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Abstract-Various interrelated issues that effect the reliability and efficiency of Newton-like methods for 
chemical process optimization are studied. An algorithm for solving large, sparse quadratic programming 
(QP) problems that is based on an active set strategy and a symmetric, indefinite factorization is presented. 
The QP algorithm is fast and reliable. A simple asymmetric trust region method is proposed for improving 
the reliability of successive QP methods. Ill-defined QP subproblems are avoided by adjusting the size of 
the trust region in an automatic way. Finally, it is shown that reliable initial values of the unknown 
variables and multipliers can be generated automatically using generic problem information, short-cut 
techniques and simulation tools. Many relevant numerical results and illustrations are presented. 

1. INTRODUCTION 

A variety of successive quadratic programming (SQP) 
methods have been developed and used for solving 
nonlinear programming problems for the past 25 yr 
(Wilson, 1963; Murray, 1969; Biggs, 1972; Han, 1976; 
Powell, 1978; Coleman and Conn, 1984; Nocedal and 
Overton, 1985). This list is by no means complete. 
Moreover, current interests in the nonlinear pro- 
gramming area have shifted to large-scale problems, 
and a variety of methods, including large-scale SQP 
methods, are emerging (Gill, 1989; Toint, 1989; Pri- 
eto and Murray, 1989; Gould et al., 1989; Nickel and 
Tolle, 1989). Nevertheless, it is only relatively recently 
that SQP methods have found use in chemical process 
optimization (Berna et al., 1980; Jirapongphan et al., 

1980; Biegler and Hughes, 1982; Locke et al., 1983; 
Biegler and Cuthrell, 1985; Chan and Prince, 1986; 
Vasantharajan and Biegler, 1987; Kumar and Lucia, 
1987; Lucia and Kumar, 1988). This is probably due 
to the inherent publicity given to Han’s seminal 1976 
paper by Powell (1978). Again, the list of application 
papers in chemical process optimization is incomplete. 

When the number of variables is large, there are 
basically two ways to apply SQP methods; either 
decomposition techniques can be used or natural 
problem structure can be exploited. Decomposition 
techniques use the equality constraints to eliminate 
variables and reduce the size of the quadratic pro- 
gramming (QP) subproblems that must be solved at 
each iteration; usually only small dense QP subprob- 
lems have to be solved. The reasons for advocating 
decomposition are that QP subproblems can be ex- 
pensive to solve and that many chemical process 
optimization problems have a small number of de- 
grees of freedom, even though the total number of 
unknown variables can be large. However, decompo- 
sition techniques make it difficult to use analytical 

second derivative information and the associated QP 
subproblems can be large and dense for problems in 
which the number of degrees of freedom is large. 
Berna et al. (1980), Locke et al. (1983) and, more 
recently, Vasantharajan and Biegler (1987) have used 
decomposition techniques and have reported good 
results for a variety of chemical process optimization 
examples. On the other hand, Kumar and Lucia 
(1987) and Lucia and Kumar (1988) have exploited 
natural problem structure in applying SQP methods 
to chemical process optimization. In this approach, 
large and sparse QP subproblems must be solved at 
each iteration and a mixture of analytical second 
derivatives and many small, dense quasi-Newton 
updates is used to build approximations to the 
Hessian matrix of the Lagrangian function in the full 
space of the variables. The motivation for this 
approach is that more accurate second derivative 
information improves both the reliability and 
efficiency of SQP methods and that the resulting 
reduction in the number of iterations compensates, at 
least in part, for the computational cost associated 
with solving large QP subproblems. Good numerical 
results for this approach have also been reported for 
a number of distillation optimization problems with 
as many as 178 unknown variables. 

The objective of this paper is to address certain 
interrelated issues that pertain to the reliability and 
efficiency of solving chemical process optimization 
problems by SQP (or Newton-like) methods. These 
issues include the relative cost of solving QP problems 
(particularly large ones), the automatic generation of 
starting points, the need for accurate second deriva- 
tive information and the utility of stabilization proce- 
dures such as line searching and trust region methods. 
Accordingly, this manuscript is organized in the 
following way. A general SQP algorithm is given in 
Section 2. In Section 3, methods for QP are reviewed 
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and a new QP algorithm based on an active set 
strategy and a sparse, symmetric, indefinite factoriz- 
ation is presented. In Section 4, line searching and 
trust region methods for nonlinearly constrained 
optimization are surveyed and a simple trust region 
strategy for chemical process optimization is pre- 
sented. This trust region method is incorporated 
directly into the QP subproblems and defines the size 
of the trust region in a natural way. Various ways of 
approximating the Hessian matrix of the Lagrangian 
function are studied in Section 5. These approaches 
include Newton’s method, hybrid methods, which use 
a mixture of analytical second derivatives and quasi- 
Newton updates, and pure quasi-Newton methods 
like the modified Broyden-Fletcher-Goldfarb 
Shanno (BFGS) update. Also, some new quasi- 
Newton updates, suitable for use in the context of a 
hybrid method, are presented. These new updates are 
scale invariant in a subspace of the variables. Finally, 
in Section 6 many numerical results for a variety of 
chemical process optimization examples, including 
maximum entropy problems, three-phase and reac- 
tion equilibrium calculations and distillation opti- 
mization problems, are presented. The primary 
emphasis of this last section of the paper is on the 
automatic generation of reliable starting points and 
the impact of various aspects of SQP algorithms on 
computational efficiency. 

2. SUCCESSIVE QUADRATIC PROGRAMMING 
METHODS 

SQP (or Newton-like) methods are a class of 
methods used to solve the nonlinear programming 
problem: 

subject to 

c,(x)=O, j= I,..., m’, (2) 

ci(x) < 0, j = m’ + 1, _ _ . , m, (3) 

where x E R” is a vector of unknown variables, f(x) 
is the objective function, c(x) is a vector of constraint 
functions, m’ is the number of equality constraints, 
and m is the total number of constraints. In chemical 
process optimization, typical examples of the objec- 
tive function are the entropy function, process utility 
functions and venture profit functions. The constraint 
equations, on the other hand, usually include the 
equations describing the conservation of mass, the 
conservation of energy, phase equilibrium, bounds on 
variables, design constraints, and others. 

The main conclusions of this paper are that: 

1. Large QP subproblems can be solved in a 
reliable and efficient manner, provided both the 
QP algorithm and the associated re-entry facili- 
ties are properly designed. In particular, the 
sparse QP algorithm presented in this paper is at 
least an order of magnitude faster than existing 
public domain software for the same task. 

2. Trust regions can be constructed that avoid 
common reliability difficulties encountered by 
line searching in process optimization and show 
that line searching methods are unnecessary in 
many applications. 

Newton-like methods are based on a quadratic 
approximation to the Lagrangian function: 

L(x, I, p) =f(x) + $ &c,(x) + 5 &Cj(X), (4) 
i=l j=m'+l 

and linearized constraint functions. The quantities ;I 
and p in equation (4) are vectors of Lagrange and 
Kuhn-Tucker muhipliers, respectively. It is also as- 
sumed that the objective function and constraints are 
twice continuously differentiable. 

With this, we give the steps of a general SQP 
algorithm. 

SQP algorithm: 

3. Nonlinearities in the objective function and/or 
constraints can be quite strong and, as a conse- 
quence, accurate, fast-tracking second deriva- 
tives can be required. Newton and hybrid 
methods provide this derivative information in 
a reliable manner and frequently give better 
numerical performance than the (modified) 
BFGS update. 

1. 

2. 

3. 

4. 

Initialize x, A, p and the Hessian matrix of the 
Lagrangian function, say B. Set k = 0 and 
specify a convergence tolerance t > 0. 
Compute Y&), g(xk), c(xk) and J(x,), where g 
is the gradient of the objective function and J is 
the Jacobian matrix of the constraints. The jth 
column of Jr is the constraint normal Vc,. 
Check the Kuhn-Tucker conditions: 

4. For many chemical process optimization prob- 
lems, it is possible to generate good starting 
points based on generic problem information, 
short-cut techniques and simulation tools. 

5. Careful attention to the major subtasks of SQP 
methods and to initialization procedures for the 
unknown variables (and multipliers) results in a 
reliable and efficient overall algorithm capable 
of solving large problems with a small or large 
number of degrees of freedom. 

If satisfied, stop. Otherwise go to Step 4: 
Solve the QP subproblem: 

mi n g ‘(xI, )& + @,d: Bk dk , 

subject to 

c,(x,,)+Vc,T(x*)d*=O, j=l,_.., m’, (8) 

cj(xk)+Vc/T(xk)dk<O, j=m’+ I ,..., m, (9) 

where dk is the change in the unknown variables 
and Bk is some approximation to V’,,L. 

minf(x), (1) 

/IVLll* = ll~~.~LlC(X)(~TC(XIIT112 -c G (3 

P, 2 0, j=m’+l,...,m. (6) 

(7) 
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5. 

6. 

7. 

Calculate a step in the unknown variables, say 
s,, based on dk. 

Compute xk+ I = xk + sk and f(Xk + I ), dxk+ I ). 

c(xk+ , ) and J(x,+ ,), if necessary. 
Calculate B,, , in some manner, set k = k + 1 
and to to Step 3. 

The statement of the algorithm is not intended to 
be vague but rather general and flexible. Further- 
more, it is precisely the details of the steps of the 
algorithm that are the subject of this paper. We begin 
with Step 4, solving the QP subproblem. 

3. METHODS FOR QUADRATIC PROGRAMMING 

In SQP methods, the purpose of solving a QP 
subproblem is to define an iterative change in the 
unknown variables and to provide estimates of the 
Lagrange and Kuhn-Tucker multipliers. In this 
section, methods for QP are briefly reviewed and a 
new QP algorithm based on an active set strategy 
and a sparse, symmetric, indefinite factorization is 
presented. 

3. I _ Existing algorithms 

Linear programming (LP)-based QP methods con- 
vert a QP problem into an LP problem and solve the 
resulting linear program by (revised) simplex tech- 
niques (Beale, 1955; Barankin and Dorfman, 1958; 
Wolfe, 1959). These methods possess certain compu- 
tational advantages when compared to other 
methods. They permit the use of artificial variables 
for determining feasible solutions to the constraints, 
and they are well-suited for parametric programming. 
However, there are disadvantages as well. LP-based 
QP methods increase the number of variables in the 
problem because they must introduce surplus and 
slack variables to handle inequality constraints. This 
is a serious disadvantage for large QP problems. 
LP-based QP methods are also inefficient when 
applied to problems with large degrees of freedom. 

