊓∇⊣⌋† {≀∇ ⊔⟨⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ ⊒⊣⊑⌉∫↙ F⟩\⊣↕↕†⇔ ⊣ \⌉⊒ ⇕⌉⊔⟨≀⌈ {≀∇ ⊣⌋⌋⊓∇⊣⊔⌉↕† ⌋⊣↕⌋⊓↕⊣⊔⟩\} ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫⊔⌉⊣⌈†↖∫⊔⊣⊔⌉ ∫⟨⊣√⌉ ≀{ ⊣ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖⇔ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⟨†⌈∇≀⌈†\⊣⇕⟩⌋ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⌉∐⊓⊣⊔⟩≀\∫⇔ ⊒⟩↕↕ ⊣↕∫≀ ∇⌉√∇⌉∫⌉\⊔ ⊣\ ⌉∫∫⌉\⊔⟩⊣↕ ⌋≀⇕√≀\⌉\⊔ ≀{ ⊔⟨⌉ P⟨⊣∫⌉ II ⇕≀⌈⌉↕↙ F⊓⊔⊓∇⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔∫ {≀∇ ⊔⟨⌉ P⟨⊣∫⌉ II ⇕≀⌈⌉↕ ⌋⊣\ ⊔⟨⊓∫ ⌊⌉ ∫⊓⇕⇕⊣∇⟩‡⌉⌈ ⊣∫ {≀↕↕≀⊒∫⇔ • ⊔⟨⌉ ∫⊔⊓⌈† ≀{ ≀⟩↕↖⊒⊣⊔⌉∇↖⌊≀≀⇕ ∫†∫⊔⌉⇕∫∅ ∈∃

F⟩}⊓∇⌉ ∞∈¬ I↕↕⊓∫⊔∇⊣⊔⟩≀\ ≀{ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⊒⟩⊔⟨ P⟨⊣∫⌉ I ⇕≀⌈⌉↕ {≀∇ ⊣\ ≀⟩↕ ∫↕⟩⌋‖ ⌋≀\⊔⊣⟩\⌉⌈ ⌊† ⊣ ⌊≀≀⇕↙ I\ ⊔⟨⟩∫ ⌋⊣∫⌉⇔ ⌊≀⊔⟨ ⊣ ⟨⌉⊣⌈⊒⊣⊑⌉ ⊣\⌈ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ ⟩\∫⊔⊣⌊⟩↕⟩⊔⟩⌉∫ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⌈⌉⊑⌉↕≀√↙ • ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫⊔⌉⊣⌈†↖∫⊔⊣⊔⌉ ≀⟩↕ ∫↕⟩⌋‖ ⌊⊣∫⌉⌈ ≀\ ⊣ ∫≀↕⊓⊔⟩≀\ ≀{ ⊔⟨⌉ ⟨†⌈∇≀⌈†\⊣⇕⟩⌋ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⌉∐⊓⊣⊔⟩≀\∫∅ • ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ≀{ {∇⟩⌋⊔⟩≀\ ⊣↕≀\} ⊔⟨⌉ ≀⟩↕↖⊒⊣⊔⌉∇ ⟩\⊔⌉∇{⊣⌋⌉⇔ ⌊≀⊔⟨ {≀∇ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫↕⟩⌋‖ ∫⟨⊣√⌉ ⊣\⌈ {≀∇ ⊔⟨⌉ ⊔⟩⇕⌉ ⊓√⌈⊣⊔⟩\} ≀{ ⊔⟨⌉ ∫↕⟩⌋‖ }⌉≀⇕⌉⊔∇† ⊣\⌈ ⌈†\⊣⇕⟩⌋∫∅ ⊔⟨⌉∫⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⊒⟩↕↕ ⟩\⌋↕⊓⌈⌉ ⌊≀⊔⟨ ⊑⟩∫⌋≀⊓∫ ⊣\⌈ ⊔⊓∇⌊⊓↕⌉\⊔ ⌈⟩{{⊓∫⟩≀\ ⌉{{⌉⌋⊔∫ ⊒⟩⊔⟨⟩\ ⌊≀⊓\⌈⊣∇† ↕⊣†⌉∇∫ ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉∫∅ • ⊓∫⟩\} ⊑⟩∫⌋≀⊓∫∝⊔⊓∇⌊⊓↕⌉\⊔ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔∫ ⌋≀⇕⌊⟩\⟩\} ⊣ ↕≀⌋⊣↕ N⊣⊑⟩⌉∇↖S⊔≀‖⌉∫ ∫≀↕⊑⌉∇ ⊒⟩⊔⟨ ⊔⊓∇⌊⊓↖ ↕⌉\⊔ ⌋↕≀∫⊓∇⌉ ⇕≀⌈⌉↕∫ ⇐k − ε or similar↽, • ⊓∫⟩\} ⟨⟩}⟨⌉∇↖≀∇⌈⌉∇ ⊑≀∇⊔⌉§ ⌉↕⌉⇕⌉\⊔∫ ⊔≀ √∇≀⊑⟩⌈⌉ ⌊⌉⊔⊔⌉∇ ⊣⌋⌋⊓∇⊣⌋† ≀{ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⊣↕≀\} ⟩\⊔⌉∇{⊣⌋⌉∫ ⇐⟩↙⌉↙⇔ ⊓∫⌉ ≀{ \≀\↖⌋≀\∫⊔⊣\⊔ ⊑≀∇⊔⌉§ ⌉↕⌉⇕⌉\⊔∫ ⟩\ ⊔⟨⌉ BEM⇒∅ • √⌉∇{≀∇⇕⟩\} ⊣ ⌊∇≀⊣⌈ √⊣∇⊣⇕⌉⊔∇⟩⌋ ∫⊔⊓⌈† ≀{ ⌋∇⟩⊔⟩⌋⊣↕ ⊣⌋⌋⊓⇕⊓↕⊣⊔⟩≀\ {⊣⟩↕⊓∇⌉ ⇕≀⌈⌉∫ ⊒⟩⊔⟨ ⊑⊣↕⟩⌈⊣⊔⟩≀\ ≀{ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ∇⌉∫⊓↕⊔∫ ⌊† ⌋≀⇕√⊣∇⟩∫≀\ ⊔≀ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ∇⌉∫⊓↕⊔∫∅ ⊣\⌈ • ⊣ ⊔⌉\⊔⊣⊔⟩⊑⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ≀{ ⌊≀≀⇕∝⌊⊣∇∇⟩⌉∇ ∫†∫⊔⌉⇕∫ ⌊† ⊑⊣∇†⟩\} }⌉≀⇕⌉⊔∇⟩⌋⊣↕ ⊣\⌈ √⟨†∫⟩⌋⊣↕ √⊣∇⊣⇕⌉⊔⌉∇∫ ≀{ ⊔⟨⌉ √∇≀⌊↕⌉⇕↙ T≀ }⟩⊑⌉ ⊣\ ⟩⌈⌉⊣ ≀{ {⊓⊔⊓∇⌉ √∇≀⌊↕⌉⇕∫ ⊣⌈⌈∇⌉∫∫⌉⌈ ⟩\ ⊔⟨⟩∫ ∫⊔⊓⌈†⇔ F⟩}↙ ∞∈ ⟩↕↕⊓∫⊔∇⊣⊔⌉∫ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⟩\⊑≀↕⊑⟩\} ⊣ ∫≀↕⟩⌈ ⌊≀≀⇕ ⊣\⌈ ⊣\ ≀⟩↕ ∫↕⟩⌋‖↙ T⟨⌉∫⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⟨⊣⌈ ⊓∫⌉⌈ √⟨†∫⟩⌋⊣↕ √⊣∇⊣⇕⌉⊔⌉∇ ⊑⊣↕⊓⌉∫ ∫⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨≀∫⌉ {≀∇ ⊔⟨⌉ ⌋⊣∫⌉ ∫⟨≀⊒\ ⟩\ F⟩}↙ ∞′⇔ ⊒⟩⊔⟨ ⊔⟨⌉ ⊣⌈⌈⟩⊔⟩≀\ ≀{ ⊣\ ⟨⊣∇⇕≀\⟩⌋ ⊖\≀⟩∫⌉⪰⇔ ∫⊓√⌉∇↖ ⟩⇕√≀∫⌉⌈ ≀\ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ ⇕≀⊔⟩≀\⇔ ⊔≀ ∇⌉√∇⌉∫⌉\⊔ ≀⌋⌉⊣\ ⊒⊣⊑⌉ ⊣⌋⊔⟩≀\↙ A↕⊔⟨≀⊓}⟨ ⊔⟨⌉∫⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫ ⊒⌉∇⌉ √⌉∇{≀∇⇕⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ P⟨⊣∫⌉ I ⇕≀⌈⌉↕⇔ ⟩↙⌉↙⇔ ⊒⟩⊔⟨≀⊓⊔ ⌊≀⊔⟨ ⊔⟨⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ∫↕⟩⌋‖ ⟩\⟩⊔⟩⊣↕⟩‡⊣⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ \⊓⇕⌉∇⟩⌋⊣↕ ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫ √↕⊣\\⌉⌈ {≀∇ ⊔⟨⌉ P⟨⊣∫⌉ II ⇕≀⌈⌉↕⇔ ≀\⌉ ⌋⊣\ ∫⌉⌉ ⊔⟨⊣⊔ ⊒⌉ ≀⌊⊔⊣⟩\ ∐⊓⟩⊔⌉ ⊣ ∇⌉⊣↕⟩∫⊔⟩⌋ √⟩⌋⊔⊓∇⌉ ≀{ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ ⟩\∫⊔⊣⌊⟩↕⟩⊔⟩⌉∫ ∫⊓⌋⟨ ⊣∫ ⊔⟨≀∫⌉ ≀⌊∫⌉∇⊑⌉⌈ ⟩\ ↕⊣⌊≀∇⊣⊔≀∇† ⌉§√⌉∇⟩⇕⌉\⊔∫⇔ \⊣⇕⌉↕†⇔ ⊔⟨⌉ ≀⌋⌋⊓∇∇⌉\⌋⌉ ≀{ ⌊≀⊔⟨ ⊣ ⟨⌉⊣⌈⊒⊣⊑⌉ ⊣\⌈ ⟩\⊔⌉∇{⊣⌋⟩⊣↕ ⊒⊣⊑⌉∫ √∇≀√⊣}⊣⊔⟩\} ⊣↕≀\} ⊔⟨⌉ ≀⟩↕↖⊒⊣⊔⌉∇ ⟩\⊔⌉∇{⊣⌋⌉ ⊣\⌈ ∇⌉⊙⌉⌋⊔⟩\} ≀{{ ⊔⟨⌉ ⌊≀≀⇕↙ A⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔∫ T⟨⟩∫ ⊒≀∇‖ ⊒⊣∫ ∫⊓√√≀∇⊔⌉⌈ ⌊† ⊔⟨⌉ U↙S↙ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ T∇⊣\∫√≀∇⊔⊣⊔⟩≀\⇔ G∇⊣\⊔∫ N≀↙ DTRS▽↖ ∃△↖G↖′′′ ̸⊣\⌈ DTRS▽↖∃▽↖G↖′′′▽̸⇔ ⊓\⌈⌉∇ ⊔⟨⌉ O⟩↕ P≀↕↕⊓⊔⟩≀\ R⌉∫⌉⊣∇⌋⟨ G∇⊣\⊔ P∇≀}∇⊣⇕↙ T⟨⌉ ∋′

