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Abstract

The task of finding all physically relevant solutions to mathematical models of physical systems
remains an important and challenging area of active research in many branches of science and
engineering.  While there are several useful ‘global’ methods for finding one or more solutions to
models for chemical and other processes, it is the solutions that are generally the primary focus.
Singular points are often viewed as something to be avoided, and no use is made of the natural
connectedness that exists between solutions and singular points.

This paper describes a completely different, novel and general approach to finding all physically
meaningful solutions and singular points to mathematical models of physical systems by
intelligently moving up and down the landscape of the least-squares function.  Theoretical
foundation for this work rests on the fundamental observations that 1) solutions and singular
points are smoothly connected when the model functions are smooth,  2) valleys, ridges, ledges,
etc. provide a natural characterization of this connectedness, 3) valleys, ridges, etc. can, in turn,
be characterized as a collection of constrained extrema over a set of level curves, 4) there is an
equivalent characterization of valleys, ridges, etc. as solutions to generalized, constrained
eigenvalue-eigenvector problems, and 5) the natural flow of Newton-like vector fields tends to
be along these distinct features of the landscape.  Differential geometry is used to provide
theoretical support for these fundamental observations and related issues.

These observations also form the basis for a new family of algorithms for finding all physically
meaningful solutions and singular points called Global Terrain Methods, which consist of a
series of downhill, equation-solving computations and uphill, predictor-corrector calculations.
Downhill movement to either a singular point or solution is conducted using reliable, norm-
reducing (complex domain) trust region methods.  Uphill movement, on the other hand, is
necessarily to a singular point and uses approximate uphill Newton-like predictor steps combined
with intermittent corrector steps.  Each corrector step is defined by calculating an extremum in
the gradient norm on the current level set for the least-squares function, can be shown to be
equivalent to a solution to a generalized, constrained eigenvalue-eigenvector problem, and helps
ensure that valleys and ridges are tracked as closely as desired.  Initial starting points are
arbitrary while starting points for subsequent subproblems defining movement from one
stationary point to another are along appropriately determined eigendirections since valleys and
ridges are generalized eigenpathways.  Collisions with boundaries of the feasible region and the
presence of points at infinity are also addressed and the heuristic termination criterion based on
the concept of limited connectedness is presented.  A variety of numerical results and geometric
illustrations for two-dimensional chemical process models are used to make clear key theoretical
concepts, to demonstrate the reliability and efficiency of Global Terrain Methods on small scale
problems and to show their potential promise on large scale process models problems.
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1.  Preamble.  Look at Fig. 1.  Your eyes are immediately drawn to the lower portion of the
figure and the curved valley that ‘connects’ the two singular points (i.e., a local minimum and
saddle point in the least-squares function) and the solution (or global minimum of FTF).  This
valley and the associated implied connectedness is not a coincidence or something specific to the
example shown in Fig. 1.  It is a general mathematical property, independent of dimension, that
holds for many, many models of physical systems under very weak conditions of twice
continuous differentiability.  In fact, distinct features of the least-squares landscape (i.e., valleys,

ridges, ledges, etc.) have solid
theoretical foundation with clear
algorithmic, implementation and
numerical implications!  The main focus
of this paper is the development of
intelligent, reliable and efficient global
terrain methods for finding all physically
meaningful solutions and singular points
of mathematical models of physical
systems.  Think of valleys, ridges and
ledges as ‘lines with special properties’
that connect solutions and singular
points and the concept of terrain-
following as the task of tracing out these
‘lines’ in a multidimensional space.

1.1 Some Old Concepts.  The idea of following ridges and valleys is not new.  It forms the basis
for many of the hill climbing or direct search optimization techniques developed in the late
1950's and early 60's.  Optimization methods like rotating coordinates (Rosenbrock; 1960),
pattern search (Hooke and Jeeves; 1961), conjugate directions (Powell; 1964), parallel tangents
(Shah et al.; 1964) and others (see, Brent, 1973) are all based on the concept of following ridges
or valleys using information gathered along the way.  However, these hill climbing techniques do
not use derivative information to determine either the search direction or the orientation of any
distinct features of the landscape, have difficulties tracking strong curvature, can generate
linearly dependent search directions, are not useful for large-scale problems, and are generally
considered to be less reliable and less efficient than derivative-based methods like analytical and
finite difference Newton methods, quasi-Newton techniques and dogleg (or trust region)
strategies.   In fact, much of this technology has all but disappeared and only a handful of
textbooks contain very brief summaries of direct search methods (e.g., Fletcher, 1980; Edgar and
Himmelblau, 1988).  Nevertheless, the elementary geometrical notions related to ridges and
valleys appear in these early papers.  What is surprising is that the geometric ideas of valleys,
ridge, etc. were never really developed or formalized, most likely because of the shift to
derivative-based methods.  For a good survey of hill climbing (or ridge-following) techniques,
see Wilde (1964) or Wilde and Beightler (1967).

1.2 Some New Ideas.  The new or novel ideas contained in this work include:
l a conjecture of connectedness between stationary points along valleys, ridges, etc.
under mild assumptions of smoothness.
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l a characterization of distinct features of the landscape (i.e., valleys, ridges, ledges, etc.)
as a collection of (local) extrema over a set of level curves.

l the observation that the natural flow of the Newton-like vector field tends to follow
valleys and ridges, and

l the associated theoretical, and algorithmic ideas related to the development of a
general-purpose methodology for finding all (relevant) solutions and singular points that
simultaneously exploits this connectedness, the mathematical characterization of valleys
and ridges and the underlying flow of the Newton-like vector field.

We have searched the optimization, differential geometry and nonlinear dynamics literature and,
surprisingly, could find no characterizations (of connectedness of stationary points, of valleys,
ridges, ledges, etc. and of the flow of the Newton-like vector field) similar to the ones presented
in this paper.

The overall algorithmic framework we suggest is one based on the reliable and efficient
computation of solutions and singular points and a terrain-following algorithm to efficiently
move from one stationary point to another or to a boundary of the feasible region.  It is
extremely important for the reader to understand that we are not suggesting a
methodology for indiscriminately ‘exploring’ the entire underlying feasible region but
rather one that moves intelligently and efficiently through it by making use of both what
has been ‘learned’ on the way and any relevant problem-dependent information regarding
the structure of the stationary points.  It is also important for the reader to understand that the
ideas presented in this paper apply equally well to process simulation and process optimization.