The second major class of methods for QP prob- 
lems are those based on the concept of an active set, 
and the direct solution of the Kuhn-Tucker condi- 
tions for the QP problem (Fletcher, 1971; Gill and 
Murray, 1978). These methods are iterative and 
define a set of active constraints (i.e. a set of equality 
constraints plus inequality constraints that hold as 
equalities) at each iteration of the calculations. The 
solution to the Kuhn-Tucker conditions for the QP 
problem defined by the current active set, which is a 
system of linear equations, is usually determined by 
partitioned Gaussian elimination or factorization. If 
this solution also satisfies the Kuhn-Tucker condi- 
tions for the original QP problem, then the problem 
is solved. If not, the set of active constraints is 
updated (i.e. one inequality constraint is either added 
to or deleted from the set) using solution information 
from the current active set and the QP problem is 
solved again. This procedure is repeated until the 

solution to the QP problem defined by some active set 
solves the original QP problem. Recursion formulae 
are used for updating the corresponding changes in 
the generalized inverse of the constraint Jacobian and 
the inverse of the projection of the Hessian matrix (or 
appropriate factorizations), and these are an essential 
part of the computational efficiency of any active set 
method. Also, some simplex-based method is needed 
to determine an initial feasible point, which serves to 
define the initial active constraint set. 

Finally, other methods for QP problems have been 
proposed (Thiele and van de Panne, 1960; Fletcher 
and Jackson, 1974). However, these methods usually 
have additional problem restrictions, such as con- 
vexity or constraints in the form of upper and lower 
bounds only (Fletcher and Jackson, 1974) and are 
therefore not applicable in the general case. 

3.2. Available software 

Fortran subroutines for both LP-based and active 
set methods for QP problems are readily available 
and, as a result, are widely used within SQP 
algorithms for chemical process optimization. The 
most widely used QP software packages are QPSOL, 
VEOZAD and VE06AD. 

QPSOL is available through Stanford University 
(Office of Technology Licensing) and is an active set 
method based on an algorithm given in Gill and 
Murray (1978). It contains an LP phase to determine 
an initial feasible point and uses a QR factorization 
of the Jacobian matrix of the active constraint set and 
a modified Cholesky factorization of the projection of 
the Hessian matrix, respectively. The factors are 
updated in a way that avoids complete refactoriz- 
ation, and the method is intended for problems in 
which the constraint Jacobian and Hessian matrices 
are dense matrices. QPSOL has been used by Kisala 
er al. (1986) and Vasantharajan and Biegler (1987) in 
chemical process optimization applications, as well as 
others in chemical engineering. 

VEOZAD is a set of Fortran programs that is based 
on the general QP algorithm of Fletcher (1971). Like 
QPSOL, it uses a simplex method to determine an 
initial feasible point and is intended for problems in 
which the Jacobian and Hessian matrices are dense. 
However, unlike QPSOL, VEOZAD is based on block 
Gaussian elimination, and recursion relations are 
used for modifying the generalized inverse of the 
constraint Jacobian and inverse of the projection of 
the Hessian matrix. Again no restrictions, other than 
symmetry, are placed on the Hessian matrix. 
VE02AD is available in the Harwell Subroutine 
Library and has been used in chemical process opti- 
mization applications by Chan and Prince (1986). 

Finally, Kumar and Lucia (1987) have used the 
sparse QP routine VE06AD in solving separation 
process optimization problems by SQP methods. 
VE06AD is also available in the Harwell Subroutine 
Library and is an LP-based QP method. It is intended 
for applications in which the constraint Jacobian and 
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Hessian matrices of the QP problem are large and 
sparse matrices. The Hessian matrix is assumed to be 
positive definite (although this is not strictly neces- 
sary) and symmetric, and the underlying LP problem 
is solved using LU factorization in conjunction with 
the simplex method. VE06AD is, to our knowledge, 
the only software package generally available for 
solving large, sparse QP problems. 

3.3. A quadratic programming method 

In this section, a method for large sparse quadratic 
programming that is based on an active set strategy 
and a modification of the symmetric, indefinite fac- 
torization of Bunch and Parlett (1971) is outlined. 

The need to develop a sparse QP method was 
motivated by our experience with the LP-based al- 
gorithm VE06AD on large problems. While VE06AD 
is extremely reliable, for problems involving 100 or 
more unknown variables, it requires very large 
amounts of computer time to solve each iterative QP 
subproblem. For example, for the acetone- 
acetonitrile separator studied by Lucia and Kumar 
(1988), in which there are 121 unknown variables, the 
CPU time required by VE06AD to solve each of the 
seven QP subproblems ranged from 629 to 1143 s on 
an IBM 4341 computer. Similar high computational 
demands have been observed for other large 
problems and this, in our opinion, is unacceptable. 

In the material that follows, an outline of the 
sparse QP method is presented. For convenience, 
consider the subproblem defined in Step 4 of the SQP 
algorithm in the form: 

min gTd + f dT Bd, (10) 

subject to 

Jd+c GO, (11) 

where the Hessian matrix B is symmetric but not 
necessarily positive definite. Also, the dependence of 
g, B, c’ and J on x, can be neglected. 

QP algorithm: 

1. Set g =g(x*), B = Bk, J= J(xk), c =c(x,) and 
j = 0. For k = 0, determine an active set of 
constraints using a phase I linear programming 
method, say A,. Set Ai = A,. 

2. Solve the system of linear equations: 

4. Find the index i that corresponds to max)pci( and 
pt c 0. Let i,,, denote this index. 

5. For each inequality constraint that is in the 
active set A,, if: 

pi 2 0, then ioA,+,. (15) 

ti, < 0, then i = i_, g A,+, (16) 

6. For each inequality constraint that is not in the 
active set A,, if: 

VcTd,< -CT,, then i$A,+,, (17) 

Vcrd,> -c,, then iEA,+,. (181 

Let mA, +, denote the number of active inequality 
constraints in the set A,+ L. 

7. If ma,+, &n -m’. go to Step 8. Otherwise: 

~a+; 1 - c,/Vcfd,) i 4 A, + IT (19) 

until m,4, +, = n - m’. 
8. Set j =.j + 1 and to to Step 2. 

Step 1 of the QP algorithm determines an initial 
feasible solution to the constraints on the first itera- 
tion of the SQP method. We use a phase I linear 
programming method in which artificial variables are 
introduced and an appropriate LP problem is solved 
(see p. 43 in Luenberger, 1973). This also allows us 
to identify either redundant equations or situations in 
which no feasible solution to the constraints exists. 
This is important beacuse we intend to use trust 
region methods to improve the reliability of Newton- 
like methods for nonlinearly constrained optimiza- 
tion and it is well-known that trust region methods 
can produce ill-defined QP subproblems in which no 
feasible solution to the linearized constraints and 
trust region inequality exist (see Sections 4.2 and 4.3). 
The sparsity of the Jacobian matrix presents no 
difficulty in implementing a phase I LP method and 
can be handled in a straightforward manner using LU 
decomposition. On iterations other than the first SQP 
iteration, we initialize the active set to the active set 
at the solution of the previous QP subproblem, as 
indicated in Step 3. We only use the phase I LP 
technique to ensure that the constraints have a feasi- 
ble solution. Phase I methods are we&known (Luen- 
berger, 1973; Gill et al., 1981) are used by Gill and 
Murray (1978) in QPSOL and will not be discussed 

(12) further. 
In Step 2 of the QP algorithm, the Kuhn-Tucker 

conditions for the current active set are solved. 
Unlike Fletcher (1971) and Gill and Murray (1978), 
we do not partition the coefficient matrix in equation 
(12). Instead, the symmetric, indefinite factorization 
of Bunch and Parlett (1971) modified for soar&y is 

for d,, li and pj. 
3. Check the convergence condition: 

Pi 2 0, for ifA,, (13) used to decompose the &efficient matrix. LdLT 

VcTd, < -c,, for i # Aj, (14) 
factorization, where D is a block diagonal matrix 
with 1 x 1 and 2 x 2 nonzero diagonal blocks, is 

for i = m’ + 1, , m. If satisfied, set Ak+, = A, used. Complete diagonal pivotting is needed to 
and stop. Otherwise, go to Step 4. maintain numerical stability, the factorization is 
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computationally fast, and the L and D factors are 
updated based on changes in the active set so that 
complete refactorization is avoided. The reasons that 
we use a symmetric, indefinite factorization are be- 
cause the coefficient matrix in equation (12) is not 
partitioned and because the Hessian matrix B is not 
required to be positive definite. The reader is referred 
to the paper by Bunch and Parlett (1971) for a 
detailed description of the factorization method. 

Step 3 checks the Kuhn-Tucker conditions for the 
current active set. If they are satisfied, a local solution 
to the given QP subproblem has been found, the 
current active set indices are saved to start the next 
iteration, and the QP algorithm returns to the 
Newton-like method. Otherwise, the current active 
set is modified based on information that is available 
from the solution to equation (12). 

Steps 4-7 constitute the active set strategy. In Step 
4, the inequality index that corresponds to the largest 
negative Kuhn-Tucker multiplier is identified. This 
index is used when it is necessary to delete a con- 
straint from the active set. Step 5 checks the signs of 
the Kuhn-Tucker multipliers for those inequality 
constraints in the current active set. If the multiplier 
for the ith inequality constraint is nonnegative, then 
that constraint is included in the next active set A,+, . 
If the multiplier is negative, then only the constraint 
with the largest negative multiplier is dropped from 
the active set. In Step 6, the inequality constraints 
that were not in the active set A, are tested to see if 
the solution to equation (12) violates any of these 
inactive inequalities. If the ith inequality constraint 
satisfies equation (17), then it is still inactive and is 
not included in the set Aj+, _ If, on the other hand, any 
inactive inequality constraint is violated, then it is 
included in Ai+, We note here that condition (16) 
permits only one constraint to be deleted from the 
active set at a time. This avoids cycling of the QP 
algorithm. However, equation (18) allows multiple 
constraints to be added to the active set in a single 
iteration of the QP algorithm. Because multiple con- 
straints can be added to the active set, it is necessary 
to include the test in Step 7 of the algorithm in order 
to avoid the situation in which the number of active 
inequality constraints exceeds the maximum allow- 
able number of inequalities, n -m’. Remember, 
equality constraints are included in any active set. If 
the number of active inequalities exceeds the maxi- 
mum that is allowed, then one or more is deleted from 
the set until the number of active inequalities is 
maximum. The test given by equation (19) shows that 
those constraints whose violations are largest in 
magnitude are not included in Ai+,. For all changes 
in the active set, precautions are included to avoid 
linearly dependent and infeasible constraint sets. 

With this, the active set A,,, is correctly defined 
and the algorithm resolves the Kuhn-Tucker condi- 
tions corresponding to the updated active set A,+, . 
We reiterate that the L and D factors of the coefficient 
matrix are updated during any iteration in the QP 

algorithm. This is essential for computational 
efficiency. Finally, we remark that the ability to add 
multiple constraints to the active set at once and 
retaining the active set constraints indices from one 
SQP iteration to the next also contribute to the 
efficiency of the algorithm since they often signifi- 
cantly reduce the number of linear systems that must 
be solved within the QP algorithm. 

4. STABILIZATION PROCEDURES 

Stabilization procedures are frequently used to 
improve the reliability of SQP methods. This is 
usually accomplished by altering the magnitude 
and/or direction of the iterative change in the un- 
known variables, when necessary, in order to reduce 
the value of some appropriately determined merit 
function. The two most commonly used stabilization 
procedures for nonlinearly constrained optimization 
are line searching methods and trust region strategies. 
In this section, line searching and trust region meth- 
ods for nonlinearly constrained optimization are 
briefly reviewed and their performance in chemical 
process optimization is highlighted. Also, a simple 
trust region strategy for nonlinearly constrained opti- 
mization is presented that shows that line searching 
is generally unnecessary. 

