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The multi-scale Gibbs–Helmholtz constrained (GHC) equation is a new predictive cubic equation of state that con-

strains the energy parameter in the SRK equation to satisfy the Gibbs–Helmholtz equation. It makes use of internal

energies of departure calculated from NTP Monte Carlo simulations at the molecular length scale and a novel

up-scaling expression to determine the energy parameter at the bulk phase length scale.

In  this article it is shown that mathematical representation of isothermal molecular internal energies of departure

as  a staircase function in pressure leads directly to thermodynamic consistency of the multi-scale GHC equation.

Experimentally validated numerical results for density for pure components and mixtures, two- and three-phase

equilibrium, comparisons with other cubic EOS, and geometric illustrations are presented to illustrate key ideas and

to  show that the GHC equation provides both accurate and thermodynamically consistent numerical results.
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Keywords: Multi-phase equilibrium flash; Reservoir simulation; Equations of state; Multi-scale Gibbs–Helmholtz

constrained equation; Thermodynamic consistency

1.  Introduction

The multi-scale Gibbs–Helmholtz constrained (GHC) equation
of state is a radically new approach to equations of state
modeling and is currently part of a multi-phase equilibrium
flash suite (GFLASH) used in two separate advanced reser-
voir simulators [Finite element heat & mass transfer (FEHM)
developed and supported by Los Alamos National Labora-
tory and Automatic Differentiation-General Purpose Research
Simulator (AD-GPRS) developed and supported by Stanford
University]. These simulators are used to model enhanced oil
recovery (EOR), permafrost basins, and other reservoirs.

Reservoir simulation models are comprised of coupled
unsteady-state mass and energy balance equations (nonlinear
PDEs) plus constitutive relationships. For its part, GFLASH with
the GHC equation is used to repeatedly solve equilibrium flash
problems for each finite element or finite volume (i.e., grid
block) in a reservoir at each time step in order to determine the
number of equilibrium phases, their corresponding composi-
tions and densities, and other thermodynamic properties (e.g.,
fugacity coefficients, chemical potentials, and enthalpies).
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Reservoir simulation problems are generally computationally
intensive. To illustrate, Table 1 gives some statistics associ-
ated with the simulation of a single 2D horizontal layer in a
‘small’ 3D reservoir, where each horizontal layer consists of
approximately 5000 grid blocks.

Table 1 illustrates the scope of this class of problems.
Over the course of a simulation millions of flash solutions
and density roots to the equation of state are required. Com-
pare this to a distillation problem in which maybe hundred
and thousands of flash/roots to equation of state solutions
are required. Clearly the size of reservoir simulation prob-
lems is many  orders of magnitude larger than distillation
problems. Moreover, since reservoir models generally include
multi-phase flow through porous media, it is extremely impor-
tant to calculate both accurate and consistent densities and
phase equilibrium. Incorrect densities and phase equilibrium
impact the flow of each phase through the reservoir due to the
coupling of the PDEs and poor estimates of either can, over
time, corrupt a simulation.

The focus of this paper is the calculation of densities and
fugacities using the multi-scale GHC equation of state. The
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Nomenclature

a, aM pure component energy parameter, energy
parameter for liquid mixture

b, bi, bM molecular co-volume, pure component molec-
ular co-volume, mixture molecular co-volume

f, f̂i fugacity, partial fugacity for component i
p, pc pressure, critical pressure
R universal gas constant
T, Tc absolute temperature, critical temperature
UD, UD

i
, UD

M internal energy of departure for liquid,
internal energy of departure for component i,
mixture internal energy of departure

V, V̄i, VM molar volume, ith component partial molar
volume, mixture molar volume

xi ith component liquid mole fraction
z compressibility factor

Greek symbols
ϕ, ϕ̂i fugacity coefficient, ith component partial

fugacity coefficient
� molar density
ω acentric factor

Superscripts
calc calculated
D departure function
EOS equation of state
exp experimental
ig ideal gas

Subscripts
c critical property
i component index
M mixture

objective of this article is to show that the GHC equation
provides thermodynamically consistent densities and fugaci-
ties. Accordingly this paper is organized in the following way.
Section 2 provides the necessary theory and numerical veri-
fication of the thermodynamic consistency of the multi-scale
GHC equation. Section 3 shows that the multi-scale GHC equa-
tion provides accurate density and phase equilibrium results
in addition to being thermodynamically consistent. This is
important because if the calculated results were not accurate,
the GHC equation would not be useful in practice. Conclusions
of this work are presented in Section 4.