1.3 Other Global Root Finding Methods.  Several ‘global’ methods including homotopy-
continuation (Sun and Seider, 1992), interval methods (Stadtherr et al., 1995), and Mixed Integer
Nonlinear Programming (McDonald and Floudas, 1995), as well as others, all have the capability
of finding many or all solutions.  All global methods can be characterized as strategies for
moving from one solution to another - by either following solution curves in a parametric
manner or by identifying ‘small’ subregions of the feasible region which contain other solutions.
Global methods use ‘local’ methods for the actual equation-solving tasks, some global methods
provide rigorous guarantees of finding all solutions under certain conditions, and each has its
own set of advantages and disadvantages.  For example, homotopy-continuation methods follow
solution curves, assuming certain smoothness properties.  However, difficulties arise when
solutions lie on distinctly different branches of a homotopy curve (e.g., when an S-shaped
solution curve extends beyond the feasible region, or when one or more solutions are on an S-
shaped branch and others are on a separate isola).  See Russo and Bequette (1995) for an
example of the former and Balakotaiah and Luss (1983) for an illustration of the latter.  In
addition, sometimes many, many ‘intermediate’ problems need to be solved before the solutions
of parametric interest are actually obtained, making the approach inefficient.

Terrain-following is quite different from homotopy-continuation since we are not interested in
following parametric solution curves but rather moving intelligently and efficiently through the
feasible region for any fixed value of parameters until as much information (i.e., solutions and
singular points) as desired is uncovered!  In fact, it is quite possible for solutions on distinct
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branches of parametric curves to be connected by terrain.

2. Mathematical Foundation.  Consider two neighboring level curves along the curved valley
in Fig. 1.  Note that the distance, say ∆, between any two neighboring level curves in the
normalized gradient direction is largest exactly in the valley and that this distance decreases in
magnitude as points move out of the valley along the same neighboring level curves (i.e., the
level curves become more tightly packed together).  Therefore the norm of the gradient of the
least-squares function must be smaller at any point in the valley than at any neighboring point on
any given level curve since the same change in the least-squares function results from the largest
change in distance.  Thus the valley connecting the stationary points shown in Fig. 1 can be
characterized as the collection of local minima in the gradient norm over a set of level curves.
This same constrained extremum in the gradient norm also characterizes ridges, ledges and other
distinct features of the landscape in any n-dimensional space.  See Appendix I for mathematical
details.

Mathematically, valleys, ridges, ledge, etc. can be defined as a collection of solutions, say V, to a
set of general nonlinearly, constrained optimization problems

V = {opt gTg such that FTF = L, for all L ε L}        (1)

where F is a vector function defined on Rn or Cn, g = 2JTF, J is the Jacobian matrix of F, and
where L is any given value (or level) of the least-squares objective function and L is some
collection of level curves.  That is, for any given level curve, we find the point on L that
corresponds to a local optimum in the gradient norm.  The collection of optima for all levels
gives all (or part) of a valley, ridge, or ledge.  Equation 1 forms the backbone for Global Terrain
Methods and plays an important role in the development of predictor-corrector algorithms used
to implement those ideas.  Moreover, it is not necessary to know the set of level curves, L, a
priori.  In fact, L is actually a computational by-product of the terrain-following approach.

The necessary conditions for any particular constrained optimization problem defined in Eq. 1
are comprised of the level constraint, FTF = L, and the equation

Hg - λg = 0 (2)

where H  is the second derivative matrix of the least-squares function, given by H = JTJ + Σ
FiHi,  Hi is the second derivative matrix of the component function Fi and λ is a Lagrange
multiplier associated with the level constraint.  Note that Eq. 2 clearly shows that points in V
(i.e., points in a valley, on a ridge, etc.) represent solutions to generalized, constrained
eigenvalue-eigenvector problems and that the Lagrange multiplier is, in fact, a generalized
eigenvalue associated with the generalized eigenvector g.  The importance of this equivalence
will be discussed and exploited in subsequent sections of this paper.

3.  Terrain-Following.  Reliable and efficient downhill movement is easily resolved by a trust
region method or some other norm-reducing approach (see, Lucia, 2000).  Uphill movement, on
the other hand, is challenging because valleys, ridges and ledges do not define the only uphill
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directions and because numerical difficulties can occur near singular points.  We suggest uphill
exploration be done using a bounded predictor-corrector algorithm in which predictor steps are
taken in uphill Newton-like or second-order directions and corrector steps are used to return
iterates to a nearby valley, ridge or ledge.

3.1. Initiating Movement Using Eigen Information.  Although the starting point for the
computations is arbitrary, subsequent initial movement from any stationary point is always in an
eigendirection because of the characterization of valleys, ridges and other distinct features of the
least-squares landscape as solutions to generalized, constrained eigenvalue-eigenvector problems
(see Eq. 2 and the surrounding discussion).  Downhill movement from a saddle point or
maximum to either a singular point of lower norm or a solution always takes place along an
eigendirection, v, of negative curvature, which can be calculated from efficient
eigendecomposition of the Hessian matrix of the least-squares function using Lanzcos or some
other eigenvalue-eigenvector technique (Sridhar and Lucia, 1995).  The magnitude of the step in
this negative eigendirection is determined from the expression

α = (-2FTF/λ)½              (3)

where here λ is the most negative eigenvalue of the Hessian matrix of the least-squares function.
An additional safeguard is used to ensure that norm reduction occurs on the initial downhill
movement from any singular point.

Initial uphill movement from a
saddle point, local minimum or
global minimum of the least-squares
function always takes place along a
direction of smallest positive
curvature (see Fig. 1).  Here again,
efficient eigendecomposition can be
used to compute any necessary
directions of positive curvature and
the corresponding magnitude of the
step is determined by choosing the
largest α such that the actual
nonlinear value of the least squares
function, say FTF(z + αv), is close to
that predicted by FTF +  α2λ2vT(JTJ +
Σ FiHi)v, where Hi is the Hessian
matrix of the component function Fi

and v is the eigenvector associated
with smallest positive curvature.

3.2. Predictor Steps and Uphill Newton-like Vector Fields.   Uphill Newton-like steps are
given by

∆zN = J-1F                                                                                                  (4)
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where z is a vector of unknown variables.  Properly bounded uphill Newton-like movement tends
to naturally move along a valley, ridge or ledge - a fact that is clearly illustrated by the flow of
the portion of the normalized uphill Newton-like vector field shown in Fig. 2.  Moreover,
suitable increase in the least-squares function can be obtained by controlling the size, αp, of the
uphill Newton-like step. Using a Taylor series expansion of FTF, we can arrive at the rule

αp = min { || (J-1F) || , 2ε | (JTF)T∆N | / [ | ∆N
T(Σ FiHi)∆N | ] }            (5)

where ∆N is the normalized uphill Newton-like direction and given by ∆N = J-1F/|| (J-1F) || and ε is
some tolerance used as a measure of ‘truncation error’.  Uphill predictor steps are computed from

∆zp = αp∆N                                (6)

Clearly other strategies, such as direct integration of the Newton differential equations (see Eq.
A4 in Appendix I), can be used to determine both the stepsize and approximations to the
normalized uphill Newton-like direction.