4.1. Line searching methods 

Many line searching techniques have been pro- 
posed to improve the reliability of SQP methods 
(Han, 1976; Powell, 1978; Schittkowski, 1981; 
Chamberlain et al., 1982; Fletcher, 1984; Powell and 
Yuan, 1986a, b). While these techniques vary some- 
what in their choice of line search function (i.e. 
differentiable, nondifferentiable, exact penalty or 
augmented Lagrangian) and line search solution ap- 
proximation (i.e. exact or inexact), in all cases the 
change in the unknown variables is the Newton-like 
direction. It is the magnitude of the Newton-like step 
that is varied to generate a monotonically decreasing 
sequence of values for the line search function and 
establish convergence. 

There are two principal difficulties with line search 
methods that are relevant to chemical process calcu- 
lations, the Maratos (1978) effect and the occurrence 
of near singular, nondescent and/or unbounded 
Newton-like directions. In either case, simple exam- 
ples can be constructed that illustrate that these 
numerical difficulties represent legitimate practical 
concerns. 

To illustrate the Maratos (1978) effect, consider the 
simple vapor-liquid maximum entropy problem in- 
volving a mixture of methanol, ethanol, acetone and 
water (see Section 6.2 for a description of the math- 
ematical model). Let the feed to the flash vessel be 
(35.8894, 26.1543, 29.6833, 39.6923) kmol hi ’ of 
methanol, ethanol, acetone and water, respectively at 
T = 337.707 K and p = 1.013 x IO5 Pa. Also, fix the 
heat duty to the vessel at Q = 2.32043 x 10” J h-’ and 
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the flash pressure at 1 .O 13 x 10’ Pa. The solution to 
this problem is 

x’ = cn\,n:, . . . ,+..ny, ny,. . . ,njyc, r>* 

= (16.5698, 14.2994, 7.90160,27.7140, 

19.3196, 11.8549,21.7817, 11.9784,341.875), 

The corresponding optimal Lagrange multipliers 
are A* = -(1.2351, 1.72594, 1.11444, 1.69919, 
3.51809 x 10m4). If x* is truncated after two signifi- 
cant digits and a least-squares solution to the 
Kuhn-Tucker conditions is used to initialize the 
Lagrange multipliers, then the starting point (x0, 2,) 
is very close to (x*, A*). In spite of this, however, 
Newton’s method with the Han-Powell line search 
procedure requires two line searches per iteration for 
22 iterations and eventually fails due to a loss of 
accuracy in the QP algorithm VE06AD. On the other 
hand, if no line seraching is used, Newton’s method 
converges in five iterations to an accuracy of lo-‘. 

Near singular, nondescent and/or unbounded 
Newton-like directions can occur near phase 
boundaries, azeotropic points, plait points and be- 
neath the spinodal curve in liquid-liquid equilibrium 
calculations, and represent a more serious concern to 
line se-arching methods. Line searching methods re- 
quire descent directions in order to make progress 
toward the solution and this implies that V;,* L is 
positive definite on the tangent subspace defined by 
the constraints. However, again simple chemical engi- 
neering examples can be. constructed in which singu- 
lar and/or nondescent directions are generated by the 
QP subproblems and subsequent line searching leads 
to failure. For example, consider the VLE minimum 
Gibbs free energy problem involving a binary homo- 
geneous mixture of ethanol and n-hexane (again see 
Section 6.2 for a description of the model). Let the 
feed be (82.627, 33.7182) kmol h-’ of ethanol and 
n-hexane, respectively. Atso, let the Rash temperature 
and pressure specifications be T = 332.33 19 K and 
P = 1.013 x lo5 Pa. The temperature specification is 
onIy 0.0001 K higher than the bubble point tem- 
perature of the feed; thus the solution lies very near 
the liquid phase boundary. In particular, the solution 
is 

x*= <n:, n:, n:, n:) = (82.627, 33.7181,4.31893 

x lo-‘, 6.90608 x lo-“), 

at which the total liquid and vapor are 116.345 and 
1.12797 x lo-‘kmol h-l, respectively. Using the 
starting point described in Section 6.2.1, Newton’s 
method and the thermodynamically constrained hy- 
brid method with and without line searching fail to 
converge because they repeatedly encounter the liq- 
uid phase boundary. This is because the Newton-like 
directions in the neighborhood of the solution are 
near-singular directions (i.e. they are in the direction 
predicted by the Gibbs-Duhem equation for the 
vapor phase) since the projected Gibbs-Hessian 

matrix (V2GL + V*G”) is completely dominated by 
V2GV which has a Gibbs-Duhem singularity. Thus, 
any attempt to remove vapor from the system causes 
the iterates to encounter the liquid phase boundary. 
Furthermore, line searching does not work because 
improvements in the Gibbs free energy function are 
difficult to measure in near singular directions. This 
does not mean, however, that near-singular directions 
are not useful; they are. In fact, Newton’s method 
and the thermodynamically constrained hybrid 
method with a simple trust region strategy without 
line searching converge to an accuracy of loss in 25 
and 28 iterations, respectively, on this example. The 
rate of convergence, however, is only linear with 
common ratio of l/2 (see Griewank, 1985). 

4.2. Trust region methods 

Recently, several trust region methods for nonlin- 
early equal+ constrained optimization have been 
proposed (Vardi, 1985; Celis et al., 1985; Fletcher, 
1985; Powell and Yuan, 1986a, b), primarily because 
of the limitations of line searching methods and 
because of the relevance that trust region methods 
have to problems in which descent directions on the 
tangent subspace cannot be guaranteed (e.g. prob- 
lems in which the sparsity of the Hessian matrix is 
important or in which positive definiteness of the 
projected Hessian approximation cannot be ensured). 
Trust region methods have not, however, been ap- 
plied to problems involving inequality constraints. 

The main idea behind the trust region methods for 
nonlinearly equality constrained optimization is 
straightforward. A trust region is inscribed in the full 
space of the variables by adding an inequality con- 
straint of the form: 

(20) 

to the constraint set. The quantity Ak is the trust 
region radius, which is adjusted iteratively. The addi- 
tional constraint is incorporated into the QP sub- 
problem either directly or by linearization; thus 
implementation is straightforward in this respect. 
Furthermore, the trust region constraint ensures that 
the Newton-like steps are bounded, and thereby 
removes the need for the projected Hessian matrix to 
be positive definite. Also, some type of merit function 
is commonly used to decide whether to accept the step 
that is calculated. 

However, trust region methods for equality con- 
strained optimization are not without disadvantages, 
the most serious of which stems from the fact that the 
linearization of the original constraint set may not 
have a solution within the trust region (see p. 578 in 
Vardi, 1985). 

To circumvent this difficulty, the linearized equality 
constraints are usually modified in some way. 
Vardi (1985) modifies the constraints according to the 
rule: 

Jkdk = -ac(x,), (21) 
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where R is chosen so that the intersection of the 
constraints and the trust region inequality are not 
null. To determine a suitable value of a, the solution 
of additional QP subproblems are often required. 
Vardi also uses a nondifferentiable penalty function 
to decide whether to accept a step and shows that for 
small values of the trust region radius, the direction 
that is calculated is a steepest descent step in the 
Lagrangian function. Powell and Yuan (1986a, b), on 
the other hand, modify the linearized equality con- 
straints by lumping them into a single inequality 
constraint of the form: 

where & is any number that satisfies: 

where 0 r= b, < b, < 1. The quadratic objective func- 
tion given by equation (7) is minimized subject to the 
pair of inequality constraints defined by equations 
(20) and (22). Powell and Yuan emphasize that the 
choice for </, gives some freedom in the directions that 
are computed and also use a differentiable exact 
penalty function to decide whether or not to accept 
dk. However, determining & is a nontrivial task and 
often requires trial and error calculations. 

4.3. An asymmetric trusi region method 

In this section, we focus attention on trust region 
methods for nonlinearly constrained optimization 
because line searching methods sometimes cause 
SQP methods to fail on relatively simple chemical 
process optimization problems (e.g. near phase 
boundaries) and because we intend to use sparse 
approximations to the Hessian matrix of the 
Lagrangian function which may not be positive defin- 
ite on the tangent subspace. It is shown that straight- 
forward and computationally useful trust region 
methods for chemical process optimization can be 
defined in a natural way. 

In chemical process applications, line searching 
methods frequently cause failure because they have 
difficulties with discontinuities in the model and its 
derivatives when component flow rates tend to zero 
or when phase boundaries are encountered. This is 
true for both small and large problems using either 
nondifferentiable or differentiable line search func- 
tions, as illustrated in the previous section. Further- 
more, the unknown variables common to chemical 
process optimization (e.g. component flow rates, tem- 
peratures, heat duties, pressures, etc.) are usually 
bounded by physical constraints such as operating 
regime limits, nonnegativity constraints and, indi- 
rectly, component mass balance equations. Conse- 
quently, unbounded Newton-like directions do not 
occur. 

We define asymmetric trust regions by placing 
simple bounds on some or all of the components of 
the Newton-like step. However, these bounds take 
into account any natural physical bounds that exist 
and, as a result, can be different depending on the 
type of variable (i.e. component flow rate, tem- 
perature, etc.), the bounds and the application. For 
example, for minimum Gibbs free energy or maxi- 
mum entropy calculations, we bound the changes in 
the component flow rates by the simple set of 
inequalities: 

- 81 (n!)e < (An:), < A(& 1 (24) 

where (n<)k is the component flow rate of the ith 
component in thejth phase on the kth iteration of the 
calculations, 0 < /I, -=z 1 and /I, < fir. Temperatures 
are usually bounded by the bubble and dewpoint 
temperatures of the feed or some other appropriate 
limits. Note that these constraints define an asymmet- 
ric trust region whose size changes from one iteration 
to the next. The phase I LP procedure used to 
generate an initial feasible solution to the QP sub- 
problem is used to ensure that the original constraint 
set and the trust region bounds define a consistent set 
of linearized constraints. If inconsistencies occur, the 
trust region is enlarged based on information avail- 
able from the QP algorithm frequently without re- 
solving the QP subproblem. This is an important 
point!, and will be illustrated shortly. Furthermore, 
the trust region inequalities are linear so that linearly 
constrained optimization problems such as minimum 
Gibbs free energy problems remain linearly con- 
strained. The other important point is that the trust 
region avoids zero component flow rates and phase 
boundaries from being encountered because of the 
presence of the lower bounds and the way in which 
they are adjusted. It does not, however, prevent 
solutions that lie near phase boundaries or have some 
small values of component flow rates from being 
computed (see the illustrative example in the previous 
section). 