Table 1 – Illustrative statistics for a reservoir simulation
example.

Quantity Value

# of components 3 – CO2, C20H42, water
# flash problems = # of grid block 4867
Grid block dimensions 50 m2

# of flash iterations/time step 398,049
# of EOS solves/time step 790,712
Flash time/time step 2.95 CPU s
Time per flash/time step 0.00061 CPU s
Time step 2 days
Time horizon 400 days
Total simulation time 24.58 CPU min

2.  Thermodynamic  consistency:  theory  and
verification

In this section, the basic theory behind the multi-scale GHC
equation and verification of thermodynamic consistency are
presented.

2.1.  Theory

Starting with the pVT relationship or equation of state (EOS)

p = RT

V − b
− a

V(V + b)
(1)

and the Soave–Redlich–Kwong (SRK) expression for the natural
log of the fugacity coefficient

ln(ϕ) = z − 1 − ln

[
z(V − b)

V

]
−

(
a

bRT

)
ln

[
V + b

V

]
(2)

Lucia (2010) used the temperature derivative of Eq. (2),
(∂ ln ϕ/∂T)p, the Gibbs–Helmholtz equation

(
∂ ln ϕ

∂T

)
p

= − H

RT2
(3)

and the high pressure limit, lim
p→∞

V = b, to derive the following

expression for the attraction (or energy) parameter, a, in Eq.
(1) for pure liquids

a(T, p) =
[

a(Tc, pc)
Tc

+ bUD

Tc ln 2
+ 2bR ln Tc

ln 2

]
T − bUD

ln 2

−
[

2bR

ln 2

]
T ln T (4)

where Tc is the critical temperature, pc is the critical pressure,
a(Tc, pc) = 0.42748R2T2

c /pc, b is the molecular co-volume, R is
the gas constant, and UD is a molecular length scale inter-
nal energy of departure for the liquid phase given by UD =
UD(T, p) = U(T, p) − Uig(T), where Uig(T) is the ideal gas inter-
nal energy. Note that UD serves as a natural bridge between
the molecular and bulk phase length scales. When Eq. (4) is
used to determine the energy parameter in Eq. (1), the EOS
is called the multi-scale Gibbs–Helmholtz constrained (GHC)
equation of state.

The derivation for mixtures, follows essentially the same
steps as that for pure components. Starting with the funda-
mental expressions

GD
M

RT
= ln ϕM −

∑
ln ϕi (5)

where M denotes a mixture property and ϕi is the pure com-
ponent fugacity coefficient for component i and

(
∂ ln ϕM

∂T

)
p,x

= − HD
M

RT2
(6)

the general form of the EOS for the mixture

p = RT

VM − bM
− aM

VM(VM + bM)
(7)
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and the high pressure limit, lim
p→∞

VM = bM, Lucia (2010) derived

the expression for the energy parameter, aM, given by

aM =
{

0.42748R2TcM

pcM
+ bMUD

M

TcM ln 2
+ 2bMR ln TcM

ln 2

}
T

−bMUD
M

ln 2
−

(
2bMR

ln 2

)
T ln T (8)

where Kay’s rules, TcM = ∑
xiTci and pcM = ∑

xipci, are used
to determine mixture critical temperature and pressure,
bM =

∑
xibi, and UD

M =
∑

xiU
D
i

and where the quantities
Tci, pci, bi, and UD

i
are pure component critical temperatures,

critical pressures, molecular co-volumes, and internal ener-
gies of departure, and xi denotes the mole fraction of
component i. Note that Eq. (8) is essentially the one fluid the-
ory approximation of aM. It is also important for the reader to
understand that there is no explicit mixing rule for aM using
pure component energy parameters, a

