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The determination of distillation boundaries for four-component mixtures that exhibit
azeotropy is studied. It is shown that these distillation boundaries correspond to local
maxima in surface areas under conditions of Levi-Civita parallelism. An extension of
the optimization methodology given in Lucia and Taylor is used to determine local
maxima in surface areas by repeatedly computing maximum line integrals or distances
in one spherical coordinate over a set of initial conditions that span the range of the
second spherical coordinate. An optimization formulation that defines the determina-
tion of local maxima in surface areas subject to residue curve and stable node con-
straints is given. Numerical measurement of surface areas is accomplished using a
triangulation procedure. Several numerical examples of varying complexity involving
four-component mixtures that exhibit azeotropes are presented to show the efficacy of
the proposed optimization methodology. Geometric illustrations are used throughout to
highlight key features of our methodology for determining distillation boundaries in
four-component mixtures. � 2007 American Institute of Chemical Engineers AIChE J, 53:

1770–1778, 2007
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Introduction

Residue curves, originally proposed by Ostwald1,2 and
Schreinemakers,3–5 are an important tool in distillation
design—especially when the mixture to be separated is azeo-
tropic. The presence of azeotropes increases the complexity
of any separation by giving rise to distillation boundaries.
Residue curves can be used to guide understanding and to
help identify those separations that are possible by distilla-
tion in the face of these boundaries.

A residue curve is simply a trajectory that describes the
composition changes of liquid residue as it is boiled in an
open pot and the vapor formed is removed immediately.
When different charges to this open pot or starting composi-
tions are boiled they yield different residue curves, and any
collection of residue curves is called a residue curve map.

Residue curves are analogous to packed distillation towers
operated at total reflux, and are generated by solving a set of
nonlinear differential equations of the form.

x0 ¼ y� x (1)

where y is a (c � 1) vector of mole fractions in the vapor
phase, x is a (c � 1) vector of liquid mole fractions, x0 is the
change in the mole fractions in the liquid phase, and c is the
number of components. Residue curves given by Eq. 1 flow
from high temperature to low temperature and an important
physical feature that affects the behavior of these trajectories
for azeotropic mixtures is the presence of distillation boun-
daries. These boundaries divide the feasible region into
distillation regions that, in general, cannot be crossed
using conventional distillation. Thus, knowledge of the loca-
tion and shape of these boundaries is important in distillation
design.

Recently, Lucia and Taylor6 showed that for ternary mix-
tures distillation boundaries are defined by the locally longest

Correspondence concerning this article should be addressed to A. Lucia at
lucia@egr.uri.edu.

� 2007 American Institute of Chemical Engineers

AIChE JournalJuly 2007 Vol. 53, No. 71770



trajectories (or local maxima in line integral) from any
unstable to any reachable stable node of Eq. 1. Figure 1
gives an illustration of this concept of distillation boundaries
being local maxima in line integrals or distance for the sys-
tem chloroform, methanol, and acetone at atmospheric pres-
sure. This mixture has three binary azeotropes and one ter-
nary azeotrope and separates the composition triangle into
four distinct distillation regions. Note, however, that the
boundaries correspond to the longest trajectories in any given
region.

In their article, Lucia and Taylor also described an exten-
sion of the geometric concept of maximum distance for ter-
nary systems to maximum surface areas for four-component
mixtures, such that distillation boundaries are given by the
solution to the following mathematical programming prob-
lem.

max
xð0Þ

A ¼
ZZ

½x0ða1; a2Þ�da1 da2 (2)

subject to x0ða1; a2Þ ¼ y½x0ða1; a2Þ� � xða1; a2Þ (3)

xðTÞ ¼ xT (4)

where A is the surface area, x(a1, a2) is parameterization of
any trajectory over the domain of interest, k . k denotes the
two-norm, x(0) is any feasible set of initial conditions on
the ball of radius e about some designated unstable node x0,
and xT is a stable node, and where the ball of radius e about
a designated unstable node x0 is defined by B(x0, e) ¼ {x:
k x � x0 k ¼ e for all x}. Unfortunately, Lucia and Taylor
do not give any details regarding the conditions under which
Eqs. 2–4 hold or how the problem defined by Eqs. 2 through
4 can actually be solved.