3.3. Corrector Steps.  To ensure that predictor iterates do not wander too far, Eq. 1 is solved
intermittently to return iterates to a nearby valley, ridge, etc.  When SQP methods are used, the
solution is computed by iteratively solving

opt gTH∆c + ½ ∆c
TM∆c such that gT∆c = - (FTF - L)       (7)

where M is the Hessian matrix of the Lagrangian function defined by L = gTg - λ(FTF - L), λ is a

Lagrange multiplier, and where FTF, g, J, H, etc. all depend on z.  Physical bounds on variables
or other inequalities are easily added to either Eqs. 1 or 7.  Line searching or trust region
methods can also be used to control the size of the corrector steps, αc, by forcing improvement in
the gradient norm and thus

∆zc = αc∆c  (8)

Since gradient directions are orthogonal to the tangent to any level curve and the Newton-like
and gradient directions are only exactly collinear in valleys, on ridges, etc., one simple but useful
criterion for invoking corrector steps is

cos θ = ∆g
T∆N < Θ                   (9)

where θ is the angle between the normalized gradient, ∆g, and the normalized Newton-like step
and Θ is some number close to 1.  We typically use a value of 0.95 for Θ.

There is a very efficient way of building uphill directions in a way that also accounts for
‘average’ curvature of a valley or ridge.  This can be conveniently done using the difference in
successive corrector iterates to give

 ∆p = (zc
k+1 - zc

k)/||(zc
k+1 - zc

k)|| (10)
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where ∆p represents a general,
normalized uphill predictor step that
replaces ∆N in Eqs. 4, 5 and 8.  Note
that the predictor step given by Eq. 10
can be considered an efficient
approximation of the normalized
uphill second-order direction and does
not require the solution of a linear
system to define the step as in Eq. 4.
Figure 3 gives an illustration of the
basic predictor-corrector methodology
of the terrain-following approach.

3.4. Detecting Singular Points.   One very general criterion for terminating uphill exploration is
given by the condition

∆N
TJTJ∆N << ∆N

T(Σ FiHi)∆N    (11)

which is a necessary and sufficient condition for identifying any singular region, relies on the
fact that normalized Newton-like steps align with the null space of the Jacobian matrix, and thus
works equally well for minima, saddle points or maxima. When uphill exploration indicates the
presence of a ‘nearby’ singular point, the overall algorithmic logic switches back to ‘equation-
solving’ to look for that singular point using an acceleration technique - either quadratic
acceleration, Krylov subspace methods like conjugate gradient or null space rotation techniques.
Note that uphill exploration provides a ‘good’ initial guess for the calculation of each subsequent
singular point.

3.5.Boundary Collisions.   Uphill movement can also result in collision with a boundary of the
feasible region.  Once a boundary collision occurs, the global terrain algorithm returns to a
previously computed singular point or solution and ‘explores’ the landscape in the ‘opposite’
direction.  Thus collisions with a boundary of the feasible region are used to signal an end to the
usefulness of exploration in a particular (eigen)direction.  However, regardless of the complexity
of the landscape boundary collisions can occur and can be used in a positive way to understand
the underlying geometry of the connectedness of stationary points.

3.6 Termination Criterion.  This is perhaps the most controversial aspect of Global Terrain
Methods.  Think of the task of computing solutions and singular points as a tree structure in
which the nodes of the tree are the stationary points and the branches of the tree are the equation-
solving and/or uphill climbing tasks needed to move from one stationary point to another.  Under
the assumptions of smooth continuous differentiability, stationary points are generally only
smoothly connected along valleys, ridges, etc. to other  ‘neighboring’ stationary points, points at
infinity (or poles) and/or boundaries of the feasible region in a finite number of ways.   For
example, Fig. 4 gives an illustration of a valley, ridge and ledge for one quadrant of the ninth-
order polynomial F(z) = z - z3/3! + z5/5! - z7/7! + z9/9! and clearly illustrates the subtle point that
stationary points are really only smoothly connected to ‘neighboring’ stationary points.  Note
that there is no valley connecting the solution on the far right to the complex-valued singular
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point shown in this figure.  This
solution is only connected to the
real-valued singular point just
‘below’ it and to the left of that
solution.  However, the reader must
clearly understand that it is not
possible to determine the number of
connections between any given
collection of stationary points a
priori.  See Appendix II.

Because the total number of
connections between stationary
points can not be determined in
advance, we must use a heuristic

approach to termination.  Therefore, we assume that the number of potential connections
between stationary points along valleys, ridges etc. is limited to four or less and is related to
dominant geometric distortions (i.e., +/- the smallest positive eigendirection and +/- the most
negative eigendirection) caused by the strongest ‘attractions’ between neighboring stationary
points.  For example, the complex-valued singular point in Fig. 4 is connected to the real-valued
singular point on the far right and not the solution on the far right because this real-valued
singular point is closer and thus exerts a stronger ‘pull’ on the complex-valued singular point
than the neighboring solution.  This is what we believe gives rise to the valley/ridge that runs
between these singular points.  Note also that closeness (or distance) in this context is measured
by movement restricted to the (curved) surface of the least-squares terrain and that the solution
on the far right is, by necessity, in a well and therefore farther from the complex-valued singular
point.  This heuristic concept of limited connectedness makes it possible to catalogue stationary
points and connections in two sets, S and C, and to determine when the global terrain algorithm
has finished.  More specifically, algorithm termination is defined by the conditions that the set of
limited connections, C, be explored for all stationary points in S.  Figure 5 gives a tree
representation of one set of computations for the illustrative example shown in Fig. 4.  In Fig. 5,

shaded nodes represent singular points
while white nodes denote solutions,
poles or boundary points.  Uphill and
downhill movements are identified by
solid and dashed branches of the tree
respectively and the number of
iterations required for each uphill or
downhill movement is shown in
brackets along side the appropriate
branch of the tree.

4.  A Global Terrain Algorithm.
This section gives an outline of the
basic algorithmic steps of our Global
Terrain Algorithm.
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1) Set j = 1, choose a starting point, zj
0, define the feasible region, set C = { } and initialize S.

2) Find an initial stationary point, zj* of FTF and put zj* ε S.
3) For each stationary point, zj* (or pole) ε S

3a) Perform a partial eigendecomposition of H at zj*.
3b) Add to C only those dominant eigendirections, cj, not been previously explored.
3c) Explore each dominant eigenconnection cj ε C associated with zj*.
3d) Add each new stationary point or pole to S.

4) Set j = j + 1, select a new stationary point (or pole) from S and go to 3.
5) Repeat steps 3 and 4 for all zj* ε S.

Step 1 is self-explanatory and simply initializes the starting point, feasible region, sets the
collection of potential connections to the empty set and initializes the set of stationary points.
Remember the starting point is arbitrary.  Step 2, on the other hand, finds an initial stationary
point using downhill exploration.  Step 3 is the heart of the Global Terrain Algorithm.  At each
stationary point, an eigendecomposition is performed to find the eigendirections of least positive
and greatest negative curvature.  Only those eigendirections that have not been explored
previously are added to the set C of potential connections.  For each of these potential
connections, cj, exploration is conducted.  Obviously some of these explorations will be uphill
and some will be downhill.  Uphill explorations are performed using the predictor-corrector ideas
set forth in sections 3.2, 3.3 and 3.4.  Downhill explorations use equation solving.  Each
stationary point in S is explored, in turn, in the exact same way until all stationary points and
associated connections have been exhausted as stated in steps 4 and 5.

