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a b s t r a c t

The determination of distillation column configurations that consume the least total energy is studied.
The novel contributions of the proposed design methodology for finding global minimum energy column
sequences presented in this article include: (1) the definition of a total stripping line distance function for
any sequence, (2) a robust energy targeting strategy that provides a continuously differentiable descrip-
tion of column sequences, (3) the flexibility to use any phase equilibrium model, (4) the ability to find
column sequences that contain non-pinched, minimum energy columns within a sequence, and (5) the
ability to include heat integration. The proposed energy targeting approach, which is used in conjunction
with the two-level design methodology of Amale & Lucia (2008b), is shown to be a reliable and effec-
tive tool for finding minimum energy distillation column sequences. A number of example problems are
presented to show the efficacy of the proposed design methodology.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Distillation is a widely used but energy intensive separation pro-
cess. There are approximately 40,000 distillation columns in the
US, which consume the equivalent of 1.2 MM barrels of oil per day.
That’s about 6% of all of the energy used. With the recent strong
upward trend in the cost of energy, there is considerable renewed
interest in determining energy efficient distillation designs and
multiple column configurations. In the past, designs were often
based on minimizing capital investment costs because energy was
cheap. The price of energy has varied dramatically over the last few
years. However, it is safe to say that the cost of energy, at least in
the short term, will continue to rise as the world economy recovers
from a global recession. When the price of oil reaches $100+/barrel,
the relative roles of capital investment and energy costs change sig-
nificantly. It is a straightforward matter to justify this claim that the
relative roles of capital investment and energy using data obtained
from the Marshall & Swift (M&S) installed equipment cost index
and recent past oil prices. For example, the annual average of the
M&S installed equipment index for the process industry in 1985
was 813 while the same index value for the first quarter of 2008
was 1463. This means that the cost to fabricate and install the same
piece of equipment (e.g., a distillation column) in 2008 was roughly
1.75 times higher than in 1985 and this figure reflects increases in
energy prices associated with fabrication (e.g., the cost of steel) and
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installation. On the other hand, the cost of crude oil in 1985 was
$26.50/barrel while the average price of oil for the first quarter of
2008 was $93/barrel. In early 2008, energy costs had increased by
3.50 times since 1985 and thus the relative impact of energy costs
was roughly twice what it was in 1985 (i.e., 3.50/1.75). Current
oil prices are around $60/barrel and will continue to creep higher
over time. Consequently there is no denying the fact that energy
considerations will have a more significant impact on distillation
design and retrofitting in the future. This suggests two strategies
for reducing energy consumption in distillation:

(1) Retrofitting older columns and building new columns with
additional stages (or packing).

(2) Heat integration or thermally interlinking columns (e.g., by
using pressure swing and the vapor overhead from one column
to supply energy to the reboiler of other columns).

The rough cost figures given in the preceding paragraph are not
intended to suggest that capital investment costs are insignificant
or unimportant. They do, however, suggest that capital investment
costs for retrofitting or building columns with more stages will be
paid back in a reasonable timeframe. Additionally, thermally inter-
linking columns is well documented in the distillation literature
(e.g., in air separation) and a well known strategy for making the
best overall use of energy. See, for example, the papers by Abu-
Eishah & Luyben (1985), Knapp & Doherty (1992), Fidkowski &
Agrawal (2001), and Agrawal (2003), and others.

The determination of feasible sequences of multiple distilla-
tion columns, whether on the basis of minimum overall energy
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consumption, total annualized costs, or some other metric, has
been the subject of academic and industrial investigation for
many years. A large number of papers have been published
espousing the advantages of a variety of methodologies for deter-
mining the best sequence from a given c component feed mixture.
These include early methodologies such as the use of heuristics
(King, 1971; Gomez & Seader, 1976; Hendry & Hughes, 1972;
Modi & Westerberg, 1992; Rodrigo & Seader, 1975; Seader &
Westerberg, 1977; Thompson & King, 1972), genetic algorithms
(Fraja & Matias, 1996; Leboreiro & Acevedo, 2004), a state task
network approach (Sargent, 1998), mixed integer nonlinear pro-
gramming (MINLP) methods (Yeomans & Grossmann, 1999a,b),
disjunctive programming (Barttfeld, Aguirre, & Grossmann, 2004;
Caballero & Grossmann, 1999a,b; Caballero & Grossmann, 2001;
Yeomans & Grossmann, 2000a,b) and others (e.g., Novak, Kravanja,
& Grossmann, 1993; Viswanathan & Grossmann, 1993) have been
applied to sharp and non-sharp splits involving hydrocarbon,
zeotropic, and azeotropic mixtures with and without heat integra-
tion. Many methods for generating column sequences during the
process synthesis stage use Underwood’s method for determining
minimum energy, although not always, and all methodologies of
which we are aware consider only sequences with c-1 columns.

This paper focuses on multiple column configurations or
sequences that use minimum energy and is organized in the fol-
lowing way. First the shortest stripping line distance approach
(Amale & Lucia, 2008a; Lucia, Amale, & Taylor, 2006; Lucia , Amale,
& Taylor, 2008a; Lucia, Gattupalli, Linninger, & Kulkarni, 2008b)
and the two-level design method of Amale & Lucia (2008b), which
generate portfolios of minimum energy designs for single columns
are summarized. These techniques form the computational frame-
work for this work on column sequences. Next, a simple illustrative
example taken from the literature is presented to show that the
two-level design method of Amale & Lucia (2008b) can be used to
find the global minimum energy multiple column sequences. This is
followed by a rigorous mixed integer nonlinear programming for-
mulation for finding global minimum energy column sequences.
Several example problems involving ternary and quaternary mix-
tures with ideal, nonideal and azeotropic behavior, as well as
columns with and without heat integration are presented to show
that the proposed methodology automatically finds a number of
local minimum energy column sequences in addition to the global
minimum energy configuration. Thus it produces a number of
‘good’ candidate column sequence designs from which the engineer
can choose the most suitable. Finally, this article concludes with a
summary of the findings of this work, including the advantages of
this work compared to other work in the literature.

2. A brief summary of the shortest stripping line distance
approach

The shortest stripping line distance approach is based on the
simple idea that minimum energy consumption in distillation is
given by the shortest stripping line distance. Lucia et al. (2006,
2008a,b) present an MINLP formulation for finding the minimum
stripping line distance that uses continuous optimization to find
the minimum boil-up ratio, smin, followed by integer bisection
to reduce the number of stages, if possible. The formulation in
Lucia et al. is general and suitable for all types of distillations as
well as multi-unit processes in which distillation is a part and
has been used successfully to find minimum energy designs for
pinched distillation designs (Lucia et al., 2008a,b), non-pinched
designs (Amale & Lucia, 2008a), reactive distillation (Lucia et al.,
2008a,b), and extraction-distillation processes (Lucia et al., 2006).
Lucia and co-workers have also shown that the shortest stripping
line distance approach encompasses the McCabe-Thiele method,
Underwood’s method, and boundary value methods. Finally, Amale

& Lucia (2008a) have used the shortest stripping line distance
approach to uncover several underlying reasons behind the exis-
tence of non-pinched, minimum energy designs and clearly show
that their approach is the only methodology that can systemati-
cally find these non-pinched, minimum energy designs. We refer
the reader interested in the details of the shortest stripping line
distance approach to the papers by Lucia and co-workers.