The purpose of this article is to pursue the remarks in
Lucia and Taylor6 and describe in detail a methodology that

extends the concept of maximum line integrals to mixtures
of four components. Accordingly, this paper is organized in
the following way. First, we provide a brief survey of the rel-
evant literature. The geometric ideas of Lucia and Taylor are
summarized and then extended to four-component mixtures.
In particular, a triangulation procedure is described for calcu-
lating surface areas, and Levi-Civita parallelism is used to
provide meaningful comparisons of surface areas. Next, an
optimization formulation for finding distillation boundaries in
four-component mixtures is presented. Following that, nu-
merical results for a number of examples are given, and our
results are then summarized.

Brief Literature Survey

The literature on residue curves is extensive. However, only
the literature that is relevant to the material presented in this ar-
ticle is discussed here. For a more comprehensive literature
survey, the reader is referred to the article by Kiva et al.7

Most of the literature for residue curve maps and distilla-
tion boundaries is restricted to three-component mixtures.
Only a few articles discuss related ideas for mixtures with
four or more components. The first papers on residue curves
are those of Ostwald1,2 and Schreinemakers3–5 in 1901, while
the work of Doherty and Perkins8 has led to our current
knowledge of residue curves and distillation boundaries. This
work has been further developed by Doherty and coworkers
as it applies to homogeneous mixtures,9 heterogeneous mix-
tures,10,11 and reactive mixtures.12–14 Van Dongen and Doh-
erty15 showed that simple boundaries do not coincide with
the ridges and valleys of any boiling temperature surfaces as
was previously thought. Nevertheless, a variety of authors
have contributed to the development of numerical procedures
for computing approximate separation boundaries, including
Foucher et al.,16 Peterson and Partin,17 and Rooks et al.18

Recently Krolikowski19 has used a bifurcation study for a
single-feed column to determine distillation boundaries.
Finally, the work of Pöpken and Gmehling20 extended the
ideas of Rooks et al. to four-component systems. Despite a
large body of work, there existed no clear definition or sim-
ple methodology for computing exact distillation bounda-
ries—at least until the work of Lucia and Taylor.6

Background

Before discussing the geometric concepts associated with
quaternary mixtures, we give a very brief summary of the
work of Lucia and Taylor6 for ternary mixtures. A separation
boundary is any trajectory, say x*(a), associated with the
solution of the nonlinear programming problem.

max
xð0Þ

D ¼
ZT

0

��x0ðaÞ��da (5)

subject to x0ðaÞ ¼ y½xðaÞ� � xðaÞ (6)

xðTÞ ¼ xT (7)

where D represents a line integral or distance function along
a trajectory, k . k denotes the two-norm, x(0) is any feasible

Figure 1. Residue curve map and line integrals for
chloroform/methanol/acetone.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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set of initial conditions on the circle of radius e about some
designated unstable node, x0, and xT is a stable node. Note
that the objective function, D, in Eq. 5 is only a function of
the initial conditions, x(0), which are the unknown optimiza-
tion variables, and any trajectory, x*(a), that corresponds to a
local maximum value of distance is a separation boundary.
Also, it is implied that all azeotropic compositions and tem-
peratures of a given mixture have been determined prior to
solving Eqs. 5–7.

To find any boundary in a ternary mixture, we proceed as
follows. Given an initial set of feasible initial conditions,
x(0), defined on B(x0, e), we integrate Eq. 6 and determine
the distance along the resulting trajectory. Since each trajec-
tory is uniquely defined by initial conditions, this distance is,
as noted, only a function of the initial conditions. In polar
coordinates, this fact results in a single degree of freedom
for any ternary mixture, because x(0) is related to both the
radius, e, and an angle of rotation, y, through the simple rela-
tionship x(0) ¼ x0 þ e[cos y, sin y]. Thus D is only a func-
tion of y for fixed e, and by using optimization to adjust the
initial conditions on B(x0, e) in an intelligent way, we can
maximize this distance. The resulting trajectory of maximum
distance, x*(a), is a distillation boundary.

Surface Areas and Boundaries in
Four-Component Mixtures

The feasible region of a four-component mixture is a tetra-
hedron, while each of the four triangular faces of the
tetrahedron represent the feasible region of the appropriate
three-component mixture. In order to introduce the reader to
the fundamental geometric concepts of boundaries in quater-
nary mixtures studied in this work, we start with an illustra-
tion. Figure 2 shows the azeotropes, distillation boundaries,
trajectories on the boundary surfaces, and surface areas of
one boundary as well as a separate collection of trajectories
that form an interior surface for the four-component mixture
of methanol, ethanol, acetone, and water at atmospheric pressure.