′
i
s, and mixing and com-

bining rules.
The general form of the expression for the partial fugacity

coefficient of component i is

ln ϕ̂i = − ln
(

V − bM

V

)
+ RT

V − bM
−

(
1

nbM

)
ln

(
V + bM

V

)
(

∂n2am

∂ni

)
+

[
aM

b2
M

ln
(

V + bM

V

)
− aM

bM(V + nbM)

]
(

∂nbM

∂ni

)
− ln zM (9)

which, using (∂nbM/∂ni) = bi, simplifies to the

ln ϕ̂i =
(

bi

bm

)
(zM − 1) − ln(zM − bM)

+
(

AM

BM

)[
bi

bM
− (∂n2aM/∂ni)

aM

]
ln

(
1 + BM

zM

)
(10)

where AM = paM/R2T2 and BM = pbM/RT. To complete the
expression for ln ϕ̂i the derivative (∂n2aM/∂ni) must be deter-
mined. The expression for (∂n2aM/∂ni) is quite tedious because
the expression for aM is complicated and is given in Appendix
in Lucia et al. (p. 96, 2012). There is no need to repeat it here. As
noted in Lucia and Bonk (2012) the term (∂n2aM/∂ni)/aM plays
the role of the term (2/a˛)

[∑
xi(a˛ij)

]
in the SRK equation with

Lorentz–Berthelot mixing rules, where a  ̨ =
∑ ∑

xixj(a˛)ij.
In summary, it is very important for the reader to under-

stand that the multi-scale GHC equation of state starts with
the exact same expression for ln(ϕ) or ln ϕ̂i, as the SRK EOS, cal-
culates the temperature derivative of ln ϕ or ln ϕM, and
then uses the Gibbs–Helmholtz equation to constrain a or am

to derive the radically different expressions for the energy
parameter given by Eqs. (4) and (8). The question central to this
article is whether or not the a posteriori development of the
multi-scale GHC expressions for a and am preserve thermo-
dynamic consistency. As shown in Section 2.3, and illustrated
throughout this article, that depends on the methodology for
estimating UD and UD

M.

2.2.  Internal  energies  of  departure  from  NTP  Monte
Carlo  simulations

Before turning to the issue of thermodynamic consistency, we
briefly describe our procedure for constructing look-up tables
of pure component internal energies of departure using NTP
Monte Carlo simulations. Pure component look-up tables con-
tain discrete sets of UD

i
as a function of T and p, at varying

intervals of temperatures from 250 to 600 K (or 750 K in the case
of water) and pressures from 1 to 600 bar. In generating one UD

i

data point for a given T and p, we  typically use a small num-
ber of particles (e.g., N = 32 particles) and run 4 sets of 50,000
equilibration cycles + 400,000 sampling cycles. Results for all 4
sets are then averaged and entered as a single data point in
a look-up table. This procedure is described in considerable
detail in Lucia et al. (p. 82, 2012) and has been cross validated
with MCCCS Towhee [see http://towhee.sourceforge.net], an
open source Monte Carlo simulation code.

The key points in generating and using molecular length
scale information are (1) look-up tables contain discrete sets
of UD

i
data with uncertainty, (2) defining UD

i
for points between

values of T and p in look-up tables is open and can be done in
any number of ways (e.g., by averaging and linear interpola-
tion), and (3) each way of defining UD

i
impacts thermodynamic

consistency differently.

2.3.  Verification

To verify the thermodynamic consistency of the GHC equation,
the following expressions are needed

V = RT

(
∂ ln f

∂p

)
T

= RT

p
+ RT

(
∂ ln ϕ

∂p

)
T

(11)

for pure components

VM =
∑

xiV̄i (12)

and

V̄i = RT

(
∂ ln f̂i

∂p

)
T,x

= RT

p
+ RT

(
∂ ln ϕ̂i

∂p

)
T,x

(13)

for mixtures. It is important for the reader to understand that
Eqs. (11)–(13) only hold locally (at a given state of the system)
and therefore can only be verified at a given thermodynamic
state. This means that while the derivation of ln ϕ requires
that a = a(T) only, the condition of thermodynamic consis-
tency only holds locally. This means that a = a(T) only can
be relaxed locally and we are free to define the functionality
of a differently as long as we do not violate thermodynamic
consistency.