3. The two-level design procedure

Amale & Lucia (2008b) have recently proposed a two-level
design procedure to overcome the sensitivity of distillation line
methods to product compositions and to determine portfolios of
minimum energy designs for a given distillation column. It is well
known that one cannot simply and indiscriminately change product
compositions with a distillation line method without often encoun-
tering design feasibility difficulties. The two-level design procedure
circumvents this weakness of distillation line methods by using the
shortest stripping line distance approach in an inner loop to find
minimum energy requirements for fixed bottoms composition and
a Gauss–Newton method in an outer loop to adjust the non-key
component recoveries and bottoms (and distillate) composition
to meet a pre-specified process target. Alternation between the
inner and outer loops generates a portfolio of minimum energy
designs for a variety of product compositions, which converge to
Underwood’s solution in cases where a solution to the Underwood
equations exists. Some of the advantages of the two-level design
method are that it (a) intelligently adjusts product compositions
and thus avoids the sensitivity with respect to product composi-
tions, (b) permits the use of a variety of phase models, (c) allows the
user to specify recoveries or recovery fractions for key components,
(d) generates families or portfolios of minimum energy designs,
and (e) finds minimum energy designs in cases where Under-
wood’s method does not apply (e.g., azeotropic mixtures and sloppy
splits).

4. Illustrative example

Before presenting the details of the mathematical formulation
of our proposed energy targeting methodology, we illustrate the
shortest stripping line distance approach of Lucia et al. (2006,
2008a,b) and two-level design method of Amale & Lucia (2008b)
and show that they can be adapted to determine global minimum
energy, multiple column configurations. For convenience we use
a distillation example involving a saturated liquid feed mixture of
20 mol% methanol (M), 45 mol% ethanol (E) and 35 mol% propanol
(P) at 1 atm and assume that the phase behavior is described by
a constant relative volatility model with relative volatilities of
˛MP = 3.25, ˛EP = 1.90 and ˛PP = 1. We further assume that the feed
flow rate to the first column in any sequence is 1 lbmol/h and
that the objective is to find the column configuration, and associ-
ated designs of all columns in that sequence, that (a) separates the
feed into nearly pure components and (b) uses the least amount of
energy. In this illustration we have set the recoveries of each com-
ponent in the feed to 99 mol% and the product compositions to 0.95
or greater. We consider all 2- and 3-column configurations without
heat integration and in which all individual columns are equipped
with a partial condenser.

This illustrative example is a simple problem. There are two 2-
column configurations and one 3-column sequence, as shown in
Fig. 1.

Sequence 1 is comprised of a direct split of the ternary mixture
and a binary distillation of ethanol and propanol. Sequence 2, on the
other hand, consists of an indirect split of the ternary mixture fol-
lowed by a methanol–ethanol binary distillation. Finally, sequence
3 performs a sloppy (or transition) split of the ternary mixture, a
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Fig. 1. Distillation column sequences for a ternary mixture with no heat integration.

methanol–ethanol distillation and a binary distillation of ethanol
and propanol.

Using the two-level design method, we calculated minimum
stripping line distances for all columns in each distinct configu-
ration shown in Fig. 1. For each sequence, we then calculated the
total energy consumption, QT, by summing the reboiler duty for
each column in a given sequence (i.e., QT = QR(3) + ˙QR(2), where
QR(3) and QR(2) are reboiler duties for the ternary and binary dis-
tillations, where Q = sB� for any column, s is the boil-up ratio, B is
the total bottoms flow and � is latent heat of vaporization of the
bottoms product). We also calculated total stripping line distances,
DT, using the formula:

DT = min Ds(3) +
n2∑
i=1

min Ds,i(2)
n2

(1)

where Ds(3) denotes the stripping line distance for any three-
component distillation, Ds,j(2) is the stripping line distance for the
ith binary distillation in a given configuration, and n2 is the total
number of binary distillations in that configuration.

More specifically, for any two-column configuration, n2 = 1 and
Eq. (1) reduces to

DT = min Ds(3) + min Ds,1(2) (2)

which is merely the sum of the shortest stripping line distance
for the ternary separator plus the shortest stripping line distance
for the associated binary distillation. On the other hand, for any
3-column configuration, Eq. (2) becomes

DT = min Ds(3) + 1
2

[min Ds,1(2) + min Ds,2(2)] (3)

Note that Eq. (3) calculates a total stripping line distance by sum-
ming the shortest stripping line distance for the ternary distillation
column and the average of the two minimum stripping line dis-
tances for the binary distillations in the 3-column configuration.
Note further that by using the average of the stripping line distances
for the two binary columns, we can make meaningful comparisons

of all three sequences in Fig. 1 since we are effectively compar-
ing the stripping line distances of two columns in each case, even
though one configuration has three columns. Numerical results for
this illustration are given in Table 1. In this table Ds(3) and Ds,i(2)
denote minimum stripping line distances for ternary and ith binary
separations in a given sequence, respectively and smin are the asso-
ciated minimum boil-up ratios. Additional details are presented in
Fig. 2, where the V-shaped curve shows convergence of 3-column
designs to the global minimum sequence (sequence 3 in Fig. 1) from
two starting designs—one based on a ‘near’ direct split of the three-
component mixture and the other based on a ‘near’ indirect split of
the ternary mixture. The curve to the far right shows the designs
for 2-column sequences that make an indirect split of the ternary
mixture (i.e., sequence 2 in Fig. 1) while the small curve inside the
V-shape shows the 2-column sequences that make a direct split of
the ternary mixture (i.e., sequence 1).

All individual column designs in all sequences are pinched
designs. Note that the 3-column sequence in which the ternary

Table 1
Minimum stripping line distances and energy consumption for illustrative example.

Sequence 1 Sequence 2 Sequence 3

MEP ternary column
Ds(3) 0.4625 1.5246 0.4441
smin 1.5478 4.3489 1.34057
QR(3) (Btu/h/mol feed) 20,965.34 28,119.95 14,367.76

EP binary column
Ds,1(2) 0.5492 NA 0.4338
smin 3.7330 NA 2.7318
QR(2) (Btu/h/mol feed) 23,067.36 NA 16,803.61

ME binary column
Ds,2(2) NA 0.2070 0.3836
smin NA 2.0090 2.8934
QR(2) (Btu/h/mol feed) NA 14,435.13 8,610.70

Overall
DT 1.0117 1.7316 0.8528
QT (Btu/h/mol feed) 44,032.70 42,315.39 39,782.07
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Table 2
Column designs for sequence using global minimum in total energy for illustrative example.