It is important to understand that the trajectories shown in
Figure 2 lie in the appropriate surfaces shown in that figure.
That is, all of the trajectories shown in red are actually con-
tained in the red boundary surface while those in black are
contained in the smaller interior surface.

Note that there are two distillation regions for this mix-
ture—one large region shown as the red shaded region in Fig-
ure 2, and a second much smaller region shown as the
unshaded region along the methanol–ethanol axis. These
regions and their boundaries are a consequence of the azeo-
tropes between methanol and acetone and ethanol and water.
Note that the surface area of the boundary is clearly larger
than the surface area generated by the interior collection of
trajectories. Finally, it is important for the reader to understand
that all trajectories in the larger distillation region start at the
water vertex and end at the methanol–acetone azeotrope.

To generate trajectories and boundaries in four-component
mixtures, different initial points on B(x0, e) about the unsta-
ble water vertex were considered. This was accomplished
using spherical coordinates and by choosing two different
values of the angles, y1 and y2, which define a point on a
sphere of radius e about the unstable water vertex. Here y1 is
the azimuthal angle while y2 is the polar angle as shown in
Figure 2. These angles were then parameterized in the varia-
bles z1 and z2, respectively. The relationship between the
angles and their parameterizations are given by the following
equations.

y1 ¼ p=2ð Þz1 (8)

y2 ¼ p=2ð Þz2 (9)

To cover any potential e-sphere, both y1 and y2 are
allowed to vary from 0 to 2p (z1 and z2 from 0 to 4). How-
ever, for some unstable nodes, there are often additional
restrictions that must be imposed so that only points on B(x0,
e) that lie within the feasible tetrahedron are considered.
Table 1 lists the limits for each vertex of the tetrahedron in
Cartesian coordinates. Other restrictions can exist when the
unstable node is an azeotrope and are easily deduced.

The c � 1 initial conditions for Eq. 3 that lie on the e-
sphere about any unstable node are conveniently determined
by converting from spherical to Cartesian coordinates using
the equations,

x1ð0Þ ¼ x10 þ e cos y1 sin y2 (10)

x2ð0Þ ¼ x20 þ e sin y1 sin y2 (11)

x3ð0Þ ¼ x30 þ e cos y2 (12)

where x10, x20, and x30 denote the Cartesian coordinates of
the unstable vertex.

Figure 2. A simple illustration of surface areas and dis-
tillation boundaries.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 1. Upper and Lower Bounds on y1, y2 and z1, z2

Node y1 z1 y2 z2

(0, 0, 0) [0, p/2] [0, 1] [0, p/2] [0, 1]
(1, 0, 0) [3p/4, p] [1.5, 2] [p/4, p/2] [0.5, 1]
(0, 1, 0) [3p/2, 7p/4] [3, 3.5] [p/4, p/2] [0.5, 1]
(0, 0, 1) [0, p/2] [0, 1] [3p/4, p] [1.5, 2]
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Calculating Surface Areas by Triangulation

In order to show that maximum surface areas define sepa-
ration boundaries for four-component mixtures that divide
the tetrahedron into distinct distillation regions, surface areas
must be calculated. Since each trajectory is made up of a
series of discrete points, points on adjacent trajectories can
be conveniently connected to form a series of triangles.
These triangles can be used to compute the area between
adjacent pairs of trajectories, as shown in Figure 3. That is,
each time a step is taken in either trajectory, the area of the
appropriate triangle is calculated. The lengths of the sides of
the triangles are calculated by

L ¼ ½ðx1 � x2Þ2 þ ðy1 � y2Þ2 þ ðz1 � z2Þ2�1=2
(13)

where L is the length between points, and where one of the
points is denoted by the ordered triple (x1, y1, z1), and the
other point is denoted by the ordered triple (x2, y2, z2).
Heron’s formula, which uses the fact that the three sides of a
triangle are known, is used to determine the area. Heron’s
formula states that

A ¼ ½sðs� aÞðs� bÞðs� cÞ�1=2
(14)

where A is the area, and a, b, and c denote the lengths of the
sides of the triangle, and s is the semiperimeter given by

s ¼ ðaþ bþ cÞ=2 (15)

These areas were summed over the lengths of the two ad-
jacent trajectories. Once the area between the two neighbor-
ing trajectories is calculated, the process is repeated for the
next pair of neighboring trajectories until the areas between
all trajectories that define the surface are calculated.