The procedure for verifying thermodynamic consistency is
as follows:

1) Fix T for pure components or T and x for mixtures. Set ∈ to
some small number (e.g., 10−4).

2) Choose p.
3) Establish a methodology for determining UD

i
at the given T

and p (e.g., nearest point in look-up table and interpolation)
4) Compute f = ϕp or f̂i = xiϕ̂ip as a function of p using Eqs.

(2) and (10), where a and aM are calculated using Eqs. (4)
and (8) respectively.
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Table 2 – UD data for liquid water at 300 K.

p (bar) UD
(

105 cm3 bar
mol

)
2 Standard

deviations(
cm3 bar

mol

)
1 −4.642509 555.76
50 −4.648747 523.10
100 −4.645808 516.56
200 −4.650324 491.37
300 −4.646392 629.42
400 −4.650447 215.09

5) Set �p (e.g., 10−3), calculate p = p + �p,  and use finite
differences to approximate the pressure derivatives
(� ln f/�p)T or (� ln f̂i/�p)T,x.

6) Do the following:
a) For pure components, calculate V from Eq. (11) and VEOS

by solving the GHC cubic EOS.
b) For mixtures, calculate VM from Eqs. (12) and (13) and

VEOS
M by solving the GHC cubic EOS.

7) Check the following difference
a) If |V − VEOS| < ∈
b) if |VM − VEOS

M | < ∈
8) If the condition in (7a) or (7b) is satisfied, then the GHC

equation is thermodynamically consistent.

The critical step with regard to thermodynamic consis-
tency is the methodology used to determine UD

i
(T, p), which

can be conveniently separated into two parts - a temperature
part and a pressure part. Some of the ways in which UD

i
can

be determined are as follows:

1) For any temperature, T, linear interpolation between the
appropriate isothermal UD

i
data in a look-up table can be

used to determine UD
i

(T, p).
2) There are various ways to include the pressure effect once

the temperature effect has been calculated.
a) Average UD

i
over the pressure range of interest, say

ŪD
i

(T). In this case, UD
i

(T, p) = ŪD
i

(T) for all pressures at
the given temperature, T. There will generally be a dif-
ferent average value at each temperature.

b) For the given pressure p, set UD
i

(T, p) = nearest UD
i

(T, p).
c) For the given pressure p, use linear interpolation in pres-

sure.

We recommend using linear interpolation in temperature,
as in step 1, followed by setting UD

i
(T, p) = nearest UD

i
(T, p),

Table 4 – Linear interpolation of UD data in temperature.

p (bar) UD
(

105 cm3 bar
mol

)
270 K 273.15 K 270 K

1 −4.841921 −4.820983 −4.642509
50 −4.833546 −4.814142 −4.648747
100 −4.829923 −4.810591 −4.645808
200 −4.834568 −4.815222 −4.650324
300 −4.830789 −4.811427 −4.646392
400 −4.836228 −4.816721 −4.650447

which is the equivalent of constructing isothermal staircase
functions for UD

i
(p).

Clearly (2a) yields thermodynamic consistency since the
use of average ŪD

i
(T) at all pressures for any given T

implies a and aM depend only on temperature. Also, (2b)
yields thermodynamic consistency because the condition for
thermodynamic consistency, V = RT(∂ ln f/∂p)T, involves only
point functions, and thus holds locally. We  do not recommend
using linear interpolation in pressure.

2.3.1.  Pure  components
In this sub-section three separate cases for determining UD for
pure components are described.

Case 1. Direct use of UD in look-up table. Table 2 gives UD(p)
data for water at 300 K. Table 3, on the other hand, shows the
details of a specific computation at 100 bar that verifies the
condition of thermodynamic consistency for the GHC equa-
tion using a finite difference pressure derivative for a pressure
perturbation �p = 10−3 bar. Table 2 clearly shows that the
GHC equation satisfies the condition of thermodynamic con-
sistency since |V − VEOS| = 1.119 × 10−7 cm3/mol.