Column 1 Column 2 Column 3

Bottoms composition, xB
a (2.44 × 10−11, 0.442) (0.008, 0.992) (0.011, 0.989)

Stripping stages 300 300 300
Boil-up ratio 1.34057 2.7318 2.8934
Reboiler duty (Btu/h/mol feed) 14,367.76 16,803.61 8610.70
Distillate composition, yD

b (0.527, 0.463) (0.987, 0.013) (0.991, 0.009)
Rectifying stages 12 45 47
Reflux ratio 1.19376 2.4358 3.4981
Condenser duty (Btu/h/mol feed) 7170.12 11,123.17 10,585.75

a xB = (xM , xE).
b yD = (yM , yE).

column makes a transition split is roughly 6% more energy efficient
than sequence 2 and 9.5% more efficient than sequence 1.

Table 1 and Fig. 2 reveal several important characteristics about
the relationship between total stripping line distance, as defined in
Eq. (1), and total energy consumption:

(1) For any given 2- or 3-column sequence, total energy consump-
tion, QT, is a monotonically increasing function of total stripping
line distance, DT.

(2) Total stripping line distance, DT, can be used to identify the most
energy efficient design for any given configuration.

(3) Determination of the most energy efficient sequence cannot be
made on the basis of total stripping line distance because QT is
not a monotonic function of DT.

Characteristics 1 and 2 show that the concept of shortest strip-
ping line distance carries over to multiple column configurations
and that the two-level design method can be used to find the most
energy efficient design for a given sequence. Characteristic 3, on
the other hand, indicates that in order to identify the most energy
efficient sequence, any reliable and efficient methodology must be
able to move between configurations without exhaustively search-
ing all possible designs. In the next section, we propose an effective
line search methodology in conjunction with the two-level design
method to move among column sequences.

Table 2 gives additional details for this illustrative example for
those interested in simulating the most energy efficient sequence.

Fig. 2. Total energy consumed vs. total stripping line distance for illustrative
example.

5. Trade-offs between capital investment and energy

To illustrate the relative impacts of capital investment costs and
energy costs we used the minimum energy results for the 2-column
indirect sequence and the 3-column transition sequence described
in Tables 1 and 2 as guides in determining practical designs for each
sequence. We used the product of the number of stages and the
vapor throughput in any column as a rough estimate of investment
costs.

For the 2-column indirect sequence there is little flexibility in
the separation performed by each column. Thus to create a practical
design we determined the boil-up ratio for each column that gave a
tightly converged flowsheet for the design with the fewest number
of stages. For the 3-column sequence there is greater flexibility.
Depending on the split of the feed to the ternary column, capital
investment and energy costs can be traded more easily between
the binary separators. Again a tightly converged flowsheet were
computed.

The numerical results for the practical designs for the 2-column
indirect and 3-column sequences are shown in Table 3. The results
in Table 3 show that the 2-column indirect sequence requires at
total of 68 stages for both columns and uses 48,758.90 Btu/h/mol

Table 3
Practical column sequence designs for the illustrative example.

Column 1 Column 2 Column 3

2-Column, indirect sequence
Bottoms composition, xB

a (0, 0.031) (0.009, 0.991)
Bottoms flow (mol/h/mol
feed)

0.3647 0.4245

Stripping stages 13 22
Boil-up ratio 4.882 2.209
Reboiler duty (Btu/h/mol
feed)

33,201.52 15,557.38

Distillate composition, yD
b (0.314, 0.680) (0.987, 0.013)

Distillate flow (mol/h/mol
feed)

0.6353 0.1931

Rectifying stages 15 18
Reflux ratio 1.6853 7.0666

3-Column sequence
Bottoms composition, xB

a (0.003, 0.546) (0, 0.01) (0.01, 0.99)
Bottoms flow (mol/h/mol
feed)

0.6497 0.1518 0.2928

Stripping stages 49 17 17
Boil-up ratio 1.49 3.48 2.641
Reboiler duty (Btu/h/mol
feed)

16,581.40 13,755.63 8759.98

Distillate composition, yD
b (0.566, 0.451) (0, 0.991) (0.991, 0.009)

Distillate flow (mol/h/mol
feed)

0.3503 0.1985 0.3568

Rectifying stages 3 23 18
Reflux ratio 3.93 2.9879 3.4265

a xB = (xM , xE).
b yD = (yM , yE).
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feed while the 3-column sequence needs 129 stages and uses
39,097.01 Btu/h/mol feed. However, the ternary column in the
2-column indirect sequence has a vapor throughput (V = sB) of
V = 1.845 mol/mol feed. The ternary column in the 3-column
sequence, on the other hand, has a vapor throughput of roughly half
that or V = 0.9680 mol/mol feed. Thus the ternary columns in the 2-
column and 3-column sequences will have investment cost factors
of 51.66 and 50.337, which shows they will cost roughly the same
to build and install. The ternary column in the indirect sequence
is smaller but larger in diameter while the ternary column in the
3-column sequence is taller and smaller in diameter.

Column 2 in the indirect sequence and column 3 in the 3-column
sequence have approximately the same throughput and same num-
ber of stages so these columns cost the same to build and install.
Thus the only real difference in capital investment costs between
the two sequences under consideration is the cost of building and
installing column 2 (the ethanol-propanol column) in the 2-column
sequence. However, the approximate 10,000 Btu/h/mol feed saved
in energy in operating the 2-column sequence will easily offset
these capital investment costs in approximately 3 years.

6. Additional economic incentives

We can actually do better. We can either (1) heat integrate
the two binary separators and use the vapor overhead from the
ethanol–propanol distillation to partially drive the reboiler of
the methanol–ethanol separator, or (2) combine the two binary
columns into one and eliminate one reboiler.

6.1. Option 1: heat integration of the binary columns.

The overhead from the ethanol–propanol column can be used
to provide approximately 68% of the energy needed to drive
the reboiler for the methanol–ethanol separator, giving an added
savings of 6000 Btu/h/mol feed. This further improves the total
energy savings provided by the 3-column sequence to about
16,000 Btu/h/mol feed.

6.2. Option 2: combine binary columns into 2-feed, 3-product
column.

This option is more challenging and requires complete reconfig-
uration and computations for a 2-feed, 3-product column, which we
do not do in this article. Nevertheless, it is rather easy to see that
the two binary columns can be combined into one column and that
the reboiler for the methanol–ethanol can be removed. Redesign is
necessary to ensure that internal and product flows for the complex
column are adjusted properly to close component mass balances
tightly.