Before calculating surface areas of irregular shapes, the tri-
angulation procedure just described was tested by computing
the area of the triangle in Figure 3 defined by the ethanol–
water azeotrope, the acetone vertex, and water vertex. The

analytical surface area was calculated to be 0.4437. Using
our numerical procedure and residue curves that cover the
entire given triangular shape, the surface area was computed
to be 0.4446 and gave a reasonable match to the analytical
surface area.

Figure 3 also shows that while the system methanol/etha-
nol/acetone/water can have surfaces that are irregular, only
one of these surface areas corresponds to the boundary.
Boundaries and other shapes generated by families of trajec-
tories, such as the regions shown in Figure 3, can be com-
prised of portions of triangular faces plus portions that are
interior to the tetrahedron. To calculate surface areas we
must therefore calculate surface areas on faces of the tetra-
hedron as well as surface areas of interior parts of the tetra-
hedron. To do this, we select an unstable node, generate pairs
of trajectories—whether they lie in a face or the interior—
and calculate areas by the numerical procedure described ear-
lier.

As an example, consider Figure 3, in which there are two
azeotropes—a methanol–acetone azeotrope and an ethanol–
water azeotrope. The exact composition and temperature of
these azeotropes are listed in Table 2. Note that the ethanol–
water azeotrope divides the acetone/ethanol/water face and
the methanol/ethanol/water face into two distillation regions
each.

To illustrate how we determine a boundary in this four-
component mixture, consider the water vertex and the metha-
nol–acetone azeotrope, which are unstable (x0) and stable
nodes (xT), respectively, with respect to Eq. 3. In this case,
y1 and y2 are permitted to vary from 0 to p/2. We begin by
fixing y1 ¼ p/2 such that it is in the ethanol/acetone/water
face. We then determine the trajectory that has the longest
line integral or distance with respect to y2 (or a2) using Eqs.
3–5 for fixed y1 (or a1). This gives a trajectory x*(a1, a2)1

and defines a point, (y1, y2*)1, on B(x0, e). Next we rotate y1

by a small amount �Dy1 and repeat the procedure of finding
the longest trajectory using the procedure of Lucia and Tay-
lor, and in doing so determine x*(a1, a2)2 and (y1, y2*)2. We
caution the reader not to assume that this second (or any
other subsequent) trajectory is restricted to some subspace; it
is not! It will generally lie in the feasible tetrahedron embed-
ded in R3. We then calculate the area between these two
adjacent trajectories of maximum distance. Finally, we repeat
this procedure of continuously moving y1 by a small amount
�Dy1, finding the longest trajectory each time using the pro-
cedure of Lucia and Taylor, calculating the area between ad-
jacent trajectories of maximum distance, and storing x*(a1,
a2)k and (y1, y2*)k until we reach the methanol/acetone/water
face. Figure 4 and Table 3 show numerical results for a set
of trajectories for five different values of y1.

Note that in this example y2* ¼ 1.570796 ¼ p/2 for all
values of y1 shown in Table 3. However, there is sensitivity
to initial conditions, since small differences in y1 give very

Figure 3. Calculation of surface areas using triangula-
tion between trajectories.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 2. Azeotropes for the Methanol/Ethanol/Acetone/
Water System

Azeotrope
Mole

Fraction Temperature (K)

Methanol–acetone (0.2343, 0.7657) 329.736
Ethanol–water (0.8874, 0.1126) 352.186
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different trajectories and distances along the ethanol–water
axis and the left face of the boundary shown in Figure 4.
Moreover, small changes in y2 give very different line inte-
gral values or distances as well.

When we determine a sequence of points {(y1, y2*)k} in
this manner, we generate a function or curve y2*(y1) on
B(x0, e) in the form of a set of discrete points. Summing the
areas as we go gives the surface area of the red shaded
region in Figures 2 and 3. This surface area, which in this
case has a value of 2.1898, is a maximum in surface area (as
described in the next section) because it is comprised of a
family of trajectories of maximum distance over the entire
range of the angle y1. Note in this example that the boundary
is an interior or embedded tetrahedron. Table 4 gives the nu-
merical areas of each of the faces as well as the interior por-
tion of this interior tetrahedron.