To illustrate that trust region methods for nonlin- 
early constrained optimization can give rise to ill- 
defined QP subproblems, consider the simple VLE 
equilibrium calculation of a binary mixture by mini- 
mizing the total Gibbs free energy of the system. Let 
the feed be (0.91234, 20.0218) kmol hh’ of ethanol 
and n-hexane, respectively, at T = 334.983 K and 
p = I .O 13 x 10’ Pa. Let the temperature and pressure 
of the vessel be the same as the feed temperature and 
pressure. Finally, let & = G/2 and /I2 = $ in 
equation (24) be fixed for each iteration of the 
calculations, and let the starting point be 
x0 = (n:, nt. n:, ny) = (5.544 x 10-4, 0.2088, 0.9118, 
19.813). The components are in the order ethanol, 
n-hexane and the starting point is based on the 
dewpoint of the feed. Using the thermodynamically 
constrained hybrid method of Kumar and Lucia 
(1987) and the QP algorithm described earlier, an 
ill-defined QP subproblem is encountered on iteration 
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5 because the trust region defined by equation (24) is zero component and total flow rates. For example, in 
too small. On iteration 5, the values of the unknown the acetone-acetonitrile separation discussed at 
variables are (nk, ni, ny. ny) = (0.01883, 7.0924, length in Lucia and Kumar (1988), a secant-only 
0.8935, 12.292) and the bound that causes numerical hybrid method failed because it encountered a lower 
difficulty is the lower bound for An;, the change in bound for the acetonitrile in the vapor stream leaving 
the moles of n-hexane in the vapor. Equation (24), the condenser. This lower bound remained active 
the current value of ny and the value of /?, = ,,&I2 from iteration 4 to iteration 16, caused low values of 
imply that: 

- 9.1423 = -p,n; <An;. (25) 

Moreover, the correct active set for this iteration 
includes only the upper bounds on An! and An;. 
With that correct active set, however, the change in 
the unknown variables is An = (0.0266, 10.0301, 
-0.0266, - 10.0301) and it is easily seen that the 
lower bound on An: is violated. Consequently, the 

component molar flow rates for both acetonitrile and 
water to propagate through the rectifying section of 
the column and eventually caused failure on iteration 
16 due to an uphill search direction. The same 
secant-only hybrid method also failed on an opti- 
mization problem derived from a separation origi- 
nally studied by Gallun and Holland (1976). Failure 
in this case was due to line searching difficulties 
caused by very small amounts of methanol in the 

QP subproblem has no solution within the specified bottom section of the column. 
trust region! Unlike all standard trust region methods In each of these cases, failure can be avoided by 
for constrained optimization, we resolve this difficulty simply replacing the nonnegativity constraints with 
by modifying the trust region bounds within the the simple trust region inequalities given by equation 
feasible region to avoid ill-defined QP subproblems. (24). This is illustrated in the section on numerical 
In the case of the illustrative example, the condition: results. 

- 12.929 = -try ,( An;, (26) 
Finally, note that this simple idea of using inequal- 

ities to define a trust region based on physical insight 
follows from the nonnegativity constrains that define carries over verbatim to other common chemical 
the feasible region. Furthermore, this inequality is process optimization problems as well (e.g. heat 
trivial to calculate during the course of solution from exchanger networks, multistage compression units, 
knowledge of the size of the feasible region, and refrigeration cycles, etc.) 
indicates that it is possible to adjust the size of the 
trust region (within the feasible region) to avoid an 
ill-defined QP subproblem. In particular, because the 

5. METHODS FOR APPROXIMATING THE 

correct active set gives Any = -10.0301 and this 
HESSIAN MATRIX 

value of Any satisfies equation (26), it follows that the For optimization problems with strong nonlineari- 
trust region should be enlarged so that: 

- lO.O301(1 +c) =p,n~<Any, 

ties, accurate approximations to the Hessian matrix 

(27) 
of the Lagrangian function are often required for the 
numerical performance of SQP methods to be reliable 

where t is a small number, from which a useful value and efficient. In this section, methods for approxi- 
of fl, is easily calculated. However, note that the QP mating the Hessian matrix in nonlinearly con- 
subproblem does not have to be resolved; the step can strained optimization are briefly reviewed. Also, a 
simply be accepted. When this is done, the ill-defined new scale invariant quasi-Newton update for use 
QP subproblem encountered on iteration 5 is re- in the context of a hybrid Newton-like method is 
moved and the calculation proceeds without difficulty presented. 
to the solution and converges to an accuracy of 10e5 
in 14 iterations. 5.1. Existing merhods 

Similar behavior exists in larger problems such as The Hessian matrix of the Lagrangian function is 
those that arise from the optimization of the operat- given by: 
ing conditions for multistage separators (Lucia and 
Kumar, 1988 or Section 6.3). It is not uncommon for v:,L = VY(x) + 2 /I,V2c,(x) + : p,V%,(x), 
some of the component flow rates or an entire phase ,=I ,=I??‘+ I 

associated with one or more stages in a separator to (28) 

tend to zero during the course of iteration. When this where V’f(x) and V2c,(x) are the matrices of second 
occurs, it usually propagates through the separator partial derivatives of the objective function and jth 
and gives physically unrealistic component material constraint function, respectively. For many applica- 
balance calculations within or around the separator. tions in chemical process optimization, these matrices 
Furthermore, this behavior usually manifests itself as are sparse. 
line searching failures. However, in our opinion, There are several well-known methods for approx- 
failure is really due to the associated discontinuities imating the Hessian matrix in the full space of the 
in the model, discontinuities in some of the elements variables. These include Newton’s (or Wilson’s) 
of the Jacobian matrix and/or singularities in the method with analytical and/or finite difference 
Jacobian or Hessian matrices that accompany near- derivatives, the (modified) BFGS formula and hybrid 
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methods that use a mixture of analytical derivatives 
and quasi-Newton updates. These methods, and 
others, can be conveniently described in a general 
Newton-like framework in which the approximation 
of the Hessian matrix of the Lagrangian function B, 
is split according to the rule 

B=C+A, (29) 

where C and A are the computed and approximated 
parts of the Hessian matrix, respectively. The 
symmetric matrices C and A each contain second 
derivatives of the objective function and constraints. 
That is: 

c=c,+~i,c,+ 5 p,c, (30) 
,=I ,=m’+ I 

A =A,+1 L;A,+ c p,A,, (31) 
,= I ,=“I’+ I 

where C, and A, denote the computed and approxi- 
mated parts of V’f(x) and C, and A, are the same 
respective parts of V%,(x). 

Newton’s method approximates the matrices C 
and A by using analytical and/or finite difference 
second derivatives in equations (30) and (31). The 
modified BFGS update, on the other hand. 
builds approximations to B directly using the 
formula: 

(32) 

where 

B=B,+,, B = B,,s =x/,+, -.xkr 

and 

g =@y +(1 -8)Bs, (33) 

I 1 if yTs 3 0.2sTBs, 
B= O.&=Bs 

if yTs < 0.2sTBs, 
(34) 

(ST& - y Ts 1, 

and where 

For many chemical process optimization applica- 
tions, the matrices C, and A, for i = 0, 1, _ . , m have 
many small dense symmetric blocks due to the sepa- 
rability of the functions usually associated with 
phases and streams in any process. Kumar and Lucia 
(1987) use the idea of Griewank and Toint (1982) and 
approximate the blocks of A by using a symmetric, 
dense quasi-Newton update. Kumar and Lucia (1987) 
also exploit the homogeneity of thermodynamic func- 
tions and their derivatives and use the method of 
iterated projections (Dennis and Schnabel, 1979) 

and the PSB update to build thermodynamically 
constrained quasi-Newton approximations to the 
blocks of A. More specifically, the approximation to 
the ith block of A is given by the sequence of PSB 
updates: 

A,=A+(~ --s)s=+s(~ -As)= 

s=s 

_ [(y - AS)rS]ssT 
(sTs)2 

(35) 

and 

z= A’+ 
(r-A”z)~~+~(y-A’z)~ 

(ZTZ) 

_ [(r - A ‘z)~z]zz~ 
(=Tz>Z ’ (36) 

where A = (A,)&, .q = (A,)*+, and where the vectors 

s =s,, y =y,, z =z, and r =r, are defined for 
each block of A. Consequently, each symmetric 
block of A satisfies a thermodynamic constraint in the 
form: 

A,z, = r;, (37) 

at each iteration of the calculations and an appropri- 
ate secant condition 

&si = y, 3 (38) 

in the limit. See Kumar and Lucia (1987) for 
details. 

5.2. Subspace invariant quasi-Newton updates 

The BFGS formula has a history of reliable 
numerical performance for small problems and this 
good behavior is usually attributed to the fact that it 
is invariant under affine transformations of the vari- 
ables (see Dennis and Schnabel, 1979). On the other 
hand, it is well-known that the numerical perfor- 
mance of the PSB update depends on the scale of the 
variables. Thus, the hybrid method of Kumar and 
Lucia has the potential for numerical difficulties due 
to poor scaling of the variables. 

The obvious way to remove this potential difficulty 
is to use a scale invariant update like the BFGS 
formula to approximate the blocks of A. However, 
this does not work very well because the symmetric 
blocks of A are usually indefinite matrices (see p. 1386 
in Lucia ef al., 1985). The symmetric rank one (SRI) 
update, which is also scale invariant, does not give 
consistently good numerical performance in this 
context either. 

To circumvent the potential scaling difficulties as- 
sociated with the PSB update, we suggest that infor- 
mation contained in the computed part of the 
Hessian matrix be used to capture the scale of the 
variables. Following Dennis and Schnabel(l979), the 
appropriate variational calculus problem that defines 
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the least change quasi-Newtan approximation to the 
ith block of A is given by: 

subject to 

& = yi3 WI 
4Q?iz, = r;, (411 

&= 27, WI 

where w? Es a symmetric, positive definite matrix and 
11 . iiiF denotes the Frobenius matrix norm. The prob- 
lem defined by equations (3639) has no anafytica? 
solution but the sa?ution can be approximated using 
the method of iterated projections. This approximate 
solution is given by the sequential update: 

d,=A +p_-‘w~*+a-wr 
grs 

where q = W -‘s, fbt2owed by 

k=A”+- (r - A’z)uT+,@ -A’z)’ .-- 
tlTZ 

where u = W -2z. Again, we have dropped the sub- 
script i for convenience; however the reader should 
keep in mind that all quantities, incfuding the weight- 
ing matrix W, are associated with the ith block of A. 

Note that Wm2 = I gives the iterated projection 
sequence using the PSI3 update, which is defined by 
equations (35) and (36). We suggest that the matrix 
W -’ be approximated using anaIytica1 second deriva- 
tive ~nfo~atjo~ that is contained in the imputed 
part, C. Qbviously, the way in which this is done can 
vary considerably from one appiication to the next. 
However, in the next section it is shown that there are 
applications in which MI-’ has a natura? interpreta- 
tion and in which the update defined by equations 
(43) and (a) gives better numerical performance than 
iterated projections with the PSXB update. 