The point of this illustration is to show that design engineers
should not immediately dismiss column sequences with ‘addi-
tional’ columns. As this example illustrates, these sequences can
be more energy efficient and do not necessarily incur large addi-
tional capital investment costs, provided good heat integration is
considered. Moreover, any added capital investment costs that are
needed can often be paid off in reasonable time.

7. An optimization formulation for determining minimum
energy column sequences

The determination of the most energy efficient column config-
uration is a problem in global optimization with both integer and
continuous decisions. Thus it is a multi-level, mixed integer nonlin-
ear program (MINLP) problem. Let K denote the set of all possible
configurations and nk(i) be the number of i-component columns in

configuration k and nd
k
(p) be the number of p-component columns

missing (or deleted) from configuration k.

7.1. Optimal designs within any given sequence

For any given sequence k, the most energy efficient design cor-
responds to a minimum in total stripping line distance. Thus

min DT,k =
2∑

i=c

∑nk(i)
m=1[min Dm

k
(i)]

nk(i) −
∑j+1

p=cnd
k
(p)

, nk(i) ≥ 1 (4)

where each min Dm
k

(i) is determined using the two-level design
method given in Amale & Lucia (2008b), which generates a portfolio
of minimum energy designs in the process. That is, each min Dm(i)
is determined by alternately solving the following inner and outer
problems.

The quantity nd
k
(p) needs some further explanation. As an exam-

ple, consider the separation of the four-component mixture, ABCD,
into two binary mixtures AB and CD. Thus the resulting sequence
would be AB/CD followed by two binary distillations A/B and
C/D and there would be no three-component distillation in the
sequence. We account for this type of behavior in our determination
of the total stripping line distance using the quantity nd

k
(p). In this

instance nd
k
(3) = 1, indicating that there is no ternary distillation in

the configuration AB/CD → A/B and C/D. In general

nd
k(p) =

{
0, if a p-component separator is present in configuration k

+1, if there is no p-component separator in configuration k
(5)

7.2. Inner problem

Given a feed composition, the inner problem determines the
minimum energy requirements for a specified bottoms com-
position using the shortest stripping line distance approach as
described in Lucia et al. (2008a,b). For this, we first solve a nonlinear
programming (NLP) problem in which the stripping line distance is
minimized with respect to boil-up ratio. The NLP problem is given
by

min
s

Ds =
Ns∑

k=1

||�xj|| = ||xj+1 − xj|| (6)

such that

x′
j+1 =

[
s

(s + 1)

]
yj − xj +

[
1

(s + 1)

]
xB, j = 1, . . . , Ns (7)

xB = xB,spec (8)

r = (s − q + 1)
xFi − xDi

xBi − xFi
− q (9)

x′
j+1 =

[
(r + 1)

r

]
yj − xj −

[
1
r

]
xDi, j = Ns + 1, . . . , N (10)

f (xN, xD,spec) ≤ � (11)

where Ds = Dm(i) is stripping line distance, s is the boil-up ratio, xj
denotes the liquid composition on stage j, yj is the vapor in equi-
librium with xj, and xB = x1 is a fixed value of bottoms composition.
Ns denotes the number of stages in the stripping section of the col-
umn. The reflux ratio is denoted by r, q is the quality of the feed,
xD is a nominal value of the distillate composition, the subscript F
denotes feed, and N is the total number of stages in the column.
Finally, f(xN, xD,spec) is some measure of feasibility for the distillate
product (e.g., in this article we use f(xN, xD,spec) = ||yN − yD,spec|| < �),
and � is a small number. Each inner problem solution produces a
minimum boil-up ratio, smin(xB), and a corresponding minimum
distance.
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To prevent missing non-pinched, minimum energy designs,
we next solve the following integer programming problem to
determine if we can further reduce the stripping line distance by
reducing the number of stages in the column without increasing
the boil-up or reflux ratios:

min
Ns

Ds =
NS∑
j=1

||�xj|| = ||xj+1 − xj|| (12)

subject to Eqs. (7) through (11) plus the constraint:

s = smin (13)

The unknown optimization variable in this case is the number of
stripping stages, Ns. We use integer bisection to effectively find
non-pinched, minimum energy designs when they exist. See Lucia
et al. (2008a,b) for details.

7.3. Outer problem

The outer problem in the two-level design method is used to
drive designs to a specified target and, in doing so, generate a port-
folio of designs. The outer problem is solved using a Gauss–Newton
method with all analytical first derivatives and step size control to
ensure feasibility. This outer problem can also be formulated as a
nonlinear programming problem in which the objective function is
the least-squares function given by

min F(xB)T F(xB) (14)

where F(xB) is a targeting function given by

F(xB) = [xT − xNs(xB)] (15)

where xT is a specified target composition and xNs(xB) is the strip-
ping pinch point composition, which of course depends on xB. For
example, in finding minimum energy portfolios that converge to a
feed pinch, we use xT = xF. At each outer iteration, a Gauss–Newton
methodology is used to calculate new values of non-key compo-
nent recovery fractions and provide a new bottoms composition, xB,
which is communicated to the inner problem. The Gauss–Newton
iteration for the outer loop is given by

�r = −ˇ(JT
r [JT J]Jr)

−1
JT
r JT [xT − xNs(xB(r))] (16)

where r denotes a (c-2) vector of non-key component recovery frac-
tions, ˇ is a line search parameter (ˇ = 1 for a full Gauss–Newton
method) that is used to generate a portfolio of any number of
minimum energy designs, Jr is a (c − 1) × (c − 2) matrix of partial
derivatives of bottoms composition with respect to non-key recov-
ery fractions, and J is a (c − 1) × (c − 1) partial derivative matrix that
contain the sensitivities of xNs with respect to changes in xB and is
given

J = JNs−1 (17)

where JNs−1 is computed using the recursion relation:

Jj−1 =
{[

s

(s + 1)

]
JyxJj−2 +

[
1

(s + 1)

]
I, for j = 2, . . . , Ns (18)

and where J0 = I, I is (c − 1) × (c − 1) identity matrix, and Jyx is the
(c − 1) × (c − 1) matrix of partial derivatives of changes in y with
respect to x for the jth stripping stage.

The two-level design procedure terminates when a minimum in
the norm of the targeting function is reached. The reader is referred
to the paper by Amale & Lucia (2008b) for the details associated
with Eqs. (14) through (18).

7.4. Global optimization of sequences using energy targeting

Total energy consumed for any sequence k (k = 1, . . ., K) can be
calculated using the formula:

QT,k =
2∑

i=c

nk(i)∑
m=1

[Q m
k (i)] (19)

where Q m
k

(i) is the heat duty associated with the mth column in the
kth sequence performing an i-component distillation.