Case 2. Linear temperature interpolation of UD. The results
in Table 3 correspond to a case where T and p correspond
to a data point in the UD look-up table for water. Suppose
instead, the specified temperature did not correspond to a
temperature in the look-up table for water. Then linear inter-
polation should be used. That is, suppose the UD look-up
table for water contained data at 270 and 300 K but the given
temperature was 273.15 K. Table 4 shows the results of lin-
ear temperature interpolation of UD. Table 5 shows results
for the computational verification of thermodynamic consis-
tency for T = 273.15 K and p = 300 bar and clearly shows that
the GHC equation satisfies thermodynamic consistency since
|V − VEOS| = 1.695 × 10−7 cm3/mol.

Case 3. Temperature and pressure effects on UD. Table 6
repeats the same verification of thermodynamic consistency

Table 3 – Illustration of thermodynamic consistency for the GHC equation for liquid water at 300 K.

Quantity Value

Base case Perturbed case

T (K) 300 300
p (bar) 100 100.001
UD (cm3 bar/mol) −4.645808 −4.645808
a (cm6 bar/mol2) 9,385,174.5726 9,385,174.5726
z 0.0721467439614 0.0721474649322
� (mol/cm3) 0.0555694781809 0.0555694785634
V (cm3/mol) from EOS 17.99549019955 17.99549008
ln f −6.165093091207913 −6.165092369740478
(� ln f/�p)T 0.000721467435127
V (cm3/mol) from Eq. (12) 17.99549008764
|V − VEOS| 1.119 × 10−7
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Table 5 – Thermodynamic consistency results for the GHC equation for liquid water at 273.15 K.

Quantity Value

Base case Perturbed case

T (K) 273.15 K 273.15 K
p (bar) 300 300.001
UD (cm3 bar/mol) −4.811427 −4.811427
a (cm6 bar/mol2) 9,853,314.4525 9,853,314.4525
z 0.2342242459732 0.2342250254902
� (mol/cm3) 0.0563978449856 0.0563978452819
V (cm3/mol) from EOS 17.731173952732 17.73117386
ln f −8.3842699423298 −8.382691615823
(� ln f/�p)T 0.0007807474791
V (cm3/mol) from Eq. (12) 17.731173783187
|V − VEOS| 1.695  × 10−7

for the case where the temperature and pressure of interest
do not correspond to a data point in the look-up table.
Here the methodology for choosing UD consists of lin-
ear interpolation in temperature followed by UD(T, p) =
nearest UD(T, p). Let T = 273.15 K and p = 220 bar. From Table 4,
UD(T, p) = nearest UD(T, p) = −4.815222 × 105 cm3 bar/mol.
Once again, the GHC equation satisfies the condi-
tion of thermodynamic consistency in this case since
|V − VEOS| = 1.458 × 10−7 cm3/mol.

These exercises verifying the thermodynamic consistency
of the GHC equation have been repeated for a large number
of pure components and different conditions of temperature
and pressure and in all cases the condition defining thermo-
dynamic consistency (i.e., condition 7a) in Section 2.3 was
satisfied.

2.3.2.  Mixtures
In this sub-section, verification of the thermodynamic con-
sistency of the multi-scale GHC equation for mixtures is
presented.

2.3.2.1.  Methane–water.  Mixtures of light gas and water are
usually challenging so we have selected the methane–water
system as a first example to illustrate the thermodynamic con-
sistency of the multi-scale GHC equation for mixtures. Table 7
shows calculated results comparing the mixture volume cal-
culated from the GHC EOS, VEOS

M , and the mixture volume
calculated using Eqs. (12) and (13), VM, for methane–water
VLE at conditions of temperature and pressure given in Servio
and Englezos (2002), where all (� ln f̂i/�p)T,x were computed
by forward finite differences using �p = 10−3 bar. Note that

Table 6 – Thermodynamic consistency for the GHC equation for liquid water at 273.15 K and 220 bar.