⊣⌊↕⌉ ⊣∫∫⟩∫⊔⊣\⌋⌉ ≀{ J≀⟨\ P⊓⊔⊓‖⟩⊣\⇔ V≀↕√⌉ N⊣⊔⟩≀\⊣↕ T∇⊣\∫√≀∇⊔⊣⊔⟩≀\ S†∫⊔⌉⇕∫ C⌉\⊔⌉∇⇔ B≀∫⊔≀\⇔ M⊣∫↖ ∫⊣⌋⟨⊓∫⌉⊔⊔∫⇔ ⌋≀\⊔∇⊣⌋⊔⟩\} ≀{⊘⌋⌉∇≃∫ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩⊑⌉⇔ ⊣\⌈ ⊔⟨⌉ ⌉\⊔⟨⊓∫⟩⊣∫⊔⟩⌋ ∫⊓√√≀∇⊔ ≀{ K⌉\ B⟩⊔⊔⟩\}⇔ U↙S↙ C≀⊣∫⊔ G⊓⊣∇⌈ R⌉∫⌉⊣∇⌋⟨ ⊣\⌈ D⌉⊑⌉↕≀√⇕⌉\⊔ C⌉\⊔⌉∇⇔ G∇≀⊔≀\⇔ C≀\\⌉⌋⊔⟩⌋⊓⊔⇔ ⊣∇⌉ }∇⊣⊔⌉{⊓↕↕† ⊣⌋‖\≀⊒↕↖ ⌉⌈}⌉⌈↙ A\⌈∇⟩⌉ C⟨⌉\⇔ E§§≀\ P∇≀⌈⊓⌋⊔⟩≀\ R⌉∫⌉⊣∇⌋⟨⇔ H≀⊓∫⊔≀\⇔ T⌉§⊣∫⇔ ∫⌉∇⊑⌉⌈ ⊣∫ ⊣\ ⟩\⌈⊓∫⊔∇⟩⊣↕ ⊔⌉⌋⟨\⟩⌋⊣↕ ⊣⌈⊑⟩∫≀∇ ⊔≀ ⊔⟨⌉ √∇≀|⌉⌋⊔↙ R⌉{⌉∇⌉\⌋⌉∫ ∪∞⊎ A}∇⊣⊒⊣↕⇔ R↙K↙ ⊣\⌈ H⊣↕⌉⇔ L↙A↙ ⊢A \⌉⊒ ⌋∇⟩⊔⌉∇⟩⊣ {≀∇ √∇⌉⌈⟩⌋⊔⟩\} ⟨⌉⊣⌈ ⊒⊣⊑⌉ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊣\ ≀⟩↕ ∫↕⟩⌋‖ ⌊† ⊣ ⌊⊣∇∇⟩⌉∇≃⇔ P∇≀⌋↙ O{{∫⟨≀∇⌉ T⌉⌋⟨↙ C≀\{↙⇔ D⊣↕↕⊣∫⇔ T⌉§⊣∫⇔ √√∫↙ △∞̸↖△̸⇔ ∞∃△↙ ∪∈⊎ B⊣⟩⇔ K↙J↙ ⊣\⌈ K⟩⇕⇔ J↙W↙ ⊢A ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕ {≀∇ ⊙≀⊒ ⊣∇≀⊓\⌈ ⊣\ ≀⟩↕ ⌊≀≀⇕≃⇔ P∇≀⌋↙ W≀∇‖∫⟨≀√ ≀\ T⟩⌈⊣↕ ⊣\⌈ O⟩↕ S√⟩↕↕ M≀⌈⌉↕⟩\}⇔ ▽↖∞⇔ ∞∃∃∋↙ ∪∋⊎ B⊣⊔⌋⟨⌉↕≀∇⇔ G↙ K↙⇔ A\ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\ ⊔≀ ⊙⊓⟩⌈ ⌈†\⊣⇕⟩⌋∫ C⊣⇕⌊∇⟩⌈}⌉ U\⟩⊑⌉∇∫⟩⊔† P∇⌉∫∫⇔ ∞∃↙̸ ∪△⊎ B⌉\|⊣⇕⟩\⇔ T↙B↙ ⊢G∇⊣⊑⟩⊔† ⌋⊓∇∇⌉\⊔∫ ⊣\⌈ ∇⌉↕⊣⊔⌉⌈ √⟨⌉\≀⇕⌉\⊣≃⇔ J↙ F↕⊓⟩⌈ M⌉⌋⟨↙⇔ ∋∞ ⇐∈⇒⇔ ∈′∃↖∈△∀⇔ ∞∃∀̸↙ ∪▽⊎ B∇⌉⌊⌊⟩⊣⇔ C↙A↙⇔ T⟨⌉ B≀⊓\⌈⊣∇† E↕⌉⇕⌉\⊔∫ {≀∇ E\}⟩\⌉⌉∇∫ J≀⟨\ W⟩↕⌉† ⊣\⌈ S≀\∫⇔ ∞∃∀↙ ∪⊎̸ C↕⊣⊑⌉↕↕⌉⇔ E↙J↙ ⊣\⌈ R≀⊒⌉⇔ R↙D↙ ⊢N⊓⇕⌉∇⟩⌋⊣↕ ∫⟩⇕⊓↕⊣⊔⟩≀\ ≀{ ≀⟩↕∘⌊≀≀⇕ {⊣⟩↕⊓∇⌉ ⌊† ⌋∇⟩⊔⟩⌋⊣↕ ⊣⌋⌋⊓⇕⊓↕⊣⊔⟩≀\≃⇔ A∇⌋⊔⟩⌋ M⊣∇⟩\⌉ O⟩↕ S√⟩↕↕ P∇≀}↙ T⌉⌋⟨↙ S⌉⇕⟩\⊣∇⇔ △′∃↖△∞∀⇔ ∞∃∃∋↙ ∪⊎ C∇≀∫∫⇔ R↙H↙ ⊣\⌈ H≀⊓↕⊔⇔ D↙P↙ ⊢O⟩↕ ⌊≀≀⇕∫ ⟩\ ⊔⟩⌈⊣↕ ⌋⊓∇∇⌉\⊔∫≃⇔ J↙ W⊣⊔⌉∇⊒⊣†∫⇔ P≀∇⊔↙ C≀⊣∫⊔⊣↕ O⌋⌉⊣\ E\}\}↙⇔ ∃∀⇔ ∞△▽↖∞▽∀⇔ ∞∃∈↙ ∪∀⊎ D⌉↕⊑⟩}\⌉⇔ G↙A↙L↙ ⊢B⊣∇∇⟩⌉∇ {⊣⟩↕⊓∇⌉ ⌊† ⌋∇⟩⊔⟩⌋⊣↕ ⊣⌋⌋⊓⇕⊓↕⊣⊔⟩≀\ ≀{ ⊑⟩∫⌋≀⊓∫ ≀⟩↕≃⇔ P∇≀⌋↙ O⟩↕ S√⟩↕↕ C≀\{↙⇔ USEPA⇔ USCG⇔ ⊣\⌈ A⇕⌉∇↙ P⌉⊔∇≀↕↙ I\∫⊔↙⇔ √√∫↙ ∞△∋↖∞△∀⇔ ∞∃∀∃↙ ∪∃⊎ D⟩ P⟩⌉⊔∇≀⇔ N↙ D↙ ⊣\⌈ C≀§⇔ R↙ G↙ ⊢T⟨⌉ ⌋≀\⊔⊣⟩\⇕⌉\⊔ ≀{ ⊣\ ≀⟩↕ ∫↕⟩⌋‖ ⌊† ⊣ ⌊≀≀⇕ √↕⊣⌋⌉⌈ ⊣⌋∇≀∫∫ ⊣ ⊓\⟩{≀∇⇕ ∫⊔∇⌉⊣⇕≃⇔ J↙ F↕⊓⟩⌈ M⌉⌋⟨↙⇔ ∃⇎ ∞̸∋↖△̸′⇔ ∞∃∀′↙ ∪∞′⊎ D∇⊣‡⟩\⇔ P↙G↙ ⊢K⌉↕⊑⟩\↖H⌉↕⇕⟨≀↕⊔‡ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊘\⟩⊔⌉ ⊣⇕√↕⟩⊔⊓⌈⌉≃⇔ J↙ F↕⊓⟩⌈ M⌉⌋⟨↙⇔ △∈⇔ ∋∈∞↖ ∋∋▽⇔ ∞∃′↙ ∪∞∞⊎ D∇⊣‡⟩\⇔ P↙G↙ ⊣\⌈ H≀⊒⊣∇⌈⇔ L↙N↙ ⊢H†⌈∇≀⌈†\⊣⇕⟩⌋ ∫⊔⊣⌊⟩↕⟩⊔† ≀{ √⊣∇⊣↕↕⌉↕ ⊙≀⊒ ≀{ ⟩\⊑⟩∫⌋⟩⌈ ⊙⊓⟩⌈≃⇔ A⌈⊑⊣\⌋↙ A√√↕⟩⌉⌈ M⌉⌋⟨↙⇔ ∃⇔ ∞⇔ ∞∄↙ ∪∞∈⊎ E∇⊔⌉‖⟩\⇔ R↙C↙ ⊣\⌈ S⊓\⌈⊣∇⊣∇⊣}⟨⊣⊑⊣\⇔ H↙ ⊢T⟨⌉ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ⌋∇⟩⊔⌉∇⟩≀\ {≀∇ ⊣ ⊓\⟩{≀∇⇕ ⊑⟩∫⌋≀⊓∫ ⊙≀⊒ √⊣∫⊔ ⊣ ⌊≀≀⇕≃⇔ J↙ O{{∫⟨≀∇⌉ M⌉⌋⟨↙ A∇⊔⟩⌋ E\}\}↙⇔ ∞∞⇔ ∈△↖∈∃⇔ ∞∃∃▽↙ ∪∞∋⊎ F⟩\‖⇔ P↙T↙ ⊣\⌈ S≀⟨⇔ W↙K↙ ⊢C⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔∫ ⟩\ ⊓\∫⊔⌉⊣⌈† ⊙≀⊒ ⊣\⌈ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⟩\ ∫⟨⟩√ ⟨†⌈∇≀⌈†\⊣⇕⟩⌋∫≃⇔ P∇≀⌋↙ ∞′⊔⟨ S†⇕√↙ ≀\ N⊣⊑⊣↕ H†⌈∇≀⌈†\⊣⇕⟩⌋∫⇔ O{⊘⌋⌉ ≀{ N⊣⊑⊣↕ R⌉∫↙⇔ W⊣∫⟨⟩\}⊔≀\⇔ D↙C↙⇔ △∌↖△∃∞⇔ ∞∃△↙ ∪∞△⊎ G∇⟩↕↕⟩⇔ S↙T↙⇔ H⊓⇔ Z↙⇔ ⊣\⌈ S√⊣⊓↕⌈⟩\}⇔ M↙L↙ ⊢A ⟨†⌈∇≀⌈†\⊣⇕⟩⌋ ⇕≀⌈⌉↕ ≀{ ≀⟩↕ ⌋≀\⊔⊣⟩\⇕⌉\⊔ ⌊† ⊣ ⌊≀≀⇕ ¬ P⟨⊣∫⌉ I≃⇔ F⟩\⊣↕ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ {≀∇ DOT G∇⊣\⊔ N≀↙ DTRS▽↖∃△↖G↖′′′⇎ D⌉√⊔↙ O⌋⌉⊣\ E\}\}↙⇔ U\⟩⊑↙ ≀{ R⟨≀⌈⌉ I∫↕⊣\⌈⇔ ′√√∫⇔ ∞∃∃↙̸ ∪∞▽⊎ G∇⟩↕↕⟩⇔ S↙T↙ ⊣\⌈ S⊓⌊∇⊣⇕⊣\†⊣⇔ R↙ ⊢R⌉⌋⌉\⊔ A⌈⊑⊣\⌋⌉∫ ⟩\ ⊔⟨⌉ BEM M≀⌈⌉↕↕⟩\} ≀{ N≀\↕⟩\⌉⊣∇ W⊣⊔⌉∇ W⊣⊑⌉∫≃↙ C⟨⊣√⊔⌉∇ △ ⟩\ B≀⊓\⌈⊣∇† E↕⌉⇕⌉\⊔ A√√↕⟩⌋⊣⊔⟩≀\∫ ⟩\ F↕⊓⟩⌈ M⌉⌋⟨⊣\⟩⌋∫ ⇐⌉⌈↙ H↙ P≀⊒⌉∇⇒⇔ √√∫↙ ∃∞↖∞∈∈↙ A⌈⊑⊣\⌋⌉∫ ⟩\ F↕⊓⟩⌈ M⌉⌋⟨⊣\⟩⌋∫ S⌉∇⟩⌉∫↙ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ M⌉⌋⟨⊣\⟩⌋∫ P⊓⌊↕⟩⌋⊣⊔⟩≀\⇔ S≀⊓⊔⟨⊣⇕√⊔≀\⇔ UK⇔ ∞∃∃▽↙ ∪∞⊎̸ G∇⟩↕↕⟩⇔ S↙T↙ ⊣\⌈ S⊓⌊∇⊣⇕⊣\†⊣⇔ R↙ ⊢N⊓⇕⌉∇⟩⌋⊣↕ ⇕≀⌈⌉↕⟩\} ≀{ ⊒⊣⊑⌉ ⌊∇⌉⊣‖⟩\} ⟩\⌈⊓⌋⌉⌈ ⌊† ⊘§⌉⌈ ≀∇ ⇕≀⊑⟩\} ⌊≀⊓\⌈⊣∇⟩⌉∫↙≃ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ M⌉⌋⟨⊣\⟩⌋∫ ∞ ⇐⟩\ √∇⌉∫∫⇒⇔ ∞∃∃↙̸ ∋∞

∪∞⊎ J≀⟨\∫⊔≀\⇔ A↙J↙⇔ F⟩⊔‡⇕⊣⊓∇⟩⌋⌉⇔ M↙R↙ ⊣\⌈ W⊣⊔⊔⇔ R↙G↙ ⊢O⟩↕ ∫√⟩↕↕ ⌋≀\⊔⊣⟩\⇕⌉\⊔ ¬ ⊑⟩∫⌋≀⊓∫ ≀⟩↕∫≃⇔ P∇≀⌋↙ O⟩↕ S√⟩↕↕ C≀\{↙ ⇐USEPA⇔ USCG⇒⇔ A⇕⌉∇↙ P⌉⊔∇≀↕↙ I\∫⊔↙⇔ √√∫↙ ∀∃↖∃△⇔ ∞∃∃∋↙ ∪∞∀⊎ J≀\⌉∫⇔ W↙ T↙ ⊢I\∫⊔⊣⌊⟩↕⟩⊔† ⊣⊔ ⊣\ ⟩\⊔⌉∇{⊣⌋⌉ ⌊⌉⊔⊒⌉⌉\ ≀⟩↕ ⊣\⌈ ⊙≀⊒⟩\} ⊒⊣⊔⌉∇≃⇔ J↙ ≀{ B⊣∫⟩⌋ E\}\}↙⇔ ∃△⇔ ∀△↖∀∀⇔ ∞∃∈↙ ∪∞∃⊎ L⊣⇕⌊⇔ H↙ H†⌈∇≀⌈†\⊣⇕⟩⌋∫ C⊣⇕⌊∇⟩⌈}⌉ U\⟩⊑⌉∇∫⟩⊔† P∇⌉∫∫⇔ ⊔̸⟨ ⌉⌈⟩⊔⟩≀\⇔ ∞∃∋∈↙ ∪∈′⊎ L⊣⊓⇔ Y↙L↙ ⊣\⌈ K⟩∇⌋⟨⟩{⌉∇⇔ S↙A↙ ⊢A ∇⌉⊑⟩⌉⊒ ≀{ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ≀{ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖∫ ⟩\ ⊙≀⊒⟩\} ⊒⊣⊔⌉∇≃⇔ J↙ H†⌈∇⊣⊓↕⟩⌋∫ D⟩⊑↙⇔ ∞∃△↙ ∪∈∞⊎ L⌉⟩⌊≀⊑⟩⌋⟨⇔ S↙ ⊢O⟩↕ ∫↕⟩⌋‖ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ⊣\⌈ ⊔⟨⌉ ⌉\⊔∇⊣⟩\⇕⌉\⊔ {⊣⟩↕⊓∇⌉ ≀{ ≀⟩↕ ⌋≀\⊔⊣⟩\⇕⌉\⊔ ⌊≀≀⇕∫≃⇔ J↙ F↕⊓⟩⌈∫ E\}\}↙⇔ ∃∀⇔ ∃∀↖∞′▽⇔ ∞∃↙̸ ∪∈∈⊎ M⟩↕}∇⊣⇕⇔ J↙H↙ ⊣\⌈ V⊣\ H≀⊓⊔⌉\⇔ R↙J↙ ⊢M⌉⌋⟨⊣\⟩⌋∫ ≀{ ⊣ ∇⌉∫⊔∇⊣⟩\⌉⌈ ↕⊣†⌉∇ ≀{ ⊙≀⊣⊔⟩\} ≀⟩↕ ⊣⌊≀⊑⌉ ⊣ ⊒⊣⊔⌉∇ ⌋⊓∇∇⌉\⊔≃⇔ J↙ H†⌈∇≀\⊣⊓⊔⟩⌋∫⇔ ∞∈ ⇐∋⇒⇔ ∃∋↖∞′∀⇔ ∞∃∀↙ ∪∈∋⊎ R⊣\}⌉↕⇔ R↙H↙ ⊣\⌈ S⟩∇⟩}\⊣\≀⇔ W↙A↙ ⊢N≀\↕⟩\⌉⊣∇ }∇≀⊒⊔⟨ ≀{ K⌉↕⊑⟩\↖H⌉↕⇕⟨≀↕⊔‡ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ¬ E{{⌉⌋⊔ ≀{ ∫⊓∇{⊣⌋⌉ ⊔⌉\∫⟩≀\ ⊣\⌈ ⌈⌉\∫⟩⊔† ∇⊣⊔⟩≀≃⇔ P⟨†∫↙ ≀{ F↕⊓⟩⌈∫⇔ ∋∞ ⇐⇒⇔∞∀△▽↖∞∀▽▽⇔ ∞∃∀∀↙ ∪∈△⊎ R⊣\}⌉↕⇔ R↙H↙ ⊣\⌈ S⟩∇⟩}\⊣\≀⇔ W↙A↙ ⊢T⟨⌉ ↕⟩\⌉⊣∇ ⊣\⌈ \≀\↕⟩\⌉⊣∇ ∫⟨⌉⊣∇ ⟩\∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊣ ⊙⊓⟩⌈ ∫⟨⌉⌉⊔≃⇔ P⟨†∫↙ ≀{ F↕⊓⟩⌈∫↙ A∋ ⇐∞′⇒⇔ ∈∋∃∈↖∈△′′⇔ ∞∃∃∞↙ ∪∈▽⊎ V⊣\ ⌈⌉ V≀≀∇⌉\⇔ A↙I↙ ⊢N⊓⇕⌉∇⟩⌋⊣↕ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∇≀↕↕⟩\}↖⊓√ ≀{ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔∫≃⇔ P∇≀⌋↙ R↙ S≀⌋↙ L≀\⌈↙⇔ A ∋∋⇔ ↖̸∃∞⇔ ∞∃∀′↙ ∪∈⊎̸ V≀\ K⊣∇⇕⊣\ T↙⇔ ⊢T⟨⌉ ⌉\}⟩\⌉⌉∇ }∇⊣√√↕⌉∫ ⟩\ ⊔⟨⌉ \≀\↕⟩\⌉⊣∇ √∇≀⌊↕⌉⇕∫≃⇔ B⊓↕↕↙ A⇕↙ M⊣⊔⟨↙ S≀⌋↙ △⇎ ∞̸▽↖▽∀⇎ ∞∃△′↙ ∪∈⊎ W⟩⌋‖∫⇔ M↙ ⊢F↕⊓⟩⌈ ⌈†\⊣⇕⟩⌋∫ ≀{ ⊙≀⊣⊔⟩\} ≀⟩↕ ⌋≀\⊔⊣⟩\⇕⌉\⊔ ⌊† ⇕⌉⌋⟨⊣\⟩⌋⊣↕ ⌊⊣∇∇⟩⌉∇∫ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ ⊒⊣⊔⌉∇ ⌋⊓∇∇⌉\⊔∫≃⇔ P∇≀⌋↙ API↖FWPCA J≀⟩\⊔ C≀\{↙ ≀\ P∇⌉⊑⌉\⊔⟩≀\ ⊣\⌈ C≀\⊔∇≀↕ ≀{ O⟩↕ S√⟩↕↕∫⇔ N⌉⊒ Y≀∇‖⇔ D⌉⌋ ∞▽↖∞⇔ A⇕⌉∇↙ P⌉⊔∇≀↕↙ I\∫⊔↙⇔ √√∫↙ ▽▽↖∞′⇎ ∞∃∄↙ ∪∈∀⊎ W⟩↕‖⟩\∫≀\⇔ D↙ L↙ ⊢D†\⊣⇕⟩⌋∫ ≀{ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖∫≃⇔ J↙ H†⌈∇⊣⊓↕⟩⌋∫ D⟩⊑↙⇔ ∃∀⇔ ∞′∞∋↖∞′∋∞⇔ ∞∃∈↙ ∪∈∃⊎ W⟩↕‖⟩\∫≀\⇔ D↙ L↙ ⊢L⟩⇕⟩⊔⊣⊔⟩≀\∫ ⊔≀ ↕⌉\}⊔⟨ ≀{ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖∫≃⇔ J↙ H†⌈∇⊣⊓↕⟩⌋ D⟩⊑↙⇔ ∃∃⇔ ′∞↖∞∋⇔ ∞∃∋↙ ∪∋′⊎ Z⊣↕≀∫⟨⇔ R↙G↙ ⊢A \⊓⇕⌉∇⟩⌋⊣↕ ⇕≀⌈⌉↕ ≀{ ⌈∇≀√↕⌉⊔ ⌉\⊔∇⊣⟩\⇕⌉\⊔ {∇≀⇕ ⊣ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖≃⇔ R⌉√≀∇⊔ N≀↙ CG↖D↖▽̸↖▽⇔ DOT∝USCG⇔ ∞∃△↙ ∪∋∞⊎ Z⊣↕≀∫⟨⇔ R↙G↙ ⊢D⟩∫⌋∇⌉⊔⟩‡⌉⌈ ∫⟩⇕⊓↕⊣⊔⟩≀\ ≀{ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔ ⌉⊑≀↕⊓⊔⟩≀\ ⊒⟩⊔⟨ ⌊⊓≀†⊣\⌋† ⊣\⌈ ∫⊓∇{⊣⌋⌉ ⊔⌉\∫⟩≀\ ⌉{{⌉⌋⊔∫≃⇔ J↙ AIAA⇔ ∞△⇔ ∞▽∞↖∞▽∈∋⇔ ∞∃↙̸ ∪∋∈⊎ Z⊣↕≀∫⟨⇔ R↙G↙ ⊣\⌈ J⌉\∫⌉\⇔ D↙S↙ ⊢A \⊓⇕⌉∇⟩⌋⊣↕ ⇕≀⌈⌉↕ ≀{ ⌈∇≀√↕⌉⊔ ⌉\⊔∇⊣⟩\⇕⌉\⊔ {∇≀⇕ ⊣ ⌋≀\⊔⊣⟩\⌉⌈ ≀⟩↕ ∫↕⟩⌋‖≃⇔ P∇≀⌋↙ F↕⊓⟩⌈ M⌉⌋⟨↙ ⟩\ P⌉⊔∇≀↕↙ I\⌈⊓∫↙⇔ ASME⇔ ∞↖∈⇔ ∞∃▽↙ ∪∋∋⊎ Z⊣∇≀≀⌈\†⇔ S↙J↙ ⊣\⌈ G∇⌉⌉\⌊⌉∇}⇔ M↙D↙ ⊢O\ ⊣ ⊑≀∇⊔⌉§ ∫⟨⌉⌉⊔ ⊣√√∇≀⊣⌋⟨ ⊔≀ ⊔⟨⌉ \⊓⇕⌉∇⟩⌋⊣↕ ⌋⊣↕⌋⊓↖ ↕⊣⊔⟩≀\ ≀{ ⊒⊣⊔⌉∇ ⊒⊣⊑⌉∫≃⇔ J↙ C≀⇕√↙ P⟨†∫↙⇔ ∞∞⇔ △△′↖△△⇎ ∞∃∋↙

∋∈