Eq. (16) is an important equation and has multiple purposes
through the selection of the associated line search parameter, ˇ.
First, the number of designs in a given portfolio can be controlled
by manually adjusting ˇ. For example, the results shown in Fig. 2
were generated by setting ˇ = 0.25 and keeping it fixed to generate
many designs (i.e., the three designs for sequence 1, three designs
for sequence 2, and 17 designs for sequence 3 shown in that figure)
for the purpose of illustration. Second, ˇ can be permitted to vary
automatically in order to move to a given target (e.g., a double feed
pinch point, a specific energy target, etc.) in an effective way. Third,
when the goal is to find energy efficient sequence designs quickly
and in an effective manner, ˇ can be used to force the total energy
consumed to either decrease or stay the same by letting the two-
level design program adjust � automatically so that the total energy
consumed does not increase. To do this, we use the fact that QT,k is a
continuously differentiable function of ˇ (and non-key component
recovery fractions) and adjust ˇε(ˇl, ˇU) automatically to enforce
the energy targeting constraint:

QT,k(ˇ) ≤ Qspec (20)

where Qspec is some specified total energy consumption from a min-
imum energy design for a previously investigated sequence and ˇU

is an upper bound on the value of ˇ. Fig. 3 illustrates that QT,k(ˇ) is a
continuous function of ˇ or the non-key (ethanol) recovery fraction.

This fact is significant because it shows that Eq. (16) and ˇ pro-
vide a continuously differentiable way of moving among the three
sequences shown in Fig. 1. Moreover, Fig. 3 shows that we need
not be overly concerned with the discrete nature of the sequencing
problem (i.e., that the number of columns in any sequence is an
integer).

To illustrate the concept of energy targeting, we use the illustra-
tive example, choose an initial 2-column, direct sequence and use
the two-level design method with ˇ = 1 (i.e., full Gauss–Newton

Fig. 3. Smooth energy targeting function across all column sequences.
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iteration in the outer loop) to find the optimal 2-column, direct
sequence, which has a value of QT,1 = 44,032.69 Btu/h/mol feed.
Only three iterations of the two-level design method were needed
to find the optimal 2-column, direct sequence design. We then
set Qspec = QT,1 and parameterize subsequent column sequences
in ˇ from the 2-column minimum energy, direct sequence. This
means that the 2-column direct sequence corresponds to ˇ = ˇL = 0
and an ethanol recovery in the bottoms of the ternary column of
0.988 (from the calculations). An upper bound, ˇU, which is the
value of ˇ that gives a very small ethanol recovery in the bottoms
of the ternary column (say 0.05), can be estimated by extrapo-
lation using Eq. (16). Care must be exercised to ensure that the
estimated upper bound, ˇU, provides a feasible design. We find
that ˇU = 3.755 gives a feasible design for the ternary column and
an estimated ethanol recovery fraction in the bottoms stream of
0.0483. These facts show that for small values of ˇ the ethanol
recovery fraction in the bottoms must be less than 0.988 and there-
fore the next sequence to try should be a 3-column sequence.
Using Eq. (16) with an initial value of ˇ = 1, new recovery fractions
and new estimates of the bottoms and distillate compositions can
be determined. These new product compositions define a trial 3-
column separation that we find has a total energy consumption
less than Qspec = QT,1. Thus in one step, we have found a better col-
umn sequence design. We then use the two-level design method
to find the optimal design for the 3-column sequence, which has
QT,2 = 39,782.07 Btu/h/mol feed. Here again, only three iterations
of the two-level design method were needed to find the optimal
3-column sequence design. Finally, we set Qspec = QT,2 and search
from the optimal 3-column sequence in a direction toward lower
ethanol recovery fractions in the bottoms of the ternary column.
Using Eq. (16) and line searching, we quickly find that, although fea-
sible, we cannot find a 2-column, indirect sequence that has a total
energy consumption that is less than that for the optimal 3-column
sequence design—so we terminate our search. Thus in summary,
we have used an energy targeting function based on total energy
consumption to determine a set of column sequence designs that
always decrease in total energy consumption and, for this illus-
trative example, have determined two distinct minimum energy
sequence designs—a 3-column, global minimum energy sequence
and a 2-column direct sequence that uses 10.68% more energy and
is a local minimum energy design.

7.5. An energy targeting algorithm for finding global minimum
energy column sequences

(1) Set all product specifications (i.e., compositions and component
recovery fractions).

(2) Choose an initial column configuration and set k = 1.
(3) Use the two-level design method to find a minimum energy

design for sequence k. Set Qspec = QT,k, where QT,k is defined by
Eq. (19).

(4) Calculate feasible upper and lower bounds, ˇL and ˇU, on the
line search parameter, ˇ.

(5) Choose an initial value of ˇε(ˇL, ˇU).
(6) Use the energy targeting constraint QT(ˇ) ≤ Qspec to probe a new

sequence.
(a) If ˇ such that QT(ˇ) ≤ Qspec, then set k = k + 1 and go to step

3.
(b) If QT(ˇ) > Qspec, go to 7.

(7) Select a new value of ˇ.
(a) If ˇL ≤ ˇ ≤ ˇU, then go to 6.
(b) If ˇ < ˇL or ˇ > ˇU, then stop.

Step 1 simply defines the desired separation for the distillation
sequence. Step 2 initiates the calculations by selecting an initial col-
umn sequence. We usually use the direct sequence in the absence

of any additional knowledge. An optimal design for all columns in
the initial sequence is determined in step 3 using the two-level
design method, which exploits the fact the total energy consump-
tion, QT,k, correlates directly with total stripping line distance, DT,k.
Step 4 defines lower and upper bounds for the parameter ˇ. Lower
and upper bounds can be determined by extrapolation using Eq.
(16) to desired non-key recovery fractions with careful attention
to feasibility. Step 5 simply chooses an initial value of ˇ to begin
the energy targeting search. Step 6 makes use of the fact that all
sequence designs are continuously differentiable in non-key com-
ponent recovery fractions, as illustrated in Fig. 3, and postulates a
new column sequence.

Step 7 is the key step in the energy targeting algorithm and
requires further discussion. Selecting new values of the line search
parameter, ˇ, can be implemented either using approximation or by
using rigorous global optimization methods, like the terrain (Lucia
& Yang, 2002, 2003) or barrier-terrain (Lucia et al., 2008a,b) meth-
ods, to intelligently search the c-2 dimensional space in non-key
recovery fractions.

8. Numerical examples

Two numerical examples are presented to illustrate the efficacy
of the proposed methodology for determining distillation column
sequences that use least energy. All computations were performed
on both a Pentium IV personal computer and a Dell 670 High Per-
formance Workstation using the Lahey-Fijitsu (LF95) compiler in
double precision arithmetic. All physical properties used in these
calculations are given in Appendix A.