Efficient implementation of steps 3 and 4 can be accomplished using linked list concepts so that
the explorations indicated by the set C can be accumulated as each new stationary point (or pole)
is located. This way termination actually corresponds to C = { }.  In addition, since poles (or
points at infinity) are approximate solutions of (FTF)-1, it is quite easy to treat stationary points
and poles in ‘roughly’ the same manner by simply inverting FTF when a pole is encountered.

5. Numerical Examples.  In this section, several small chemical engineering examples of
varying levels of difficulty are presented to demonstrate the numerical performance of our
Global Terrain Method.  Because the calculations are performed in the complex plane and C is
isomorphic with R2, we consider these examples to be two-dimensional.  The examples include
1) a glass temperature calculation for a polymer mixture, 2) the determination of equilibrium
states in phase transitions in nanostructured materials, 3) finding the roots of the simplified
Statistical Associating Fluid Theory (SAFT) equation of state and 4) solving a combined
mass/energy balance equation for a reactive system.  All computations were performed in double
precision arithmetic on a PC equipped with a Pentium III processor.

5.1. Glass Temperature Calculations.  Knowledge of glass temperatures of polymer mixtures
is important in polymer processing and reasonable predictions of glass temperatures can be
obtained using a modification of the thermodynamic framework of Couchman and Karasz (1978)
and Couchman (1978).  This work is based on the continuity of the entropy across the glass
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temperature and the assumption of negligible mixing effects.  Unlike Couchman and Karasz, we
believe excess entropy can be significant, particularly in the liquid phase, and therefore include
liquid mixing effects.  By continuity of the entropy, it follows that

Σ xi ∆Cpi ln(Tg/Tgi) + SE
g - S

E
l = 0 (12)

where xi and Tgi denote the mole fraction and the glass temperature of the ith component
respectively, ∆Cpi = Cpgi - Cpli where Cpgi and Cpli are the respective specific heats for the glassy
and liquid states for the ith component, Tg is the glass temperature of the polymer mixture, and
SE

g and SE
l denote the excess entropy for the glassy and liquid state respectively.  Note that Eq.

12 is based on the choice of equal standard state entropies for the glassy and liquid states for
each component (i.e., S0

gi = S0
li).  Because the glassy state is considerably less mobile than the

liquid state, we assume that SE
g = 0 and only consider mixing effects in the liquid state.  Using

this assumption, the definition of the excess Gibbs free energy, GE = RT Σ xi lnγi, and the
relationship between SE and the first partial derivative of GE with respect to T at constant p, Eq.
12 reduces to

Σ xi ∆Cpi ln(Tg/Tgi) + R Σ xi lnγi + RTg Σ xi (clnγi /cT) = 0 (13)

where γi is the activity coefficient of the ith component in the liquid mixture.  When the activity
coefficients in the liquid phase are modeled by the PolyNRTL equation of Chen (1993), Eq. 13
must be solved numerically.  We use the PolyNRTL model because, unlike Flory-Huggins
theory, it can correctly account for both positive and negative deviations from Raoult’s law.

Consider a binary polymer mixture with the physical properties data shown in Table 1.

Table 1: Physical Properties for Binary Polymer Mixture

component ∆Cp (Btu/lb R) Tg (R)
1 0.077 644.4
2 0.136 361.8
______________________________________________

The relative degree of polymerization for component 1 with respect to component 2 is 114.67
and the binary interaction parameters, aij and bij, for this mixture for the local composition
contribution of the PolyNRTL model are shown in Table 2, where τij = aij + bij/Τ.

Table 2: Binary Interaction Parameters for a Polymer Mixture

      aij bij

0.0 0.0 0.0 2730.78
0.0 0.0 346.34 0.0
__________________________________________________
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From an equation-solving perspective, this is the simplest illustrative example since it only has
one solution.  Nonetheless, it is important because it provides straightforward tests of both the
utility of boundary collisions and the termination criterion of our methodology.  Figure 6 clearly
shows that there is one solution for the glass transition temperature calculation given by Eq. 13.

The specific numerical and equation-
solving parameters for this example
were as follows.  An upper bound of
20 was set for FTF, the values of ε
and Θ in Eqs. 5 and 9 were 0.01 and
0.95 respectively, the initial trust
region radius was 50, and the
convergence tolerance for the
appropriate two-norm for solutions
or singular points was 1 x 10-10.  For
a fixed composition of x = (0.7,0.3)
and an arbitrary starting point of T0 =
Tg1 = 644.4 R, our complex domain
trust region algorithm first finds a
solution at T1* = s1 = 642.37 R in 4
iterations.  This solution is added to

the set of stationary points, S, so S = {s1}, and an eigendecomposition of the Hessian matrix of
FTF at T1* is performed.  This eigendecomposition gives the canonical uphill eigendirections, c1

= 1 + 0i and c2 = 0 + 1i, which are added to C, that is C = {c1, c2}, and each connection is then
explored in turn.  Since these connections define uphill directions, predictor-corrector
calculations are used.  Exploration in the direction -c1 identifies a boundary collision at T =
641.32 R in 20 iterations because the condition FTF > 20 occurs.  Exploration in the direction c1

produces a mirror image boundary collision at T = 643.42 R in 20 iterations.  Since +/- c1 has
been explored, the direction c1 is deleted from the set C, so C  = {c2}, the set S remains
unchanged since no new stationary points were found, and the Global Terrain Algorithm moves
to explore the potential connection c2.  However, although these predictor-corrector calculations
are initiated in the eigendirections +/- c2, the initial corrector step quickly return iterates to the
real line in each case and further exploration is abandoned since the real line has been explored
already.  As a result, the direction c2 is deleted from C.  Since no new stationary points were
found and C = { }, the Global Terrain Algorithm finishes with S = {s1} = {T1*}.

We note that the upper bound of FTF > 20 was selected arbitrarily and represents only one way
of defining a feasible region.  Clearly a larger upper bound on FTF would have resulted in
exploration of a larger feasible region.  Alternately, explicit upper and lower bounds on the real
and imaginary parts of the variable could have been used.  We note also that the predictor-
corrector algorithm can be made more efficient by relaxing the values of ε and Θ in Eqs. 5 and 9
if less accurate tracking of valleys and ridges is acceptable.