Levi-Civita Parallelism and Interior Shapes

A second interior shape was also generated to show that
its surface area is indeed smaller than the surface area of the
boundary. However, it is important to make clear to the
reader what constitutes a meaningful comparison of surface
areas and the method by which interior shapes are generated.
The geometric basis for comparing surface areas in four-
component mixtures is Levi-Civita parallelism.21

Formally, Levi-Civita parallelism requires some under-
standing of geodesics, acceleration along parameterized
curves, and covariant derivatives. Intuitively, Levi-Civita par-
allelism is a way defining what it means to be parallel on a
curved surface. Think of it this way. In Euclidean geometry,
a line parallel to a given line in R2 can be constructed by
adding a vector of constant magnitude and direction to each
point on that given line. The same is actually true for a
smooth nonlinear curve embedded in R2, and these concepts
easily generalize to hyperplanes or surfaces embedded in Rn.
Levi-Civita parallelism, on the other hand, is the non-Euclid-
ean equivalent of parallelism in Euclidean spaces and its
relevance to generating surfaces that do or do not describe
distillation boundaries for four-component mixtures is tied to
the fact that the set of initial conditions that define the
boundary can be represented by the parameterized curve
y2*(y1) on the surface B(x0, e), where B(x0, e) is a curved
surface. Thus parallel on B(x0, e) is not the same as parallel
in R3.

Figure 5 gives an illustration of Levi-Civita or parallel
transport in the context of computing distillation boundaries
in four-component mixtures. The lower curve in Figure 5,
denoted by y2*(y1), is a smooth curve and consists of a set
of initial conditions that define a distillation boundary. The
curve y2*(y1) is not necessarily a line of constant latitude,
but it does intersect many lines of constant longitude or
meridians on B(x0, e). Thus, each point on y2*(y1) on B(x0,
e) is also a point on some meridian. Since these lines of con-
stant longitude are portions of great circles, they are also
geodesics on B(x0, e). As a result, they are tangent to y2*(y1)
and have zero acceleration. To each point on y2*(y1) on
B(x0, e) we add a small but fixed portion of the appropriate
meridian. Note that this is easily accomplished in spherical
coordinates by moving each point on y2*(y1) a small but
fixed amount, say Dy2, along each meridian. Tangent to each

Figure 4. Trajectories of maximum distance on distilla-
tion boundary.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 4. Side Lengths and Corresponding Areas of the
Interior Tetrahedron

Face Side 1 Side 2 Hypotenuse Area

Methanol/acetone/water 1.0000 1.0000 1.4142 0.5000
Ethanol/acetone/water 0.8874 1.0000 1.3370 0.4437
Methanol/ethanol/water 0.8874 1.0000 1.3370 0.4437

Side 1 Side 2 Side 3

Methanol/ethanol/acetone 1.4142 1.3370 1.3370 0.8023
Total Area 2.1898

Figure 5. Parallel transport of y2*(y1) that defines
boundary.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 3. Maximum Distances for Several Trajectories Along
Distillation Boundary†

Starting Node Ending Node y1 y2* Distance

(0, 0, 0) (0.234, 0, 0.766) 1.569225 1.570796 2.237856
(0, 0, 0) (0.234, 0, 0.766) 1.566869 1.570796 2.130429
(0, 0, 0) (0.234, 0, 0.766) 1.562942 1.570796 2.081122
(0, 0, 0) (0.234, 0, 0.766) 1.559801 1.570796 2.140645
(0, 0, 0) (0.234, 0, 0.766) 1.556659 1.570796 2.238481

†Component order is methanol(1), ethanol(2), acetone(3), water(4).

1774 DOI 10.1002/aic Published on behalf of the AIChE July 2007 Vol. 53, No. 7 AIChE Journal



meridian is a velocity vector, and since movement along any
velocity vector for a line of constant longitude has zero
acceleration, the covariant derivative of that velocity vector
is also zero. Consequently, the collection of velocity vectors
on y2*(y1) or velocity vector field defined in this manner is
Levi-Civita parallel.21 Basically, all we are doing here is
moving each point on y2*(y1) due north on B(x0, e).