8.1. Example 1

Example 1 involves an azeotropic mixture of methanol, acetone,
and water. The purpose of this example is to show that the pro-
posed procedure can (1) find global minimum energy distillation
sequences for mixtures that form azeotropes and (2) effectively
determine minimum energy designs for sequences with and with-
out thermal coupling. This example also illustrates that heuristics
fail to determine a feasible sequence and that the proposed energy
targeting methodology for finding minimum energy sequences can
identify infeasible configurations.

This is an interesting problem because methanol and ace-
tone form a pressure-sensitive minimum boiling, homogeneous
azeotrope that can be broken by lowering the pressure. Tradi-
tional methods for separating methanol and acetone either use
pressure swing distillation with or without an entrainer and with
and without heat integration. The most economical separation
technique, according to Knapp & Doherty (1992), is an optimized
thermally integrated extractive distillation with water. Other less
environmentally friendly solvents are not competitive. For exam-
ple, Knapp & Doherty (1992) found that pressure swing distillation
with methyl ethyl ketone (MEK) as the entrainer was not economi-
cally attractive because the separation of acetone from a mixture of
methanol and MEK is difficult. There is a tangent pinch that occurs
along the methanol-MEK axis, despite the fact that lower pressures
break the methanol-MEK azeotrope.

In this example, the separation of methanol, acetone and water
by vacuum distillation is studied, in which the UNIQUAC equation
is used to model the liquid phase and the vapor phase is assumed
to be ideal. UNIQUAC parameters for this example were taken
from Prausnitz et al. (1980). While a mixture of methanol, acetone
and water at 1.013 bar does not have any distillation boundaries,
the presence of the methanol–acetone azeotrope severely limits
design alternatives. A direct split of the ternary mixture cannot
be made because the azeotrope strongly attracts distillation lines.
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Table 4
Boiling points for methanol/acetone/water at various pressures.

Species p = 1.013 bar p = 0.5013 bar boiling
point (K)

p = 0.18013 bar

Methanol (M) 339.50 321.80 299.82
Acetone (A) 330.67 310.86 286.67
Water (W) 373.15 354.26 330.45
MA azeotrope 329.73 310.51 Non-existent

On the other hand, indirect and transition splits can be made but
leave a difficult azeotropic methanol–acetone separation for sub-
sequent columns in those sequences. Lowering the pressure to
0.18013 bar breaks the methanol–acetone azeotrope, changes the
topology of the underlying residue curve map significantly by mak-
ing acetone the stable node, and simultaneously opening up the
entire triangular feasible region for consideration. Table 4 lists the
boiling points for the pure components as well as the azeotropic
temperatures.

Fig. 4 shows residue curve maps for methanol/acetone/water at
p = 1.013 bar and 0.18013 bar as well as two examples of distillation
lines that demonstrate the difficulty in obtaining a direct split of the
ternary mixture, one using a reasonable boil-up ratio (s = 3.0) and
one using a high boil-up ratio (s = 10.0). Note that in both of these
cases the distillation line trajectories are drawn toward, but pinch
before, the azeotrope.

The steam ejectors required to pull a vacuum consume energy so
this approach might seem contrary to saving energy. However, this
interpretation needs to be balanced against the traditional pressure
swing distillation process. Moreover, if the binary separations in
any sequence are operated at 1.013 bar, the energy costs associated
with the ejectors in the vacuum distillation of the ternary mixture
can be offset to some degree because the temperature levels for the
distillation products make heat integration possible.

Consider a feed of 1 mol/h to the ternary column with a compo-
sition of 40 mol% methanol, 20 mol% acetone, and 40 mol% water.
Let the desired recoveries be 98 mol% and the specified product
compositions be greater than or equal to 0.95. Here sequences in
which any ternary and methanol–acetone distillations are operated
at a pressure of 0.18013 bar are studied; all other binary distilla-
tions are operated at 1.013 bar. Latent heats of vaporization, which
are shown in Appendix A, were adjusted for pressure using the
Watson correlation. We consider two cases—one without heat inte-
gration and the other with heat integration for those configurations
in which heat integration is possible.

8.2. Case 1: no heat integration

Here we consider the use of heuristics as well as the energy
targeting approach proposed in this article.

Heuristics Approach. Consider the following heuristics given in
Rudd et al. (1973):

(1) All other things being equal, aim to separate the more plentiful
components early (p. 167).

(2) All other things being equal, aim to separate into equal-sized
parts (p. 169).

(3) The difficult separations are best saved for last (p. 171).

Unfortunately, the problem with applying these heuristics is
that all other things are rarely if ever equal! At low pressure
and for the given ternary feed of 40 mol% methanol, 20 mol% ace-
tone and 40 mol% water, acetone is the light component, methanol
is the intermediate component and water is the heavy com-
ponent. Moreover, methanol and water are the most plentiful
components and the degree of difficulty of the various separations
from easiest to hardest is acetone–water, methanol–water, and
methanol–acetone. Heuristic 1 favors the removal of water first
while heuristic 3 suggests that the methanol–acetone separation
should be saved for last. Taken together heuristics 1 and 3 yield the
indirect sequence as the ‘best’ sequence in which water is removed
first as the bottoms product in a ternary distillation followed by
the binary separation of methanol and acetone. However, as we
show in the next sub-section, the indirect sequence is infeasible!
The optimal sequence for no heat integration in this example is the
direct sequence in which an acetone product is removed as the dis-
tillate in the ternary column and methanol and water are separated
in the second column!

8.3. Energy targeting approach

Even at low pressure, the separation of methanol and acetone is
difficult because the K-values are very close to one at high acetone
compositions. This fact tends to favor the sequence that performs a
direct split of the ternary mixture to remove acetone and then sep-
arates the resulting binary mixture of methanol and water, which
is a relatively easy separation. Using the proposed energy targeting
approach, we determined the global minimum energy sequence for
this separation without heat integration. These numerical results
are depicted in Fig. 5.

Fig. 4. Residue curve maps for methanol/acetone/water at 1.013 and 0.18013 bar.



Author's personal copy

A. Lucia, B.R. McCallum / Computers and Chemical Engineering 34 (2010) 931–942 939

Fig. 5. Energy targeting function all feasible methanol/acetone/water sequences.

Fig. 5 illustrates several important aspects of the separation:

(1) The 2-column, direct sequence is feasible at low pressure and
is the global minimum energy column sequence.

(2) There are two 3-column sequences that are local minimum
energy configurations.

(3) The indirect, 2-column sequence is infeasible.

It is particularly important to note that the 2-column,
indirect sequence is infeasible because an indirect split of
methanol/acetone/water is infeasible. The smallest value of non-
key recovery fraction that can be achieved in the ternary column
is approximately 0.525 because of the phase equilibrium at
0.18013 bar. Any attempt to strip additional methanol (and ace-
tone) from the bottoms stream of the ternary column requires a
boil-up ratio that moves the stripping trajectory well above the
corresponding rectifying pinch curve and results in infeasibility.

Table 5 gives numerical details for the global minimum energy,
2-column, direct sequence, in which both columns are pinched.