5.2. Equilibrium States in Nanostructured Materials.  This example was taken from
Lipowsky (1992) and provides a test of the ability of our Global Terrain Method to handle
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multiple stationary points as well as points at infinity (or poles).  Lipowsky describes the
equilibrium states for disks, partially formed vesicles and complete vesicles as local and global
minima in the dimensionless energy function

E(x) = (x – ba)2 + b(1 – (x/2)2)1/2 such that x  [-2, 2] (14)

where a and b are material properties (i.e., they depend on the spontaneous curvature and
bending modulus) and x represents a continuous curvature that ranges from a value of 0 for disks
to +/- 2 for closed vesicles. The first term on the right of Eq. 14 is a measure of the
dimensionless bending energy while the second term is the dimensionless edge energy
contribution to E(x).  Because of the form of Eq. 14 and the bounds on curvature, the constrained
minima of E(x) at x* = +/- 2 (i.e., complete vesicle formation) are always solutions and the
associated values of E(x*) are easily calculated.  Thus in this example the set of stationary
points, S, can be initialized to S = {-2, 2}.  Moreover, it is a straightforward exercise to show that
there can be at most one additional minimum of E(x) using smoothness and the implicit function
theorem.  However, whether or not complete vesicle formation represents all of the physically
admissible solutions and whether or not one of them actually corresponds to the global minimum
of E(x) largely depends on the values of a and b.  There are clear cases in which these complete
vesicles correspond to metastable equilibrium states and partial vesicle formation (i.e., an
unconstrained minimum of E(x)) is the global minimum or intrinsically stable equilibrium state.
See, for example, Fig. 3 in Lipowsky.  Thus it is important to find all minima in E(x) before any
statements regarding the intrinsic stability, metastability and instability of solutions to Eq. 14 can
be made with confidence.

Solutions corresponding to disks or partial vesicle formation (or incomplete budding) must be
calculated from the necessary conditions for an unconstrained minimum of E(x) or

E’(x) = 2(x – ba) – (bx)/[4(1 – (x/2)2)1/2 ] = 0    (15)

However, again depending on the values of a and b, the function E’(x) can have stationary points
that correspond to an unconstrained minimum, one or more maxima, and saddle points of E(x).

The function E’(x) also has points at
infinity or poles at +/- 2.  Obviously
any maxima of E(x) represent unstable
equilibrium states while poles present
potential numerical difficulties.

Consider the following specific
illustration.  Let a = 0.1 and b = 3.0.
For this set of parameter values, the
two constrained minima at x* = +/-2
have values of E(x*) equal to 2.89 and
5.29 respectively and the
unconstrained minimum at x* =
0.48919 has a dimensionless energy of
2.944.  Moreover, while it turns out
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that the complete vesicle formation solution at x* = 2 is the global minimum of E(x) in this case,
a small reduction in b (to say b = 2.0) causes the unconstrained minimum for partial vesicle
formation to be the stable equilibrium conformation.  Because of the potential importance of the
unconstrained minimum, the graph and connectedness of the stationary points of the least-
squares function of E’(x) generated by our Global Terrain Algorithm for a = 0.1 and b = 3 are
shown in Fig. 7.  Note that there are three minima, two singular points and two poles of the
function E’(x).  Note also that it is the minimum in the middle of Fig. 7 that corresponds to the
desired unconstrained minimum of E(x) or partial vesicle formation.  The other stationary points
shown in Fig. 7 correspond to either unstable equilibrium states or saddle points of E(x).  Table 3
gives the numerical values for the solutions, singular points and poles of E’(x).

The details of the numerical computations associated with our Global Terrain Method are as
follows.  The convergence tolerance in the appropriate two-norm for calculating roots or singular
points was set to 1 x 10-10, the value of ε in Eq. 5 was set to 0.01 and corrector steps were
invoked when Eq. 9 was satisfied for a value of Θ = 0.95.  Also S = {-2, 2} since these
constrained solutions are always minima of E(x).  From an initial estimate of x  = 0.9, our Global
Terrain Algorithm easily finds the desired local minimum of E(x) at x3* = s3 = 0.48919
corresponding to a metastable partially formed vesicle in 5 iterations.  The solution s3 is added to
the set of stationary points and therefore S = {-2, 2, s3}.  Even though the desired interior
minimum was found first, we allowed our algorithm to continue in order to test the performance
of our proposed methodology in the presence of poles and the potential for cycling.  Uphill
eigeninitiation from this unconstrained minimum shows that there are only two possible
connections from this stationary point along the canonical eigendirection +/- c1 = 1 + 0i.  Thus C
= {c1}. Continued uphill movement finds the singular points (i.e., points where E”(x) = 0) at x1’
= s4 = 1.3856 + 0i in 34 and x2‘ = s5 = - 1.3856 + 0i in 44 iterations respectively.  These singular
points are added to S so that S = {-2, 2, s3,  s4,  s5} and the direction c1 is deleted from C.
However, because two new stationary points were found, eigendecomposition is performed at
these singular points and this gives the new canonical eigendirections c2 = 1 + 0i and c3 = 0 + 1i.
Thus C = {c2, c3}.  Downhill movement from the singular point s5 = -1.3856 in the direction -c2,
since it is in a direction opposite to the root at x* = 0.48919, locates a second root of E’(x) at x4*
= s6 = -1.8923 in 13 iterations.  Thus S = {-2, 2, s3, s4, s5, s6} and c2 is deleted from C.  In
contrast, uphill movement from s5 in either of the directions +/- c3 results in boundary collision at

Table 3: Roots, Singular Points and Poles of E’(x) for Disk/Vesicle Transitions for a = 0.1,b = 3

Roots Singular Points Poles
1.7853 (unstable) 1.3856 1.9881
0.48919 (metastable) -1.3856 -1.9889
-1.8923 (unstable)

 _____________________________________________________________________________

x = 0 +/- 2i in 51 iterations respectively.  Remember, because of symmetry, only one of the
directions +/- c3 needs to be explored.  Thus all connections from the singular point s5 = -1.3856
have been exhausted, S = {-2, 2, s3, s4, s5, s6}, c3 is deleted from C and our algorithm moves to



15

the unstable equilibrium solution at s6 = - 1.8923.  Eigeninitiation from this root also shows that
there are only two useful connections along the eigendirection +/- c4 = 1 + 0i so C = {c4}.  Uphill
movement from s6 in the eigendirection - c4, since it is in a direction opposite to the singular
point s5 = - 1.3856, results in the location of an approximate point at infinity at x = -1.9889 in 30
iterations.  Points at infinity are typically identified by the occurrence of a large but finite value
in the least-squares function (FTF > 50 in this example) and present no computational difficulties.
Downhill movement from this pole was not performed since it is known that it corresponds to the
solution for complete vesicle formation at x* = -2.  At this stage of the calculations, S = {-2, 2,
s3,  s4,  s5,  s6} and the connections for all stationary points except s4 have been explored.
Continued down and uphill movement from the (other) singular point s4 = 1.3856 is quite similar
in many ways to exploration from the singular point s5 = -1.3856 and results in the location of an

unstable partial vesicle formation at
x5* = s7 = 1.7853 and an approximate
pole at x = 1.9881 in 10 and 36
iterations respectively.  Thus S = {-2,
2, s3, s4, s5, s6, s7}.  The only
difference in the calculations comes
from uphill movement from this
singular point in the eigendirection
+/- c5 = 0 + 1i.  In this case predictor-
corrector calculations do not
encounter a boundary but eventually
follow one of the level curves and
create the potential for cycling.
However, since this sequence of
iterates returns to the real line at x = -
0.5104 between the solution at x3* =

0.48919 and the singular point at x2’ = -1.3856, this phase of the calculations is terminated
because this part of the landscape has already been explored.  All in all, our Global Terrain
Algorithm locates all five (interior) stationary points and the two poles of E’(x) in 275 iterations.
Figure 8 gives a summary of the terrain-following calculations for this example in the form of a
tree.