The result of this deliberate construction is that the upper
curve shown in Figure 5, which defines a different set of ini-
tial conditions than those that define the distillation bound-
ary, is parallel to y2*(y1) on B(x0, e). Of course, care must
be taken to make sure that one moves along lines of constant
longitude on B(x0, e) in the ‘‘correct direction’’ so that the
resulting set of initial conditions is both physically meaning-
ful and converges to the same stable node.

Remark

The reason Levi-Civita parallelism is required is because
one could easy construct surfaces interior to any distillation
boundary with many peaks and valleys that would have sur-
face areas far greater than that of the boundary. However, if
Levi-Civita parallelism is imposed, then the distillation
boundary must have the largest local surface area. Again,
note also that parallel transport is easily accomplished in
spherical coordinates by simply changing y2 (or z2 in Eq. 9).
Table 5 gives a comparison of the areas that make up the
boundary surface and the interior balloon.

Optimization Formulation and Equations

The correct optimization formulation for finding distilla-
tion boundaries in quaternary mixtures consists of solving a
collection of nonlinear programming problems defined by

max
xð0Þ

D ¼
ZT

0

��x0ðaÞ��da (16)

subject to x0ðaÞ ¼ y½x0ðaÞ� � xðaÞ (17)

xðTÞ ¼ xT (18)

over a sequence of fixed values {y1}, where it is understood
that y1 and y2 determine initial conditions for Eq. 17 and
that we seek the value of y2* that maximizes D. Thus for
each value of y1 we find y2*(y1) that gives the longest line
integral. It is in this way, and under the imposition of Levi-
Civita parallelism, that a collection of trajectories that satisfy
Eqs. 16–18 represent a local maximum in surface area

described by the problem given in the introduction (i.e., Eqs.
2–4) and define a distillation boundary in four-component
mixtures. Note that any distillation boundary will consist of a
set of trajectories, say x*(a1, a2)k, for k ¼ 1, . . ., N, where N
is simply some integer value.

Numerical Results

In this section, numerical results are presented to show
that distillation boundaries in four-component mixtures corre-
spond to local maxima in surface areas as described in previ-

ous sections of this paper. In all examples in this section, the

liquid phase was modeled using the UNIQUAC equation of

Prausnitz et al.,22 while the vapor phase was assumed to be

ideal unless specified otherwise. All trajectories defined by

Eq. 17 were integrated using a simple forward Euler method

with a fixed step size of h ¼ 10�2 for 30,000 steps to ensure

convergence to a stable node—even though convergence was

often obtained in far fewer than 30,000 steps. Any composi-

tions that were determined to be zero were reset to 10�25

and a radius of e ¼ 10�3 was used for B(x0, e) in all exam-

ples. All numerical computations were performed on both a

Pentium IV computer using the Lahey-Fijitsui LF95 compiler

and a Pentium III computer using the Lahey F77-EM32

compiler.

Example 1: Acetic Acid(1)/Ethanol(2)/Ethyl
Acetate(3)/Water(4)

The purpose of this example is to show that when there
are no distillation boundaries the procedure described in the
previous section simply computes the surface area of the tet-
rahedral feasible region. Here the vapor phase is modeled
using the Hayden-O’Connell equation to account for dimeri-
zation of carboxylic acids.

This mixture has two binary and one ternary azeotrope

restricted to the ethanol/ethyl acetate/water face. The azeo-

tropic compositions and temperatures are shown in Table 6.

Figure 6, on the other hand, shows the behavior of residue

curves for this mixture. Note that all residue curves begin in

the acetic acid corner—since acetic acid is the high boiler—

and end at the ternary ethanol–ethyl acetate–water azeotrope.

Thus the unstable node is x0 ¼ (0, 0, 0) while the stable

node is xT ¼ (0.1351, 0.5546, 0.3103). However, it is impor-

tant to point out that even though there are no distillation

boundaries that are interior to the feasible tetrahedral region,

trajectories can still have rather complicated behavior. For

example, the trajectory with the distance of 1.364 appears to

loop into the stable node while others—the one with the

distance 2.406—can follow a rather circuitous path to the

stable node. Clearly, the trajectories in Figure 6 show that

Table 5. Comparison of Areas Between Interior Shape and
Boundary Surface

Side
Irregular

Shape
Interior

Tetrahedron

Ethanol/acetone/water 0.3034 0.4437
Methanol/acetone/water 0.1681 0.5000
Interior surface 0.4463 1.2461
Total area 0.9179 2.1898