8.4. Case 2: heat integration

For this separation, heat integration is achieved by using the
vapor distillate from the methanol–water binary distillation to
supply some of the energy to the reboiler of the ternary distilla-
tion column. For example, in the 2-column, direct sequence the
vapor distillate from second column, the binary methanol–water
distillation, has a flow rate of 0.394 lbmol/h and an approximate
temperature of 340 K.

Table 5
Global minimum energy column sequence for methanol/acetone/water separation.

Column 1 Column 2

Bottoms composition, xB
a (0.495, 0.003) (0.010, 0.990)

Stripping stages 300 300
Boil-up ratio 1.4219 1.7709
Reboiler duty (Btu/h/mol feed) 19,626.70 12,305.54
Distillate composition, yD

b (0.040, 0.950) (0.990, 0.010)
Rectifying stages 300 300
Reflux ratio 4.4004 0.7897
Condenser duty (Btu/h/mol feed) 12,642.96 4721.86

a xB = (xM , xA).
b yD = (yM , yA).

Table 6
Energy savings from heat integration for the methanol/acetone/water separation.

Sequence Energy savings
(Btu/h/mol feed)

Energy savings (%)

2-Column, direct 5983.82 18.7
3-Column, transition 5378.86 8.99
3-Column, local min 3738.9 6.88

The bottoms stream from the ternary separator, on the other
hand, has a temperature of 315 K. Thus heat exchange is clearly
possible since the temperature approach is 25 K. The amount
of heat that can be supplied by the vapor distillate from the
methanol–water distillation is Q = D�Hvap, where �Hvap is the
heat of vaporization, and is equal to 5983.82 Btu/h. This amount
is approximately 30% of the heat required for the reboiler of
the ternary column and gives an overall energy savings for the
2-column, direct sequence of 18.7%. Similar heat integration is
also possible for both 3-column sequences. Specifically, for the
3-column, transition split sequence the bottoms stream from
the ternary column has a temperature of 310 K. The vapor dis-
tillate from the methanol–water distillation has a flow rate of
0.308 lbmol/h and thus the amount of heat that can be supplied
by this stream is 5378.86 Btu/h. While this is 76.6% of the heat
required by the ternary column, it is insignificant with respect
to the large amount of energy, 43,183.3 Btu/h, required by the
methanol–acetone distillation. Thus the overall energy savings
from heat integration of the 3-column, transition split is only 8.99%.
For the other local minimum 3-column configuration, the energy
savings is 3738.9 Btu/h, which again is 54% energy savings for the
ternary separator but only a 6.88% energy savings for the configu-
ration. Table 6 summarizes the energy savings that result from heat
integration for this example.

Fig. 6 shows a simple but practical heat integrated process
design for the pressure swing distillation for the separation of
methanol and acetone that uses roughly 9% more energy as com-
pared to the minimum energy required. That is, the boil-up ratio
for the ternary direct split at 0.18013 bar was set to s = 1.55 while
that for the atmospheric binary methanol–water separation was
s = 1.93. Note that both columns are reasonable in size, 41 and
31 stages, respectively, and easily make the desired separations,
recovering 99% of each organic with distillate compositions of 95%
acetone in the low pressure column and 99% methanol in the high
pressure column. Moreover, clean water (99%) is also produced in
the methanol–water separator, which could be used as a solvent
for an upstream feed of just methanol and acetone.

Fig. 6. Energy efficient design for methanol/acetone/water sequence.
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Table 7
Correlation between DT and QT for the direct-transition
sequence.

DT QT (Btu/h/mol feed)

2.09823 88,934.24
2.00646 84,002.33
1.82416 77,972.90
1.72431 75,859.91
1.65003 72,817.95

8.5. Example 2

The second example is a four-component hydrocarbon mix-
ture with a saturated liquid feed consisting of 25 mol% n-butane,
30 mol% iso-pentane, 20 mol% n-pentane, and 25 mol% n-hexane
at 27.229 bar. The goal of the sequence is to recover 99 mol% of
each component with a purity of at least 0.95 while the purpose
of this example is to illustrate that the proposed procedure can
find global minimum energy configurations for mixtures with more
than three components and can be applied to sequences that con-
tain some non-pinched, minimum energy columns. In this example,
the phase behavior of the hydrocarbon mixture was modeled using
the K—Wilson method (1968) with critical properties taken from
Elliott & Lira (1999).

To make the presentation clearer, we use the following
notation to identify components: A = n-butane, B = iso-pentane,
C = n-pentane and D = n-hexane. Table 7 shows that for any given
sequence, total energy consumed by the sequence correlates with
total stripping line distance. This monotonic behavior is illustrated
using the sequence {A/BCD; B/CD; BC/D; B/C; C/D}, which we call
the direct-transition sequence.

Fig. 7 shows the global minimum energy sequence as deter-
mined by the energy targeting approach described in this article.

The molar flows of the individual components in the feed are
roughly equal and simple relative volatility calculations show that
the separation between i-pentane and n-pentane is the most dif-
ficult separation. Using the heuristic from Rudd, Powers, & Siirola
(1973): ‘All other things being equal, save the most difficult separa-
tion for last’, we generated a base sequence, given by {A/BCD; BC/D;
B/C}, called the direct-indirect sequence. The minimum total strip-
ping line distance for the direct-indirect sequence was calculated
to be 1.91338 with a corresponding total energy consumption of
75,730.49 Btu/h/mol/feed. In this sequence, the binary separation
between i-pentane and n-pentane dominates the energy consump-
tion, using 46,434.05 Btu/h/mol feed or more than half of all of
the energy required. This direct-indirect sequence provides a base
sequence against which all other sequences are compared.

The global minimum energy sequence was calculated in the
following way. Using the two-level design method, sixteen (16)
ternary column and fifteen (15) binary column energy targeting
iterations were required to find the direct-direct sequence {A/BCD;
B/CD; C/D}, which had a minimum total stripping line distance

Fig. 7. Global min energy sequence from four-component separation.

Table 8
Total energy consumed and total stripping line distance for four-component
sequences.

Sequence DT QT (Btu/h/mol feed)

{A/BCD; B/CD; C/D} 1.95335 65,005.91
{A/BCD; BC/CD; B/C; C/D} 1.65003 72,817.95
{A/BCD; BC/Da; B/C} 1.91338 75,730.49
{ABC/BCD; A/BC; B/CD; B/C; C/D} 1.55342 83,491.18
{ABC/BCD; A/BC; BC/D; B/C} 1.45091 92,288.82
{ABC/Da; A/BC; A/B} 1.77439 94,533.26
{ABC/Da; A/BC; AB/C; A/B; B/C} 1.78711 93,601.53

a Non-pinched, minimum energy design.

determined to be 1.95335 and corresponding total energy con-
sumed of 65,005.91 Btu/h/mol feed. As expected, the column that
uses the most energy in this sequence is the ternary column that
takes i-pentane overhead since i-pentane and n-pentane are the
most difficult components in this mixture to separate. This ternary
column requires 41,301.07 Btu/h/mol feed, which is roughly two-
thirds of the energy for the sequence. Subsequent trials by the
energy targeting algorithm (i.e., line searching with the two-level
method) in the direction of the four-component transition and four-
component indirect sequences fail to find a sequence of lower total
energy consumption.