5.3. Roots of the Simplified SAFT Equation.  Consider the task of finding the physically
meaningful compressibility roots of the simplified SAFT (Statistical Associated Fluid Theory)
equation of state of Fu and Sandler (1995) for n-pentane at T= 360 K and p = 13.4189 bar.
Because n-pentane is nonassociating, there are three parameters needed for the SAFT equation -
the square well depth (µ0/k), the molar segment volume at 0 K (v00) and the number of segments
(m).  The parameters used in this illustration are taken from Luo (1999) and have values 101.564
K, 18.574 ml/mol and 3.708 respectively. At the given conditions, there are seven
compressibility roots and six singular points.  These are shown in Table 4.
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Table 4:Roots and Singular Points of Simplified SAFT Equation for n-C5 @ 360 K & 3.4189 bar

Roots Singular Points
0.482826 +/- 0.001293 (vapor-like) 0.482817
0.057603 (liquid) 0.350737
0.014399 0.047699
0.008106 0.012546
0.008089 +/- 0.002508 0.008217 +/- 0.001481

_____________________________________________________________________________

There is an easily computed lower bound on the liquid compressibility similar to the molecular
co-volume, b, in cubic equations of state that is given by the expression Z00 = p(m v00)/RT, which
in this example has a value of 0.02301.  In practice, one would normally be interested in
calculating only the physically meaningful roots; thus the computed lower bound is useful in this
regard.  However, calculating a specific group of roots is complicated by the fractal nature of the

basins of attraction which can
cause iterates close to one root to
‘jump’ to another, perhaps
physically meaningless root.
Moreover, because the level
curves for the simplified SAFT
equation are extremely flat, the
valleys, ridges, etc. are very
weakly defined except near the
stationary points and this presents
an additional challenge for the
terrain-following approach.  See
Fig. 9.

For this example, the convergence
tolerance in the appropriate two-
norm for calculating roots or

singular points was set to 1 x 10-14 because of the flat terrain, the value of ε in Eq. 5 was set to
0.01, corrector steps were invoked when Eq. 9 was satisfied for a value of Θ = 0.95 and S = {}.
Because we are interested in locating only physically meaningful roots and singular points, we
started the computations with an initial compressibility estimate of Z0 = 0.9.  Our Global Terrain
Algorithm first finds the singular point, Z1’ = s1 = 0.482817 in 31 function calls (iterations).
Performing eigendecomposition at this singular point gives the canonical eigenvectors c1 = 1 + 0i
and c2 = 0 + i, where +/- c1 are uphill directions and +/- c2 represent downhill directions.  Thus C
= {c1, c2} and S = {s1}.  Downhill equation-solving calculations using a complex domain trust
region strategy initiated in either imaginary eigendirection c2 finds the complex-valued solution,
Z1* = s2 = 0.482826 + 0.001293i in an additional 4 iterations and now S = {s1, s2}.  Because these
complex-valued roots are known to be conjugate, since the temperature and pressure
specifications are real-valued, only one needs to be computed - so exploration in the direction -c2

is not performed.  Eigenvector initiation in the uphill direction, -c1, since it is in a direction away
from the initial guess, Z0 = 0.9, and uphill predictor-corrector calculations find a singular region
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in 20 iterations. Quadratic
acceleration to the singular point,
Z2’= s3 = 0.350737, which is a
maximum on the real line, takes 4
more iterations and S = {s1, s2, s3}.
Eigen initiation from s1 in the
direction c1 results in a boundary
collision at Z = 1 in 5 iterations.
Note at this stage of the
calculations, the first singular
point Z1’ = 0.482817 has four
connections (a pair of complex
conjugate roots, the singular point
Z2’, and a boundary) while the

singular point Z2’ = 0.350737 has one connection (the singular point at Z1’ = 0.482817). Thus we
conclude that the complex conjugate roots are vapor-like roots.  Eigendecomposition at the
singular point Z2’ = 0.350737 gives the downhill direction, c1 = 1 + 0i.  Subsequent equation-
solving calculations, initiated from s3 in the direction - c1, since again it is in the direction away
from the singular point at Z2’ = 0.350737, find the real-valued liquid root, Z2* = s4 = 0.057603,
in 6 iterations.  Since s4 > 0.02301 (the lower bound on the liquid root), our algorithm actually
recognizes that all physically meaningful roots have been found and terminates with S = {s1, s2,
s3, s4}.  Thus a total of 70 iterations were required to find all physically meaningful, albeit some
complex-valued, compressibility roots and singular points.  Figure 10 summarizes the terrain-
following computations in the form of a tree.

5.4 Mass/Energy Balance Equation for a CSTR.  This is the most complicated and interesting
example because it contains a large number of (complex-valued) roots, singular points and poles
as shown in Fig. 11.  The governing equation is a combination of the mass and energy balance
equations for a Continuous Stirred tank Reactor (CSTR) with irreversible and exothermic first-
order kinetics and takes the form

F(T) = θAe-E/RT /(1 + θAe-E/RT ) + ρCp(T - T0)/(C0∆H) = 0 (16)

where θ is the residence time, A is
a pre-exponential factor, E is the
activation energy, ρ denotes
density, Cp is the specific heat, T0

and C0 are the feed temperature
and concentration respectively, ∆H
is the heat of reaction and T is the
temperature of the reactor effluent
stream and the unknown variable
in this case.  The specific values of
the reaction parameters and feed
stream conditions are given in
Table 5.
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Here again, we are primarily interested in finding the physically meaningful solutions and
singular points and from the form of Eq. 16 it follows that all physically meaningful solutions
and singular points occur for T > T0.  Thus T0 represents a lower bound on the real part of the
unknown variable.  For the stated conditions and parameters, there is a single real-valued, low
temperature, low conversion solution, two real-valued singular points, a pair of complex
conjugate, high temperature, high conversions solutions, an additional pair of complex-valued
solution, four more complex-valued saddle points and four complex-valued poles.  Table 6 lists
the solutions, singular points and poles in the physically meaningful feasible region.