Table 6. Azeotropes for the Ethanol/Ethyl Acetate/Acetic
Acid/Water

Azeotrope
Mole

Fraction
Temperature

(K)

Ethyl acetate–water (0.6182, 0.3818) 344.189
Ethyl acetate–ethanol (0.5365, 0.4635) 345.946
Ethanol–ethyl

acetate–water
(0.1351, 0.5546, 0.3103) 343.902
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there are no internal distillation boundaries. Moreover, the

longest paths are those that first trace the perimeters of the

appropriate triangular faces before entering the ethanol/ethyl

acetate/water face, and there are also locally longest paths

internal to the ethanol/ethyl acetate/water face. All local

maxima in distance are shown in red in Figure 6. As a con-

sequence, the maximum surface area is unique and has a

value of 2.23607—which is the surface area of an equilateral

tetrahedron whose sides are of length 1.

Example 2: Methanol(1)/Ethanol(2)/
Acetone(3)/Water(4)

This second example, which was used in the illustration

sections of this paper, is included here to demonstrate the

fundamental geometric concepts associated with distillation

boundaries in four-component mixtures. It is also an illustra-

tion of the simplest kind of distillation boundary—one that

looks planar and divides the feasible tetrahedron into two

distinct distillation regions. Here the vapor phase is assumed

to be ideal.
In Figure 2 we showed that the surface area of the bound-

ary for the larger distillation region was 2.1898. We also cal-

culated the surface area of one interior shape, which had a

surface area of 0.9179. The interior shape was generated by

Levi-Civita parallel transport of y2*(y1) on B(x0, e) and by

sweeping through the range of y1 from 0 to p/2 in order to

generate a number of trajectories. We note here that trajecto-

ries are very sensitive to initial conditions, and that the

amount of parallel transport used to generate the interior sur-

face was quite small. In particular, the distillation boundary

shown in Figure 2 corresponds to y2*(y1) ¼ (1 � 10�25)p/2

or essentially p/2. On the other hand, only a small change of

Dy2 ¼ (1 � 10�9)p/2 yields line integrals of significantly

smaller distance and a resulting surface area under parallel

transport of 0.9179. Figure 7, on the other hand, shows the

trajectories that make up a second, larger interior shape with

a surface area of 1.290. While this second interior shape is

larger than the one shown in Figure 2, it is still contained

within the distillation boundary described by a local maxi-

mum in surface area of 2.1898. This second interior shape

was generated by less parallel transport of y2*(y1) on B(x0,

e). The two interior shapes in Figures 2 and 7, respectively,

illustrate how sensitive these shapes are to initial conditions.

Finally, the maximum surface area of the second smaller dis-

tillation region in Figure 7 is 1.7809 and was computed in

exactly the same way as the larger surface area by starting at

the unstable ethanol vertex.

Example 3: Chloroform(1)/Methanol(2)/
Acetone(3)/Water(4)

This final example in this article is an illustration of a qua-
ternary mixture at atmospheric pressure that gives rise to
more complex distillation boundary structure. There are four
binary azeotropes and two ternary azeotropes in this system,
and these azeotropes result in highly curved and interesting
boundaries that divide the feasible tetrahedron into four dis-
tinct distillation regions. Table 7 summarizes the composition
and temperature of all azeotropes of this mixture.

Figure 8 shows the distillation boundaries, maximum sur-
faces areas, and various trajectories on those boundaries for
the chloroform/methanol/acetone/water mixture. For clarity,
we have left the portions of any triangular face of any distil-
lation region unshaded and have shaded only the interior por-
tions of the distillation boundaries. Table 8, on the other
hand, gives the local maxima in surface area for each of the
four distinct distillation regions. We note that the surface
areas reported in Figure 8 and Table 8 do, in fact, include
the areas of the interior boundaries as well as the appropriate
triangular faces. Since there are four distinct regions, four
separate pairs of unstable and stable nodes were required to
generate the geometric shapes in Figure 8. For example, for
the distillation region in the chloroform corner, the unstable
node is the chloroform–acetone azeotrope while the stable
node is the chloroform–water azeotrope.