Our exwrience indicates that the initial estimates 
of the unknown variables and multipliers can have a 
s~gn~~~~t impact on the reliabifity and eE?ciency of 
Newton-like methods for chemical process optimiza- 
tion. fn fact, many numer?ca? difficulties are either 
created or removed by startjn~-joint considerations. 
fn this section, it is shown that starting points that 
give re?iab?e and efEc?ent numerical performance of 
Newton-like methods can usually be generated auto- 
matically using generic problem information, short- 
cut methods and, where appropriate, simulation 
tools. These starting strategies, which are problem 
dependent, are combined with the techniques pre- 

sented in Sections 3, 4 and 5 to form a Newton-like 
framework for chemical process optimization. Within 
this framework, a variety of Newton-like methods are 
used to solve some common o~t~mi~e~on problem in 
chemical process engineering. 

The folliowing algorithmic details are pertinent to 
the genera? SQF algorithm given in Section 2: 

I. 

2. 

3. 

4. 

Ccmuergence roierunce-The two-norm of the 
Kuhn-Tucker conditions was used as the con- 
vergence criterion and the specif?c value for the 
convergence tolerance varied de??ending on the 
application. The particular values used in these 
numerical experiments are explicitly given with 
other problem~specific information in the ap- 
propriate places in the manuscript. 
~~~~~~& ~ra~r~~~~ a~g~~~~~~-Two meth- 
ods were used to soive the sparse, iterative QP 
subproblems In Step 4 of the algorithm. These 
were VEOCIAD, which is the sparse, LP-based 
QP aigorithm availabte in the Harweli Sub- 
routine Library, and the active set method 
described in Section 3.3, which is based on a 
symmetric, indefinite factorization. 
Stddizntitm procedures-~-New estimates of the 
unknown variabfes in Step iEi of the algorithm 
were computed by using the trust region 
strategy described in Section 4.3 without line 
searching. 
Hessian matrix n~~~~.~im~~i#rrs-Sev~ral meth- 
ods were used to buiid ap~ro~~rnat~ons to the 
?-?essian matrix of the Lagrangian function. The 
methods are described below in the context of 
splitting the Hessian matrix into a computed 
and approximated part 1i.e. equation (2911. 

Newton-s method {N): the iterative blocks 
of C were calculated from analytical second 
derivatives; the blocks of A were calculated 
using either analytical or finite difference 
derivatives, depending on the appfication. 
The initial Hessian matrix was approxi- 
mated by evaluating both C and A using the 
initial estimates of the unknown variabies 
and multipliers. 
BFCS method: the Hessian matrix of the 
Lagrangian function in the fu?? space of the 
unknown variables was approximated using 
the modified BFGS update. The Hessian 

matrix a~~~~~~rn~~~o~ was initialized in two 
ways; B,, = I and B. = C(x,, do, ~~1, where 
_u,, & and jr, are the initial values of the 
unknown variables, Lagrange multipliers 
and Kuhn-Tucker muitipliers, respectivefy. 
Thermodynamically constrained hybrid 
methods (TCH): the blocks of C were calcu- 
lated analyticatly and each block of A was 
cakulated using equations (43) and (44). 
Two choices of weighting matrix were used: 
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(4 

W, = I and Wi calculated from application- 
dependent information. In the latter case, 
these choices are described in the appropri- 
ate places along with the associated thermo- 
dynamic constraints. In all cases the initial 
blocks of C were evaluated analytically, 
while those of A were set equal to the null 
matrix. 
Secant-only hybrid method (SOH): the 
blocks of C were calculated analytically and 
each block of A was calculated using equa- 
tion (35). The matrices C and A were initial- 
ized in exactly the same way as they were for 
the TCH method. 

5. Jacobian matrix of the constraints-The Jaco- 
bian matrix of the constraint functions was 
computed analytically. 

6. Physical properties-The physical properties 
(i.e. activity and fugacity coefficients, enthalpies, 
etc.) that were needed to evaluate f(x). c(x), 
J(x), V2L(x, 1, p) were calculated using the pro- 
cedures and data given in Prausnitz et al. (1980) 
unless otherwise stated. 

All calculations were done on both a Gould 9080 and 
an Alliant FXj8 computer using double-precision 
arithmetic. 

6.2. Extrema of thermodynamic potential functions 

The first class of problems that were studied were 
minimum Gibbs free energy and maximum entropy 
calculations for two- and three-phase equilibrium, 
chemical reaction equilibrium, and simultaneous 
phase and chemical equilibrium. This class of prob- 
lems is often a common subproblem for larger chemi- 
cal process optimization problems, and has some 
interesting characteristics. The objective function 
and, where present, the energy balance constraint are 
frequently strongly nonlinear, particularly for liquid- 
liquid (LLE), vapor-liquid-liquid (VLLE) and 
chemical equilibria. Singularities in the projected 
Hessian matrix can occur at azeotropic points, plait 
points and phase boundaries. Finally, the number of 
variables and degrees of freedom can be increased by 
simply increasing the number of components and/or 
phase in equilibrium. 

This problem can be expressed compactly in the 
form: 

min & [$, $ n$(C$ -e)], (45) 
_ _ 

subject to the conservation of mass 

f- J,n =O, 

the conservation of energy 

(46) 

Cfifl-CCnf~+A~~+~=o, (47) 
k , 

nonnegativity constraints 

n) 2 0, i = 1,. . . , n,; k = 1,. . _, np (48) 

and bounds on temperature 

Tmi. < T < T-x, (49) 

where n denotes a vector of component flow rates, T 
is the temperature and G and R are vectors of partial 
molar Gibbs free energy and partial molar enthalpy, 
respectively. The vector f is a vector of feed molar 
flow rates, J, denotes the Jacobian matrix of the mass 
balance constraints, R is the gas constant, AHa is the 
heat of reaction and Q is the heat duty to the vessel. 
The subscript i is a component index and the super- 
script k is used to delineate the equilibrium phases. 
The total number of components and phases in the 
system are nE and np, respectively. Finally, Tmin and 
T max represent the lower and upper bound on the 
equilibrium temperature. 

Usually the feed conditions (i.e. feed component 
molar flows, temperature, pressure) and the pressure 
of the vessel are specified. As a result, only one 
additional variable can be specified to fix the equi- 
librium state of the system. When this additional 
specification is the equilibrium temperature, the opti- 
mization problem is a minimum Gibbs free energy 
calculation. That is, the terms -fl in the objective 
function expression, the energy balance equation and 
the temperature bounds are dropped and the quantity 
G/RT is minimized subject to the linear mass balance 
constraints and the nonnegativity conditions. If, on 
the other hand, the heat duty Q (or equivalently the 
total product enthalpy) is specified, then all of the 
equations and inequalities are required, T becomes an 
unknown variable, and the objective function is the 
quantity -S/R, where S denotes the total system 
entropy. Furthermore, this problem is nonlinearly 
constrained because of the presence of the energy 
balance equation. Finally, for systems that involve 
chemical reactions, the reaction stoichiometry is 
reflected in the Jacobian matrix of the mass balance 
constraints and AHa accounts for enthalpy effects 
due to reaction. 

In all cases, the nonnegativity constraints given by 
equation (48) were replaced by the trust region 
inequalities defined by equation (24) with PI = a/2 
and & = fi for the phase equilibrium calculations 
and fl, = 0.95 and /I2 = 1 for the chemical equilibrium 
problems. These values were adjusted automatically 
to avoid ill-defined QP subproblems. Also, Newton’s 
method with complete analytical derivatives was 
used. The thermodynamic constraints that were 
exploited in the hybrid methods were the set 
of Gibbs-Duhem equations for the equilibrium 
phases. In this case, the n, x 1 vectors z, and ri in 
equation (37) are: 

z; = n’, ri = 0, k=l,...,n, (50) 

and Ai denotes the n, x n, matrix of activity co- 
efficient or fugacity coefficient-component flow 
rate derivatives associated with the ith equilibrium 
phase. 
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6.2. I. Vapor-liquid equilibrium (VLE). Both mini- 
mum Gibbs free energy (GIRT) and maximum 
entropy (S/R) calculations for ideal and nonideal 
mixtures were solved. The mixtures that were studied 
are shown in Table 1. In all cases, the feed component 
flow rates were generated randomly and the feed was 
assumed to be at its bubble point at the flash pressure, 
which was 1 .O 13 x 10’ Pa. The remaining specifica- 
tion was chosen in the following ways. For the Gibbs 
energy calculations, the temperature was chosen ran- 
domly between the bubble point and dewpoint tem- 
peratures of the feed. For the entropy calculations, 
the heat duty specification was given by: 

where UE (0, I) is a random number, and H& and Hs’L 
are the molar enthalpies of the feed at saturated 
vapor and saturated liquid conditions, respectively. 
Finally, the convergence tolerance was c = 10e5 for 
the Gibbs energy calculations and E = lo-’ for the 
entropy calculations. 

The starting values for the unknown variables were 
determined as follows. For the Gibbs free energy 
calculations. the liquid molar flows were calculated 
from: 

??L = 10-I 21 
( > 

XDP, (52) 

where xDp is the dewpoint composition of the feed 
and the superscript L denotes liquid. The vapor 
component molar flow rates were back-calculated 
from the component mass equations. 

For the entropy calculations, a vapor-to-feed frac- 
tion, IL_ = V/F, was calculated from the equation: 

$ =Q/ 1 
+ (n’ - N& )/(H;” - f%ih,. (53) 

The vapor or liquid component molar flow rates 
were calculated by: 

i 

n” = *(z+. if $ < 0.5, 

( > 

(54) 

nL=(l -+) CJ; xDp, if * >0.5, 

Table 1. Mixtures for VLE calculations 

Mixture Species 

I nc,, nc, 
2 nc,, NC,, nc., nc,, 
3 iC,, nC,, hexene- I, methylcyclopentane, 

n c,, nc,, nc,. nc,, 
4 C,, iC,, nC,, isoprene, cyclopentane. iC,, 

n C, , benzene, cyclohexane. hexene- I, 
methylcyclopentane, nC,, toluene. nC,, nC,, nC,, 

5 Ethanol, nC, 
6 Methanol, ethanol, acetone, water 
7 Carbon tetrachloride, chloroform, methanol, 

ethanol, acetone, methylacetate, benzene, toluene 

where yep is the bubble point composition. The 