Table 5: Parameter Values and Feed Stream Conditions for a CSTR Example

θ (sec) 60.0
A (l/s) 4.48 x 106

E (cal/gmol) 1.5 x 104

ρ (gmol/cc) 1.0
Cp (cal/gmol K) 1.0
T0 (K) 298.0
C0 (gmol/ml) 0.003
∆H (cal/gmol) 5.0 x 104

______________________________________________________________

   Table 6: Solutions, Singular Points and Poles for a CSTR Example

Solutions Singular Points Poles
298.41 353.72 379.19 +/- 61.239i
419.90 +/- 7.3128i 419.90 314.75 +/- 152.82i
322.98 +/- 139.74i 389.01 +/- 119.30i

316.02 +/- 103.50i
307.55 +/- 198.36i

______________________________________________________

The particular problem solving parameters, tolerances, etc. for our terrain-following approach for
this example were as follows.  A complex domain trust region strategy with an initial trust region
of 5 was used for equation-solving and the two norm for any equation-solving task was set to 1 x
10-10.  The upper bound on FTF was 50.0 and the lower and upper bounds on the real and
imaginary parts of the temperature were 298.0, 450.0, -250.0, 250.0 respectively.  Figure 12
gives a summary of the computations in the form of a tree initiated at a starting point of 298.0 +
0.1i.  From Fig. 12 it is easily seen that a total of 525 iterations were required to locate three
solutions, five singular points, two poles and three boundary points.
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6. Conclusions.  A new family of
algorithms, called Global Terrain
Methods, was proposed for finding
all stationary points of
mathematical models of chemical
process engineering problems
based on moving up and down the
least-squares landscape.  A
theoretical framework was
presented for identifying valleys,
ridges and other important features
of the least-squares landscape and
their connectedness.  In particular,
the collection of points in valleys,
on ridges, etc. was defined by a
collection of local extrema in the
gradient norm over a set of level

curves and was shown to be equivalent to solutions to a set of generalized, constrained
eigenvalue-eigenvector problems.  Equation solving was used for downhill movement while a
predictor-corrector method was used for uphill movement.  Predictor steps were selected as
either uphill Newton-like steps or the difference in successive corrector iterates (approximate
second-order steps).  The heuristic concept of limited connectedness was used to define
algorithmic termination and a step by step description of a Global Terrain Algorithm was
presented.  Four two-dimensional chemical engineering examples were used to illustrate
numerical performance and highlight various computational features of the proposed family of
algorithms.  Numerical results and geometric illustrations for these and other examples that have
been studied show that Global Terrain Methods are capable of finding all stationary points of the
least-squares landscape for small problems in a reliable manner.

7. Closing Remarks.  In our opinion, much more work is needed to truly assess the general
usefulness of Global Terrain Methods.  First, more efficient uphill exploration is needed to
improve the efficiency of Global Terrain Methods.  For example, of the 275 function calls
(iterations) required for the vesicle transition calculations, 247 are accumulated during uphill
exploration.  We are currently investigating relaxations of Eq. 9, as well as the use of multistep
predictor methods based on the retention of multiple corrector iterates (i.e., three or more) and
the direct integration of variants of the gradient, Newton and second-order differential equations
given in Appendix I, to improve the efficiency of uphill exploration.  Second, it is important to
determine whether many of the concepts presented here (i.e., the natural connectedness of
stationary points along valleys, ridges, etc., the natural flow of the Newton-like vector field,
limited connectedness, etc.) truly hold in larger dimensional spaces.  Thus many multivariable
examples need to be investigated.  Third, comparisons with other competitive global equation-
solving techniques such as homotopy-continuation, Mixed Integer NonLinear Programming
(MINLP) and interval methods are also needed to build a better understanding of reliability and
efficiency.  Finally, considerable research is needed to develop a generalized theoretical
foundation for Global Terrain Methods for process simulation and general unconstrained and
constrained process optimization.  We have in mind here the situation in which the terrain is no
longer restricted to the least-squares landscape but rather the landscape of a more general
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objective function.  While this shift in terrain does not appear to present any obvious difficulties,
it is important to re-evaluate issues like the natural connectedness of stationary points along
valleys and ridges, the natural flow of Newton-like and gradient vector fields, uphill predictor-
corrector movement and termination to assess the suitability of Global Terrain Methods for
solving unconstrained and constrained optimization problems.
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Appendix I: Connectedness of Stationary Points.

This appendix gives some mathematical formalism to the idea of the (smooth) connectedness of
stationary points of the least-squares function.  Actually the arguments that follow can be easily
adapted to any potential function.  It is assumed that the reader has some basic understanding of
differential geometry (see, Thorpe, 1979).

Let F be a smooth function from Rn into Rn or Cn into Cn.  Because of the isomorphism between
Cn into R2n we can assume without loss of generality that F takes Rn into Rn.  Let J be the
Jacobian matrix of F.  The least-squares function has gradient defined by g = 2JTF, and since F is
smooth so is FTF and therefore the gradient vector field of the level sets of FTF, say G, is smooth.
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Consider two level curves, L < L + dL,
separated by a differential amount and
corresponding points z and z + dz as
shown in Fig. A1.  Let gTg(z) take on a
minimum on L at z.  This means that the
distance, dz, between levels L and L + dL
is largest along g(z).  Now consider the
gradient g(z + dz) by reversing the
orientation and allowing the level L to
approach the level L + dL.  Regardless of
orientation, this distance, dz, must still be
largest at z + dz and therefore the distance
is largest along g(z + dz).  Thus z + dz is a
minimum of gTg(z) on L + dL.  Now

define the parameterized curve, α(t), such that z = α(t) and z + dz = α(t + dt) and such that α’(t)
= g(z) and α’(t + dt) = g(z + dz).  The existence and uniqueness of such a smooth parameterized
curve is guaranteed by the smoothness of the gradient vector field G, the chain rule and the
fundamental existence and uniqueness theorems for systems of ordinary differential equations
since dz = α(t + dt) – α(t) implies that dz/dt = [α(t + dt) – α(t)]/dt = α’(t) = g(z), which in turn
implies

dz/dt = g(z) (A1)

Any curve defined by the initial value problem in Eq. A1 is called a (maximal) integral curve,
trajectory, or flow line of G.  Also note that the solution to Eq. A1 is an uphill flow line while a
simple change in orientation or the sign of g(z) gives a trajectory that flows downhill.  The
arguments in the preceding paragraph also hold for maxima of gTg.

The integral curve (or flow line) of interest to us here is the special integral curve that is
comprised of the set of optima of gTg that pass through at least one stationary point of FTF.
Clearly any stationary point, z*, of FTF must lie on this special integral curve because g(z*) = 0
implies that gTg(z*) = 0 is a global optimum of gTg.  A zero of α’(t), on the other hand, is
defined as any point t ε R such that α’(t) = 0.  Clearly the condition α’(t) = g(z) shows that zeros
of α’(t) correspond to stationary points of FTF since g(z*) = 0 if and only if either F = 0 or J is
singular.