Figure 6. Residue curves and line integrals for acetic
acid/ethanol/ethyl acetate/water.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 7. Surface areas and distillation boundary for
methanol/ethanol/acetone/water.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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As in example 2, we made a comparison between the sur-
face area of the distillation boundary and the surface area of
a shape contained within that boundary under Levi-Civita
parallelism. Figure 9 shows this comparison for the distilla-
tion region in the chloroform corner and is highlighted in
red. More specifically, this distillation region has a maximum
surface area of 0.7907. Note that the smaller shape is com-
pletely contained within this region and clearly has a smaller
surface area of 0.3793. Table 9 compares the surface areas
of the interior shape to the surface area of the boundary by
parts and as a whole.

Conclusions

The geometric notion of surface areas in Lucia and Tay-
lor6 was developed rigorously to show that distillation boun-
daries in quaternary mixtures are defined by local maxima in
surface areas under the condition of Levi-Civita parallelism.
A triangulation technique for calculating surface areas and a
straightforward and implementable optimization methodology
for actually computing distillation boundaries were described.
The optimization approach that was presented makes use of
repeated maximum line integral computations to find local
maxima surface areas. Several numerical examples were pre-
sented to demonstrate a wide variety of distillation bounda-
ries encountered in four-component systems and to show that
distillation boundaries in four-component mixtures are local
maxima in surface areas.

Finally, the concepts developed in this article can be used
to determine distillation boundaries for mixtures with five
or more components, where full visualization is not possi-
ble. The algebraic formulation of the corresponding optimi-
zation problem is very similar to that defined by Eqs. 2–4.
More specifically, the optimization formulation for distilla-
tion boundaries in systems with five or more components is
given by

max
xð0Þ

V ¼
Z Z

. . .

Z
½x0ða1; a2; . . . ; ac�1Þ�da1 da2 . . . dac�1

(19)

subject to x0ða1; a2; . . . ; ac�1Þ ¼ y½x0ða1; a2; . . . ; ac�1Þ�
�xða1; a2; . . . ; ac�1Þ

(20)

xðTÞ ¼ xT (21)

where V is the volume or hypervolume, x(a1,a2 , . . . , ac�1) is

parameterization of any trajectory over the domain of inter-

est, and all other quantities are defined as earlier. In addition,

Levi-Civita parallelism must be used to make meaningful

comparisons of volumes, so that one can make the strong

statement that the resulting set of trajectories {x*(a1, a2, . . .,
ac�1)k}, for k ¼ 1 , . . . ,N generate a local maximum in vol-

Table 7. Azeotropes for Chloroform/Methanol/
Acetone/Water

Azeotrope Mole Fraction
Temperature

(K)

Methanol–acetone (0.2343, 0.7657) 329.736
Chloroform–methanol (0.6531, 0.3469) 327.517
Chloroform–acetone (0.6414, 0.3586) 339.121
Chloroform–methanol–

acetone
(0.2173, 0.4470, 0.3357) 330.65

Chloroform–water (0.7891, 0.2109) 327.486
Chloroform–acetone–

water
(0.3326, 0.4836, 0.1838) 333.55

Table 8. Maximum Surface Areas of Regions for the
Chloroform/Methanol/Acetone/Water System

Region
Surface

Area

Chloroform corner 0.790
Lower methanol/water corner 1.398
Upper methanol/water corner 1.279
Acetone corner 0.661

Figure 9. Boundary and interior surface areas for
methanol/ethanol/acetone/water.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 8. Distillation boundaries for chloroform/methanol/
acetone/water.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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ume and define a distillation boundary. Note, however, that

there is a combinatorial aspect to any implementation based

on this optimization approach as the number of components

increases. For example, for a five-component mixture it is

necessary to find families of local maxima in surface area

over a span of angles y3 and those local maxima in surface

area require families of local maxima in distance to be deter-

mined over a span of angles y2. Thus for a five-component

system using a uniform grid in rotation angles requiring n
grid points, n2 optimization problems must be solved and, in

general, the number of optimizations required for a c-compo-

nent mixture is nc�3.
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Table 9. Comparison of Surface Areas Between Interior
Shape and Boundary

Side
Irregular

Shape
Boundary
Surface

Chloroform/acetone/water 0.0584 0.1047
Chloroform/methanol/water 0.0366 0.0366
Chloroform/methanol/acetone 0.1623 0.3246
Interior surface 0.1220 0.2738
Total area 0.3793 0.7907
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