To verify that the direct-direct sequence {A/BCD; B/CD, C/D} is
the global minimum energy sequence, we computed total energy
requirements for other (non-optimal) sequences not investigated
by the energy targeting algorithm. Table 7 summarizes numerical
results for some of the possible sequences for this four-component
mixture. Sequences that are not shown in this table are infeasible
and contain at least one infeasible separation at some point in the
sequence. For example, the sequence {ABC/BCD; AB/C; B/CD; A/B;
C/D} is infeasible because the separation AB/C is infeasible. Sim-
ilarly, the sequence {AB/CD; A/B; C/D} is also infeasible because
the quaternary column cannot be operated in such a way that it
simultaneously meets all purity and recovery specifications for the
sequence.

The numerical results in Table 8 highlight the need for the
proposed energy targeting strategy and also illustrate that some
designs within a given sequence can be non-pinched minimum
energy designs.

First, note that there is no correlation between the total stripping
line distance as defined in Eq. (4) and the total energy consumed
among all sequences. For example, the global minimum energy
sequence {A/BCD; B/CD; C/D} has a larger total stripping line
distance of 1.95335 than the direct-indirect sequence {A/BCD;
BC/D*; B/C}, which has a total stripping line distance of 1.91338.
However, the global minimum energy sequence needs 14% less
total energy than the direct-indirect sequence to meet all sepa-
ration requirements of the sequence. Second, it is also important
to point out that sequences involving some columns with non-
pinched minimum energy requirements can also be found using
the two-level design method. While these sequences turn out to be
sub-optimal energy designs in this example, this fact clearly sug-
gests that the proposed energy targeting methodology could be
used to find such sequences if they were globally optimal. Finally,
note that this straightforward example shows that heuristics often
fail to give the correct sequence. For example, very few, if any
of the heuristics in Rudd et al. (1973) provide real guidance in
this case.

9. Conclusions

The shortest stripping line distance approach has been extended
to multiple column sequences. A new total stripping line dis-
tance metric was derived for column sequences. Numerical results
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show that total energy consumed for any fixed sequence correlates
with the new total stripping line distance function (i.e., as energy
consumption decreases, total stripping line distance decreases).
However, total stripping line distance cannot be used to determine
the most energy efficient sequence among all possible sequences.
Therefore, an energy targeting methodology was developed in the
context of the two-level design method of Amale & Lucia (2008b) to
determine the most energy efficient multiple column sequence for
a given set of desired separations. It was shown that the energy
targeting function can be used to reliably measure total energy
consumed as a continuous function of non-key component recov-
eries for all sequences and therefore provides a smooth connection
between different sequences and is easily implemented using the
line search parameter within the two-level design method. It was
also shown that the energy targeting methodology results in a
monotonic decrease in total energy consumed in moving from one
sequence to the next. Three examples were presented to show the
efficacy of the proposed energy targeting strategy. These numerical
results show that the proposed method can be used for mixtures
with ideal and nonideal phase behavior and column sequences with
and without heat integration.

All of the examples studied in this work did not involve mate-
rial recycle streams (e.g., as in azeotropic distillation sequences
involving solvent or entrainer recovery). In such cases, the proposed
energy targeting approach would require iteration to converge the
mass balances. However this can be easily handled using direct or
accelerated direct substitution convergence of recycles and is the
subject of a separate article.

Nomenclature
B bottoms product molar flow rate
D distillate molar flow rate
Ds, DT stripping line distance, total stripping line distance
F targeting function
HK heavy key component
K vector of equilibrium ratios
LK light key component

Ns, Nr, N number of stripping stages, number of rectifying stages,
total number of stages

p, pc pressure, critical pressure
q thermal quality of feed stream
QR, QC reboiler duty, condenser duty
Qspec specified value of total energy consumption
QT total energy consumed
r reflux ratio
s, smin boil-up or stripping ratio, minimum boil-up ratio
T, Tc temperature, critical temperature
V, V′ rectifying section vapor molar flow rate, stripping section

vapor molar flow rate
xj liquid molar composition on jth stage
x′

j
derivative of xj with respect to independent variable

x, xB, xD vector of liquid mole fractions, bottoms composition, liq-
uid distillate composition

xT, xF target composition, feed composition
yj vapor molar composition on jth stage
y, yD vector of vapor mole fractions, vapor distillate composi-

tion

Subscripts
B bottoms
D distillate
F feed
j stage number
spec specification

Greek symbols
˛ relative volatility
ˇ line search parameter for two-level design method
� tolerance for distillate product feasibility constraint
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Appendix A. Physical properties

Component Tc (K) pc (Pa) ω

(a) Critical properties (from Elliott & Lira, 1999)
n-Butane 425.2 3,797,000 0.193
i-Pentane 460.4 3,381,000 0.228
n-Pentane 469.7 3,369,000 0.249
n-Hexane 507.4 3,012,000 0.305

Component c1 c2 c3 c4 c5 c6

(b) Reidel constants for f0 = exp[c1 + c2/(T + c3) + c4T + c5 ln T + c6T2], T in K
Methanol 0.137610 −57.722 0. −5.9496 × 10−5 80.94 0.23181
Acetone −0.14358 46.384 0. 6.3961 × 10−5 47.60 0.24702
Water 0.0035888 −6.6689 0. −8.5084 × 10−7 221.20 0.2380

Component 1 Component 2 a12 a21

(c) UNIQUAC binary interaction parameters (Prausnitz et al., 1980 form of UNIQUAC model)
Methanol Acetone −96.90 359.10
Methanol Water −50.82 148.27
Acetone Water 530.99 −100.71

Component �Hvap at 1.013 bar (Btu/lbmol)

(d) Heats of vaporization
Methanol 15,133.27
Ethanol 16,595.01
Propanol 17,798.79
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Component �Hvap at 1.013 bar (Btu/lbmol) �Hvap at 0.18013 bar (Btu/lbmol)

(d) Heats of vaporization
Methanol 15,133.27 16,400.87
Acetone 12,525.59 13,625.71
Water 17,487.24 18,476.64

Component �Hvap at 25 ◦C (Btu/lbmol)a

(d) Heats of vaporization
n-Butane 9043.94
i-Pentane 10,558.80
n-Pentane 11,345.04
n-Hexane 13,545.00

a From Perry’s Handbook, 3rd edition, p. 3–112.
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