Consider a point on this special integral curve of the gradient vector field that begins
infinitesmally close to any stationary point, z1*, of FTF and let α(0) = z1*.  As t increases this
integral curve traces out optima in gTg or a valley or ridge in Rn.  There are several possible
outcomes associated with the flow of this special integral curve of the gradient vector field.  It
can 1) encounter a boundary, 2) converge to another point where α’(t*) = 0 for t* = 0 or 3) go to
infinity.  If α’(t*) = 0 for some t* unequal to 0, then α(t*) = z2*, z2* is unequal to z1*, and g(z2*)
= 0.  Thus the special integral curve α(t) smoothly connects distinct stationary points of FTF.

Remarks.  There are several ways of tracing out a valley or ridge in Rn.  One could start, as in
the arguments in the last paragraph, very close to a stationary point of FTF at a point where gTg is
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minimum and integrate the gradient differential equations given in Eq. A1.  However, this
approach may be prone to difficulties since slight inaccuracies in g(z) can cause the resulting
trajectory to diverge from the valley or ridge.  Thus, we suggest using the predictor-corrector
algorithm described in the body of this manuscript for tracing out valleys or ridges, where
predictor steps are defined by either uphill Newton steps (Eq. 4) or uphill second-order steps (Eq.
10) and where corrector steps are solutions to the constrained optimization problems defined in
Eq. 1 and used to return iterates to a valley or ridge.

It is easy to show that the second-order Newton trajectory is collinear to g at any point along
valleys and ridges and thus also connect distinct stationary points of FTF.  To see this, note that
the necessary conditions for any optimization problem defined in Eq. 1 give the relation

Hg = λg (A2)

which in turn implies that g = λH-1g, where H is the Hessian matrix of FTF and λ is a Lagrange
multiplier or generalized eigenvalue of H.  This means that

dz/dt = λH-1g (A3)

traces out the same integral curve as Eq. A1 provided H is nonsingular everywhere.  Equation
A3 also points clearly to the significance of using curvature information or Eq. 10 in the body of
the manuscript.

Because H = JTJ + Σ FiHi, it follows that Newton directions ‘tend’ to move along valleys and
ridges either when Σ FiHi is negligible or g is in the null space of Σ FiHi.  Either way, H = JTJ
and it follows that g = λH-1g = λ [JTJ] -1(2JTF) = 2λJ-1F and that

dz/dt = 2λJ-1F (A4)

It is important for the reader to understand that the solutions to Eqs. A1 and A3 trace out the
same valley or ridge when initialized in a valley or on a ridge and that the solution to Eq. A4
approximates this same valley or ridge when J is nonsingular and the condition g = 2λJ-1F holds.

Thorpe, J. A. Elementary Topics in Differential Geometry, Springer-Verlag, New York, NY
(1979).

Appendix II. Finite and Infinite Connectedness.

In this appendix, we give a simple example that shows that the number of connections from one
stationary to other neighboring stationary points of FTF can be finite or infinite.  To see this, let
the real-valued vector function, F, have component functions, Fi, given by

F1 = [R2z1
2/2 – z1

4/4 – z1
2z2

2/4]1/2 (A5)

F2 = [R2z2
2/2 – z2

4/4 – z1
2z2

2/4]1/2 (A6)
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for the feasible region –R < z1,  z2 < R.  From Eqs. A5 and A6, it follows that FTF has the
gradient vector, g(z), with component functions

g1 = z1(R2 – z1
2 – z2

2) (A7)

g2 = z2(R2 – z1
2 – z2

2) (A8)

To see this, simply square each component function, Fi, add them together and compute first
partial derivatives.  Let R = 0.9.  Direct computation using Eqs. A7 and A8 shows that g(z) = 0 at
z = 0 and for all points on the circle of radius R = 0.9.  Thus z = 0 and all points on the circle of
radius R = 0.9 are stationary points of FTF.  Furthermore, it is easy to show that the eigenvalues
and eigenvectors of the Hessian matrix of FTF at z = 0 are λ1 = λ2 = R2 = 0.81 and v1 = (1,0) and
v2 = (0,1) respectively and that z = 0 is a minimum of FTF. Again, direct computation shows that
this minimum is a global minimum of FTF or solution of F = 0.  There are also four additional
isolated solutions to Eqs. A5 and A6 located at the corners of the feasible region.  On the other
hand, the eigenvalues and eigenvectors at any point on the circle of radius R = 0.9 are λ1 = 0 and
λ2 = - 2R2 = -1.62, and v1 = (-z1z2/z1

2, 1) and v2 = (1, z1z2/z1
2).   This means that the stationary

points on the circle of radius R = 0.9 form a ridge of degenerate maxima of FTF or singular
points of F.

Figure A2 shows the graph of FTF from
which it is easy to see that the
corresponding level curves are concentric
circles.  Moreover, for any point on any
level curve, the gradient of FTF is simply
a scalar multiple of the vector (z1, z2) in a
direction orthogonal to that level curve.
In fact, the gradient vector at any point on
any circle of radius r is (R2 – r2)(z1, z2)
and the corresponding value of gTg of
every gradient vector on that circle is the
same, gTg = (R2 – r2)2r2.  Thus all points
on all level curves represent both  minima
and maxima of gTg.  Consequently every
trajectory defined by Eq. A1 connects the
isolated solution at z = 0 to a point on the

circle of singular points of radius R = 0.9.  Thus there are an infinite number of connections
associated with the isolated solution at z = 0.

The four isolated solutions to Eqs. A5 and A6 at the corners of the feasible region are not
characterized by the condition g(z) = 0.  They are constrained minima.  Nonetheless, these corner
solutions are connected to the level curve of singular points defined by (R2 = z1

2 + z2
2) for R =

0.9 along an integral curve defined by Eq. A1.  However, each corner solution is connected to
one and only one point on this circle of maxima of FTF. See Fig. A2.  Thus the number of
connections between any corner solution to Eqs. A5 and A6 and the ridge of singular points is
one.
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Remarks.  Fortunately, we have not encountered models in physical applications that have the
same symmetry, degeneracy and connectedness characteristics as the illustration presented in this
appendix.  While the vesicle transition equation has some similar characteristics, it is not
symmetric and has isolated maxima in the form of poles.  Moreover, all of the physical examples
that we have studied to date show a definite asymmetry in the ‘attractions’ between neighboring
stationary points which give rise to preferential distortions of the level curves.  In fact, we
believe that this asymmetry and the accompanying geometric distortion of the level curves is
more the rule than the exception.  As a result, we feel that the heuristic concept of limited
connectedness along dominant eigendirections of least positive and most negative curvature has
a solid geometric foundation.  It has certainly worked quite well in practice.  However, we are
aware, as the reader should, that our problem-solving experience in this regard is still quite
limited.