remaining component molar flows were back-calcu- 
lated from the mass balance constraints and the 
temperature was computed from: 

T = 

( 

TBP + ti (TD, - TBS.). 
TD, - (1// - I)(Tr,, - TB,). 

if IL < 0.5 (55) 

if $ > 0.5 

Note that the energy balance equation will not be 
satisfied with this starting strategy. 

The multipliers were initialized by setting all 
Kuhn-Tucker multipliers to zero. The Lagrange mul- 
tipliers associated with the mass balance equations 
were calculated from: 

S= 2 i?f/n,. j = 1,. _. ,n,. (56) 
k-l 

The Lagrange multiplier for the energy balance equa- 
tion was computed by: 

1 = - IIRT, (57) 

which can be deduced from an application of the 
Gibbs-Helmholtz equation to the necessary condi- 
tions for the maximum entropy problem. Initializing 
the Lagrange multipliers in this way is equivalent to 
finding a least squares solution to the initial 
Kuhn-Tucker conditions. 

Numerical results for 100 random problems for 
each mixture are shown in Tables 2 and 3. 

6.2.2. Vapor-liquid-liquid equilibrium (YLLE). 
Minimum Gibbs free energy and maximum entropy 
problems for 10 nonideal mixtures that exhibit three- 
phase behavior were solved. The multicomponent 
mixtures, feed conditions and specifications for these 
problems are shown in Table 4. Problems l-8 in that 
table were taken from Wu and Bishnoi (1986). Prob- 
lem 9 is one of several single-stage subproblems in a 
heterogeneous distillation problem studied by Fer- 
raris and Morbidelli (1982). Finally, problem 10 is 
one that we have created which involves a mixture of 
hydrocarbons, aromatics and water. In all cases, the 
liquid phases were modelled by the UNIQUAC equa- 
tion and the vapor phase was modelled by the 
B-truncated virial equation of state. 

The VLLE problems were solved by first solving an 
appropriately determined LLE subproblem and then 
using those resuIts and additional bubble and dew- 
point calculations to initialize the three-phase calcula- 
tions. For Gibbs energy minimization calculations, 
the component molar flow rates for the two liquid 
phases nL1 and n L2 were initialized by identifying the 
dominant immiscible pair and using the condition 
n)I = 0.99x, where i denotes either of the immiscible 
components. The flow rate of the other immiscible 
component was determined from n:I = 0.Ol.f;. Each 
of the distributed component flow rates was initial- 
ized by nkl = aif;, where ai is a measure of the solu- 
bility of that distributed component in the dominant 
immiscible component in liquid phase I. The second 
liquid phase component flow rates were back-calcu- 
lated using the mass balance equations and an LLE 
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Table 2. Numerical results for VLE Gibbs free energy minimization calculations using asymmetric 

trust regions 

Average functton calls (failures) 
BFGS TCH 

Mixture 
NO. N B,, = I Bo = C&J w,=r W,“=M 

1 10.58 (0) 18.04 (0) 15.40 (0) 
2 I 1.07 (0) 32.00 (0) 30.50 (0) 
3 15.19(O) 40.94 (0) 48.68 (0) 
4 22.78 (0) 53.60 (0) 66.35 (0) 
5 9.94 (0) 21.47 (0) 16.12(O) 17.58 (0) 13.33 (0) 
6 IO.15(0) 30.00 (0) 26.38 (0) t2.78 (0) 1 I .76 (0) 
7 10.03 (0) 3R.05 (0) 40.08 (0) i 2.85 (0) I 1.25 (0) 

II44 = f[C~(x) + C”(x)]. 
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Gibbs free energy minimization problem was solved where ffcL and NF are defined as before. The La- 
for the given temperature and pressure specifications. grange and Kuhn-Tucker multiplier were initialized 

The corresponding three-phase Gibbs energy cal- using equations (56) and (57). 
culations were initialized in the following way. The The corresponding three-phase calculations were 
bubble and dewpoint temperatures and compositions initialized by: 
for both liquid phases from the LLE subproblem 

k : T& = max[T$. , Tgp] 

solution were calculated. The vapor molar flow rates 
were initialized by: 

n” = lo-* cj; 
( )1 

‘BP, (58) 

where y,, is the bubble point composition of either 
equilibrium liquid phase, since the bubble point 
conditions are identical (see Kingsley, 1986). The 
liquid molar flows were computed from: 

nLI = 0.99n&, n L: = 0.99n it,, (59) 

where n & and n k:, denote the solution to the LLE 
subproblem. The results for the LLE subproblems 
and VLLE Gibbs free energy calculations are shown 
in Table 5. 

For the three-phase entropy maximization calcu- 
lations, the liquid phase component flow rates for the 
LLE subproblems were initialized in exactly the same 
way as in the Gibbs energy calculations. The temper- 
ature was set equal to the bubble point temperature 
of the feed and an appropriate heat duty for the LLE 
subproblem was calculated from the equation: 

Q (60) 

Table 3. Numerical results for VLE maximum entropy calculations 

Average function calls (failures) 
BFGS 

Mixture 
NO. N B, = I Bn = C(L) TCH 

I 3.96 (0) 10.12 (0) 4.48 (0) 
2 I 1.72 (0) 24.76 (0) 15.26 (0) 
3 22.84 (0) 39.38 (0) 29.63 (0) 
4 IO.02 (0) 48.27(5) 17.19 (0) 
5 7.92 (0) 16.79 (0) 9.06 (0) 8.77 (0) 
6 8.24 (0) 27.90 (0) I I .46 (0) 9.10 (0) 
7 17.06 (0) 42.62 (0) 21.30 (01 17.62 (0) 

The temperature was set equal to the bubble point 
temperature of the feed and the Kuhn-Tucker 
and Lagrange multipliers were initialized using 
equations (56) and (57). The results of the three- 
phase maximum entropy calculations are given in 
Table 6. 

6.2.3. Chemical equilibrium. Six single-phase chemi- 
cal equilibrium and one simultaneous chemical and 
two-phase equilibrium Gibbs free energy minimiz- 
ation problems were also solved. These problems 
were taken from the literature and are briefly 
sketched in Table 7. Complete problem information 
(i.e. reaction stoichiometry, free energies of 
formation, etc.) can be found in the appropriate 
references shown in that table. The convergence 
tolerance for the single-phase chemical equilib- 
rium and simultaneous phase and chemical equi- 
librium problems were t = 10e6 and t = lo-‘, 
respectively. 

For the single-phase chemical equilibrium prob- 
lems, the species mol numbers were initialized by 
finding a least-square solution to the set of mass 
balance equations and nonnegativity constraints. 
That is, the problem: 

minIIJ,n -fllz: n 2 0, 

is solved for the vector n. 

(63) 

For the simultaneous phase and chemical 
equlibrium problem, an initial estimate of the 
component molar flow rates was calculated by first 
solving a reaction-only chemical equilibrium problem 
at the given specifications. These calculations 
were initialized using a least-squares solution to 
the mass balance equations and nonnegativity 
constraints. The simultaneous phase and chemical 
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Mixture 
NO. 

Table 4. VLLE problem specifications’ 

FIOW 
Species (km01 h-‘) p (1O’Pa) 7’ (K) Q (lO”Jh-‘) 

6 

7 

8 

9 

10 

Acetonitrile 
Water 
Acrylonitrile 
Acctonitrile 
Water 
Acrylonitrile 
Acctonitrile 
water 
Acrylonitrile 
FUrfUrZll 
Bem%Xle 
Cyclohexane 
224-TMP 
Furfural 
BlXZene 
224-TMP 
Furfural 
Cyclohexane 
224-TMP 
Ethanol 
Benzene 
Water 
Ethanol 
Benzene 
Water 
Acetonitrile 
Water 
Acrylonitrile 
Hydrogen 
Nitrogen 
Carbon monoxide 
Methane 
Ethanol 
Butenc- I 
n-butane 
i-butane 
lsoprene 
i-pentanc 
n-pentane 
Benzene 
n -hexane 
Water 

10.73 l.ll13 
30.04 
59.23 
15 
60 
25 

5 
60 
35 
40 
10 
20 
30 
40 
20 
40 
40 
30 
30 

5 
45 
50 
10 
40 
50 
51.97 

358.87 
628.57 

0. I 
0.1 
0.5 
I 
5 
1 
3 
6 
2 
5 
6 

67 
2 

28 

0.627 333.78 I .36384 

0.900 

0.098 

341.27 1.40504 

300.30 1.38129 

0.083 299.65 1.61754 

0.099 300.65 I-67307 

0.176 298.95 1.66794 

0.179 298.38 1.18602 

1.013 

1.013 

344.90 1.98791 

344.01 - 11.8489 

270.00 4.20199 x lo-’ 

‘The tempemture and pressure of the feed were set equal to the specified flash temperature and pressure, 
respectively. 

equilibrium Gibbs free energy calculations were 
initialized by: 

nL = 0.5 
( > 

Cnp” x$, (65) 

where the superscript RO denotes reaction-only, the 
vector nRo is the equilibrium solution of the reaction- 
only problem, and y$ and x;z are the bubble and 
dewpoint composition of the reaction-only solution. 
The initial Lagrange and Kuhn-Tucker multipliers 
were calculated from equation (56). The results for 
these calculations are shown in Table 8. 

6.2.4. Discussion of numerical results. In this sec- 
tion, the reliability and computational efficiency of 
the Newton-like methods that were tested are dis- 
cussed. The size of these problems ranges from 4 to 
42 unknown variables. Certainly this is not large. 
However, it does provide a way of studying the effects 
of changing the size of the problem, the number of 
degrees of freedom, nonlinearity, initial values of the 

variables, multipliers, Hessian approximations and 
other factors. Furthermore, while exact causes of 
failure and inefficiency frequently must be identified 
on a case-by-case basis, certain trends in numerical 
performance can be deduced. Larger problems are 
solved and discussed in the next section. 
Reliability-The reliability of all Newton-like meth- 
ods is good; however, the numerical results show that 

Table 5. Numerical results for VLLE Gibbs free energy minimiza- 
tion calculations 

Function calls VLLE (LLE) 
BFGS 

Mixture 
NO. 

1 
2 
3 
4 
5 
6 
7 

8 
9 

N B, = I 42 = C(% ) TCH 

II (II) Frl7) 32f181 16(13) 
loiloj 44(21j 25 i23j 14iilj 
lO(9) 43(17) 24 (20) 18 (IO) 
lO(9) 40 (22) 27 (25) 13(10) 
II (IO) 35 (20) 28 (23) 16(11) 

1 I (7) 36(16) 26(17) 13 (8) 
IO(9) 35(12) 26(14) 20 (12) 
S(l’3) 38(15) 23(16) t8(l5) 
5110) 42 130) 8121) 91121 

IO F iF)’ 

F denotes failure. 
F (F) F iF)’ I3 i2Oj 
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Table 6. Numerical results for VLLE maximum entropy calculations 

Function calls VLLE (LLE) 
BFGS 

Mixture 
NO. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

IO 

N 

30 (14) 
13 il2j 
18(11) 
lO(10) 

9(lI) 
9 (8) 

1 I (9) 
lO(10) 
50(15) 
14(141 

B* = I 

35 (24) 
38 (24) 
36 (19) 
27 (22) 
28 (231 
22 i17j 
26(12) 
26(15) 
49(31) 
F(F)’ 

43 = C(h) 
I7 (17) 22 (15) 
16 (24) 13(12) 
19 (22) l7(11) 
I3 (26) l2(11) 
I I (24) lO(l2) 
II (17) 8 (8) 
14(14) l2(11) 

19 (16) I l(l6) 
14 (24) 22(15) 

F (F1’ 15 (18) 

TCH 

‘Failure because trivial solution computed in the LLE sub- 
problem. 

Newton and hybrid methods are more reliable than 
the BFGS update on this class of problems, particu- 
larly on the LLE and VLLE problems. The BFGS 
update sometimes converges to the trivial solution on 

these problems. 
While the reliability of any method is a strong 

function of the initial values of the unknown vari- 
ables and multipliers, and, to a lesser extent, the 
initial Hessian matraix approximation, the results 
also clearly indicate that it is possible to automati- 
cally generate reliable starting points for this class of 
problems that are based on generic problem informa- 
tion and appropriate bubble and dew point calcula- 
tions. Furthermore, even though these starting points 
may sometimes require the solution of a subproblem, 
as in the case of VLL equilibria or simultaneous 
phase and chemical equlibrium, this effort is usually 
well invested. 

The other principal factor effecting the reliability of 
Newton-like methods on this class of problems is the 
stabilization procedures that are used. The numerical 
results in Tables 2, 3, 5, 6 and 8 clearly show that 
simple trust region strategies can give reliable numer- 
ical performance and that line searching is generally 
unnecessary on this class of problems. We solved all 
problems without line searching and in no case in 
which failure occurred was that failure avoided by 
line searching. To illustrate the point, we removed 
the trust region inequalities, reinstated the non- 
negativity constraints, and resolved all of the VLE 
Gibbs free energy problems for the mixtures in 
Table 1 using the Han-Powell line searching proce- 
dure. The associated numerical results are shown in 

Table 8. Numerical results for chemical equilibrium problems 

Iterations 
BFGS TCH 

Mixture 
NO. N 5, = I Bo = CC%) w=r W=M 

I I2 16 IS 
2 5 10 6 5 52 
3 16 39 24 
4 I6 49 F 
5 IO 66 40 
6 17 60 60 
7’ I9 16 I7 I5 15’ 

‘Results include iterations and function calls for reaction-onlv 
subproblem. 

2icI = C(x). 
‘M = :[cyr) + C”(J)]. 

Table 9. Comparison of these results with those 
reported in Table 2 show an increase in the number 
of failures for all methods. All of those failures were 
line searching difficulties caused by model and 
derivative discontinuities due to zero component or 
total phase flow rates. Similar improvements in reli- 
ability for all methods have been observed on other 
problems. 

We wish to stress that the issues that affect the 
reliability of Newton-like methods are strongly inter- 
related and that weakness in any one area can cause 
failure. We are convinced that careful attention must 
be paid to the automatic initialization of the un- 
known variables, multipliers and Hessian matrix of 
the Lagrangian function. Stabilization procedures 
should be properly designed and must be used judi- 
ciously and not as a catch-all for poor starting points 
and inaccurate Hessian approximations. We recom- 
mend Newton and hybrid methods for iteratively 
approximating the Hessian matrix. We do not recom- 
mend pure quasi-Newton methods because they fail 
more often than Newton and hybrid methods. More- 
over, we advocate the use of trust region methods 
because they can be designed to address numerical 
difficulties that are relevant to this class of chemical 
process optimization problems. Line searching can- 
not do this and, in our opinion, should not be used. 
Computational efficiency-The cost of solving itera- 
tive QP subproblems has been identified as the prin- 
ciple contributor of the high cost of SQP methods on 
chemical process optimization problems (Berna et al., 
1980; Chan and Prince, 1986; Vasantharajan and 
Biegler, 1987). In Tables 10 and 11 computer times 

Table 7. Problem specifications for chemical equilibrium problems 

Mixture Solution 
NO. T(K) p (LO’ Pa) model Species 

I ‘[4-B] 1000 1.013 Ideal vapor H,. 0,. CO, CH,, CO,, C,H,, C,H,, C, H,, H,O 
2’[4.10] 358 0.912 Nonideal liquid CH,COOH, C,H,OH, CH,COOC2H,, H,O 
3’[6.1] 3500 51.66 Ideal vapor H,H,,H,O,N.N,,NH,NO,O,O,,OH 
4’[4.6] 600 2.026 Ideal vapor Cl,. CH,, Ccl,, CHCI,. CH,CI,, CH,CI, HCI 
5’[6.7] 3000 20.69 Ideal vapor H, HCI. HF, H. Cl, CIF, Cl,, F, F,, N, N, 
6’[6.8] 600 81.04 Ideal vapor C,H,OH. H,, S,. C,H,SH, (C,H,),S, Hz% 

(C,H,),O, CH,CHO. C,H,, C,H,, H,O, 
7’ 358 1.013 Nonidcal vapor, liquid CH,COOH, C,H,. OH, H3COOC2H,. H,O 

‘Number in brackets denotes problem number in Smith and Missen (1982). 
‘Problem from Sanderson and Chkn (1973). 
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Table 9. Numerical results for VLE Gibbs free energy minimization calculations using 
Han-Powell line search and nonnegativity constraints 

Average function calls (failures) 
BFGS 

Mixture 
NO. N B0 = I B” = C(%) TCH 

I 10.58(O) 17.92(l) 15.40(O) 
2 1 I .07(O) 32.93(S) 25.88(3) 
3 15.[9(0) 50.31(6) 48.68(O) 
4 22.78(O) 83.17(22) 73.07(4) 
5 10.71(l) 21.47(O) 16.12(O) 17.58(O) 13.33(O) 
6 10.93( 1) 30.00(O) 26.38(I) 12.78(O) 11.76(l) 
7 10.03(O) 44.58(2) 40.08(O) 12.85(O) 11.25(l) 

M = f [c?(x) + C”(x)]. 

for various aspects of the chemical equilibrium min- lation columns. Here the problems studied by Lucia 
imum Gibbs free energy calculations and the VLLE and Kumar (1988) were resolved using the techniques 
maximum entropy problems are given. Note that the developed in this paper. These problems, which were 
cost of solving the sparse QP subproblems using adapted from literature examples, range in size from 
VE06AD accounts for roughly 7O-90% of the total approx. 50 to 200 unknown variables, but only have 
time and this agrees with statements made by other two degrees of freedom. Moreover, approximately 
researchers. On the other hand, the same problems one-half of the constraints in the model are non- 
can be solved in significantly less computer time if the linear. A complete description of the problem specifi- 
active set method proposed in Section 3.3 is used. The cations, unit operation and physical property models, 
totai solution time using QPSLV is roughly 5-l 5% of initialization procedures and thermodynamic con- 
that for VE06AD and this reduction in total solution straints used in building quasi-Newton updates 
time is primarily due to the fact that the proposed can be found in Kumar and Lucia (1987) and Lucia 
active set method usually requires less than 10% of and Kumar (1988). Only that material which is 
the time required by VEOBAD to solve the QP different or necessary for completeness will be 
subproblems. presented here. 

Chan and Prince (p. 238, 1986) note that the 
efficiency of SQP methods depends on both the 
efficiency of the QP solver and the number of itera- 
tions (i.e. QP subproblems) needed to solve a given 
problem. They also state that both aspects are equally 
important. The numerical results shown in Tables 2, 
3, 5, 6 and 8 show that Newton and hybrid methods 
frequently require fewer iterations than the BFGS 
method. Thus they are often more efficient than the 
BFGS method. Moreover, the results in Table 2, for 
example, show that the number of iterations required 
by the BFGS method can increase as the number of 
degrees of freedom increases, and that this can be 
independent of the initial Hessian approximation. 
Thus, for efficient calculations, we recommend New- 
ton and hybrid methods on this class of problems. 

6.3.1. Mathematical model. The mathematical 
model for these problems usually involves optimizing 
some measure of profitability subject to constraint 
equations representing the conservation of mass, 
conservation of energy, phase equilibrium and 
design constraints and inequalities that represent 
the nonnegativity of flow rates, limits on the range 
of operation and bounds on product flow rates. 
In this study, we posed the optimization problem 
as: 

6.3. Distillation optimization 

The second class of problems that were studied 
involve optimizing the operating conditions of distil- 

mm 3 x 10-Y-Q, + Pm,) -(a., +k,,J (66) 

subject to the conservation of mass 

f;,+l,,j~,--,,--~+v,,+,=O, i=l,..., n,,(67) 

phase equilibrium relationships 

Mixture 

Table IO. Computer times’ for chemical equilibrium problems 

Time’(s) 
NO. 

1 
VE06AD QPSLV 

(0.006. 0.027. 2.894. 0.023. 3.051) 10.006. 0.027. 0.296. 0.023. 0.5521 

2 iO.003, 0.016: 0.324; 0.029; 0.433) (0.003, 0.016: 0.021; 0.029; 0.137j 

3 (0.006, 0.032. 4.450, 0.035, 4.712) (0.006, 0.032, 0.344, 0.035. 0.617) 

4 (0.004, 0.028, 2.803, 0.021, 2.986) (0.004, 0.028, 0.219, 0.021, 0.415) 

5 (0.005, 0.032, 5.577, 0.038, 5.848) (0.006, 0.032, 0.548. 0.038, 0.842) 

6 (0.006. 0.039. 6.101, 0.042, 6.411) (0.006, 0.039, 0.705. 0.038. 1.039) 
7 i0.433, 0.140, 3.250, 0.483, 4.5133 iO.137, 0.141, 0.167. 0.483. 1.143j 

‘Calculations using Newton’s method on Alliant FX18. 
‘Computer times for (initialization. function calls. QP solutions. second derivative calculations, problem 

solution), respectively. 
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Table 11. Computer times’ for VLLE maximum entropy problems 

Mixture Time*(s) 

NO. VE06AD QPSLV 

I (2.999, 0.451. 9.447. 0.469, 13.968) (0.855, 0.443, 0.438, 0.468, 2.833) 

2 (3.039, 0.219, 4.177, 0.216, 8.142) (0.744. 0.219, 0.240, 0.2i6, 1.923) 
3 (2.400, 0.286, 5.046, 0.292, 8.544) (0.707, 0.286, 0.393, 0.295, 2.217) 
4 (4.090, 0.273. 7.376, 0.386, 13.153) (0.851, 0.251, 0.327, 0.386, 2.635) 
5 (2.587, 0.160, 3.158, 0.202, 7.082) (0.612, 0.161, 0.183. 0.202, 1.951) 
6 (1.914, 0.143, 2.546, 0.142, 5.208) (0.608, 0.143, 0.147, 0.143, 1.518) 

7 (2.511, 0.186, 3.321. 0.181, 6.686) (0.622, 0.177, 0.181, 0.178, 1.646) 

G (3.610. (2.481, 0.382. 0.169, 7.851, 2.848, 0.272, 0.161, 12.687) 6.130) (0.630, (0.814, 0.164, 0.374, 0.161, 0.381, 0.160. 0.271, 2.416) 1.602) 

IO (16.416, 1.631, 48.721, 1.941, 70.919) (4.312, 1.621, 2.194, 1.941, 11.969) 

‘Calculations using TCH method on Alliant FX/8. 

‘Computer time for (initialization, function calls, QP solutions, second derivative calculations, problem 
solution), respectively. 

conservation of energy 

(Z+r~+(E+% 

-(~L>n:-(Ev,)H: 

+ c v,.,+ I 
( > 

q+, +e,=o, 

nonnegativity of flow rates 

1,) vi/ z 0, i=l,...,n,, 

(691 

(70) 

(71) 

upper bounds on product component flow rates 

v,,1 1 L, =aYi > i= l,...,n, 

and bounds on temperatures 

(721 

T m,,, < T, s T,,,> (731 

for all stages j = i, , n,. The unknown variables are 
the liquid component flow rates li, vapor component 
flow rates v,, temperatures T, and heat duties Q, for 
all stages. The subscripts lk and hk denote the light 
and heavy key components, respectively. 

6.3.2. Initialization procedures. Feasible initial 
value of the unknown variables were generated by 

solving a distillation simulation problem using the 
method described in Venkataraman and Lucia 
(1988). To do this, additional specification equations 
were required. The particular specifications used for 
each example are given in Table 12. 

Lagrange and Kuhn-Tucker multipliers were ini- 
tialized by using the procedure described in Kumar 
and Lucia (pp. 414, 421, 1987). In particular, all 
Kuhn-Tucker multipliers were set to zero and a 
least-squares solution to the Kuhn-Tucker condi- 
tions for a five-stage model column (i.e. condenser, 
rectifying tray, feed tray, stripping tray, reboiler) was 
computed. The Lagrange multipliers for all trays in 
the rectifying section were given the values of the 
Lagrange multipliers for the model rectifying stage by 
equation type. A similar distribution procedure was 
used for the stripping section. 

The methods used to approximate the Hessian 
matrix of the Lagrangian function and the manner in 
which they were initialized were the same as those 
described in Section 6.1, with three exceptions. The 
BFGS method was not tested because it requires far 
too much storage, the approximated part of the 
Hessian matrix for Newton’s method was calculated 
by finite differences, and a secant-only hybrid method 
was tested in place of the BFGS update. 

Problem 
No. (reference) 

I (King, 1980) 

2 (King, 1980) 

Table 12. Distillation problem specifications 

No. of Colum” pressure Feed at co1 pressure Specifications for Product 

stages (MPa) flow rates (kmol h-‘) starting point bounds (kmol h ‘) 
5 0.1216 Saturated vapor, stage 5 D = V, = 20 None 

(Ik) benzene 20 R=5 
1oulene 40 
(hk) o-xylene 40 

8 0.1013 Saturated liquid, stage 5 d,* = 49 d& < 49.9 
(lk) acetone 50 R = 0.288 

3 (Van Winkle. 1967) IO 0.1013 

(hk) water 50 

Saturated liquid, stage 6 &, a = 0.99 
(lk) n-heptane 42 R = 2.5 

None 

ihk) ethyibenzene 58 
4 (Naka et al., 1979) 17 0.1013 Saturated liquid, stage 9 B = 70 None 

(Ik) acetone IO R=3 
(hk) acetonitrile 75 

water I5 
5 (Gallun and Holland, 1976) 16 0.1013 Liquid, Tr = 331.2 K, stage 5 B = 62 

(lk1 methanol I5 R = 2.5 
d,r G 14.98 

ih);) chloroform 20 
acetone 40 
methylacetate 5 

benzene 20 
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6.3.3. Thermodynamic constraints. The thermo- 
dynamic constraints that were exploited in building 
quasi-Newton updates to the blocks of A were: 

[V’ In r,,]i, = - In yri, i = 1,2, . . , n,, 

j=l,2,...,n, (74) 

and 

[VZHLE/]IJ=O. j = 1,2,. . .,n., (75) 

where ym is the ith component activity coefficient on 
the jth stage in the column, Hk, is the excess liquid 
molar enthalpy and 1, is a vector of liquid component 
flow rates associated with stage j. These equations 
represent the - 1 degree homogeneity of V In y,, and 
the zero degree homogeneity of HZ. A complete 
description of the thermodynamic and secant con- 
straints used in quasi-Newton updating can be found 
in Kumar and Lucia (pp. 416, 421, 1987). 

6.3.4. Numerical examples and resuizs. Newton’s 
method with finite difference approximations to the 
blocks of A, a secant-only hybrid method and a 
thermodynamically constrained hybrid method were 
tested on the five distillation examples studied by 
Lucia and Kumar (1988). Complete problem specifi- 
cations for the simulation and optimization calcula- 
tions are given in Table 12, which was taken from 
Lucia and Kumar (1988). Also, the liquid phase was 
modelled by the UNIQUAC equation, the vapor 
phase was assumed to be ideal and the convergence 
tolerance for the Kuhn-Tucker conditions was 10e3. 
Finally, the nonnegativity constraints were replaced 
by the bounds given by equation (24) with /?, = ,,/2/2 
and & = fi and these bounds were enlarged auto- 
matically to prevent ill-defined QP subproblems. 
These distillation examples range in size from 37 to 
178 unknown variables and are strongly nonlinearly 
constrained due to the presence of the phase equi- 
librium and energy balance equations. 

A summary of the numerical results for Newton’s 
method and both hybrid methods is given in 
Table 13. A comparison of the performance of 
VE06AD and QPSLV on these problems is shown in 
Table 14, along with other pertinent information that 
has bearing on the computational efficiency of these 
Newton-like methods. 

6.3.5. Discussion of numerical results. Lucia and 
Kumar ( 1988) experienced numerical difficulties in 
solving some of the example problems in Table 12 by 
SQP methods. In particular, both Newton’s method 
and the secant-only hybrid method failed on two of 
the five problems. Newton’s method failed on prob- 
lems 2 and 4, while the secant-only hybrid method 
failed on problems 4 and 5. In both cases, the 
secant-only hybrid method failed because certain 
component flow rates activated lower bounds and 
resulted in line searching difficulties or uphill search 
directions. Newton’s method, on the other hand, 
seemed to be converging in both cases on which it 
failed but was still relatively far from the solution 

Table 13. Numerical results for distillation optimization problems 

Problem Iterations 
NO. N SOH TCH 

: 19 F 6 7 6 6 
3 10 4 4 
4 8 8 7 
5 8 I5 13 

when the calculations were terminated after 25 itera- 
tions. It is likely that Newton’s method would have 
succeeded on problem 4 if the calculations were 
continued. However, on problem 2, although the 
unknown variables were moving toward the solution, 
it is, in our opinion, unlikely that Newton’s method 
would have converged on this problem because gross 
qualitative errors in the signs and magnitudes of 
several of the Lagrange multipliers (i.e. incorrect sign 
and two orders of magnitude too large) occurred on 
iteration 4 of the calculations. These errors, particu- 
larly those in sign, persisted throughout the remain- 
der of the calculations and, in our opinion, 
contributed to both poor Hessian matrix approxima- 
tions and doddering numerical performance. The 
thermodynamically constrained hybrid method did 
not experience any of these difficulties. 
Reliability-The reliability of Newton-like methods 
on this class of chemical process optimization prob- 
lems is strongly dependent on the starting point that 
is used. Our experience shows that infeasible starting 
points generally lead to failure and this is the princi- 
pal reason that we use feasible starting points. These 
feasible starting points are easily and inexpensively 
computed, and, in turn, are useful in obtaining 
qualitatively correct initial estimates of the Lagrange 
multipliers and good approximations to the Hessian 
matrix of the Lagrangian function. 

The numerical results in Table 13 clearly show that 
improvements in reliability can result from the use of 
trust region methods. Both failures of the secant-only 
hybrid method and one of the two failures of 
Newton’s method reported by Lucia and Kumar 
(1988) were removed by avoiding wild changes in the 
unknown variables and/or activating lower bounds 
with the use of trust regions. This, in turn, avoids 
poor approximations to the unknown variables and 
multipliers and/or model discontinuities. 
Computational efficiency-Significant improvements 
in the computer time required to solve the distillation 
examples can be obtained if the QP algorithm given 
in Section 3.3 is used instead of VE06AD. This is 
clearly shown in Table 14. Note that QPSLV requires 
approx. l-5% of the time required by VE06AD. 
Also, note that the relative cost of generating a 
feasible starting point is insignificant, particularly in 
light of its impact on the reliability of Newton-like 
methods on this class of chemical process optimiza- 
tion problems. 

Finally, we close by reiterating that, in our opinion, 
careful attention must be paid to the variable and 
multiplier initialization strategies, the QP algorithm, 
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Problem 
NO. 

Table 14. Computer times’ for distillation optimization problems 

Time (s)~ 
VE06AD OPSLV 

: (0.866, (1.732, 4.109, 3.464, 108.6, 105.2, 7.382, 3.595, 136.1) 117.5) (0.866, (1.732, 4.112, 3.514, 4.121, 5.273, 7.379, 3.597, 27.831) 17.621) 

3 (1.461, 4.612, 132.7, 5.280, 161.2) (1.461, 4.612, 5.308, 5.271, 21.633) 

4 (3.566. 6.714, 2329.9, 8.1 12, 2354.1) (3.566, 6.694, 28.174, 8.091. 53.124) 

5 (8.574, 11.284. 9361.2, 15.616, 9418.3) (8.574, 11.292, 280.82, 15.615, 325.16) 

‘Calculations using TCH method on Alliant FX/X. 
‘Computer times for (initialization, function calls, QP solutions, second derivative calculations, problem 

solution), respectively 

stabilization procedures and techniques for approxi- 
mating the Hessian matrix of the Lagrangian func- 
tion, if consistently reliable and efficient numerical 
performance of SQP methods is to be achieved on 
chemical process optimization applications. It is 
clearly a case of getting what you pay for. We hope 
that the ideas and results that were presented in this 
paper motivate others to move in this direction. 

NOMENCLATURE 

A = Approximated part of Hessian matrix 
B = Hessian matrix of Lagrangian function 

c(x) = Vector of constraint equations and inequali- 
ties 

C = Computed part of Hessian matrix 
d = Solution from QP subproblem 

f..f(x) = Vector of feed component molar flow rates, 
objective function 

g(x) = Gradient of objective function 
G, G = Partial molar Gibbs free energy. total Gibbs 

free energy 
II, H. = Partial molar enthalpy, enthalpy of reaction 

J(.x’j = Jacobian matrix of constraint functions 
L(x, i, p) = Lagrangian function 

n = Vector of phase component molar flow rates 
4 = Transformation of the vector s 
Q = Heat duty 
r = Right-hand-side of thermodynamic con- 

straints 
s = Iterative change in unknown variables 
S = Total entropy 
T = Temperature 
u = Transformation of the vector I 

W = Weighting matrix 
x = Vector of unknown variables 
y = Right-hand-side of secant condition 
z = Vector defining thermodynamic constraints 

Greek symbols 

z = Random number between 0 and 1 
c = Convergence tolerance 
q = Vector in modified BFGS formulae 
0 = Scalar in defining equation for tl 
?, = Lagrange multipliers 
p = Kuhn-Tucker multipliers 
I// = Vapor-to-feed fraction 

Subscripts and superscripts 

BP = Bubble point 
DP = Dew point 

F = Feed 
i = Component index 
j = Stage index 
k = Iteration counter or phase index 
L = Liquid phase 

LLE = Liquid-liquid equilibria 
max = Upper bound 
min = Lower bound 

R = Reaction 
SL = Saturated liquid 
SV = Saturated vapor 

T = Transpose 
V = Vapor phase 
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