Quantity Value

Base case Perturbed case

T (K) 273.15 K 273.15 K
p (bar) 220 220.001
UD (cm3 bar/mol) −4.815222 −4.815222
a (cm6 bar/mol2) 9,858,492.5616 9,858,492.5616
z 0.17182926573979 0.1718300458695
� (mol/cm3) 0.05637657017797 0.0563765704773
V (cm3/mol) from EOS 17.7378651599977 17.73786507
ln f −8.4558504419592 −8.4558496609170
(� ln f/�p)T 0.00078104212342
V (cm3/mol) from Eq. (12) 17.737865305845
|V − VEOS| 1.458 × 10−7

Table 7 – Thermodynamic consistency of the GHC equation for liquid phase in methane–water VLE.

T (K) p (bar) xGHC
CH4 VEOS

M

(
cm3

mol

)
VM

(
cm3

mol

)
Error = |VM − VEOS

M |

278.65 35 0.001104 17.82230032533609 17.82230041370546 8.836936871 × 10−8

280.45 35 0.001098 17.83846947890100 17.83846955976809 8.086709258 × 10−8

281.55 50 0.001379 17.85079049395588 17.85079044671112 4.724476454 × 10−8

282.65 50 0.001374 17.86063990857652 17.86063968280504 2.257714797 × 10−7

283.25 65 0.001660 17.86940920717577 17.86940924972613 4.255035435 × 10−8

284.35 65 0.001653 17.87928987627068 17.87928977668451 9.958616331 × 10−8

VM calculated from Eqs. (12) and (13), where
(

∂  ln f̂i
∂p

)
T,x

is calculated using finite difference.
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Table 8 – UD
i

for methane and water at 280.45 K.

Methane Water

p (bar) UD
(

105 cm3 bar
mol

)
p (bar) UD

(
105 cm3 bar

mol

)
1 −0.86132 1 −4.77545
35 −0.86333 35 −4.76963
50 −0.86421 50 −4.77194
65 −0.86502 65 −4.77085
100 −0.86690 100 −4.76855

Table 9 – Thermodynamic consistency of GHC equation for CH4–water at 280.45 K and 35 bar.

Methane Water Mixture

x 0.001098199 0.998901801
� ln f̂i/�p 0.001465361138 0.000764257667
V̄i (cm3/mol) 34.16849145680 17.82052004429
VM (cm3/mol) 17.83847337
VEOS

M (cm3/mol) 17.83847324

Table 10 – Feed and equilibrium phase compositions for VLLE solution.

Feed Liquid 1 Vapor Liquid 2

CO2 0.3 0.000927 0.998475 0.101631
n-Octane 0.2 1.499 × 10−10 0.001239 0.898365
Water 0.5 0.999073 0.000285 3.588 × 10−6

Phase fraction 1 0.500384 0.277372 0.222244
Density (mol/cm3) 0.017749 0.055088 0.000850 0.006435

in each case, |VM − VEOS
M | < 10−6 cm3/mol; and thus the con-

dition of thermodynamic consistency is satisfied. Values of
internal energies of departure for methane and water deter-
mined by the methodology described in Section 2.3 can be
found in Table 8. The details of a specific computation, includ-
ing finite difference values for (� ln f̂i/�p)T,x and computed
partial molar volumes, verifying thermodynamic consistency
of the GHC equation can be found in Table 9.

2.3.2.2.  CO2–octane–water.  In this second example for mix-
tures, a vapor–liquid–liquid equilibrium (VLLE) flash solution
is used to verify the thermodynamic consistency of the GHC
equation. Table 10 gives the feed and equilibrium phase com-
positions for a flash of 30 mol% CO2, 20 mol% n-octane and
50 mol% water at 313.15 K and 20 bar computed using the GHC
equation. Table 11, on the other hand, provides details of the
verification that the feed and both liquids in the VLLE sat-
isfy conditions of thermodynamic consistency. Note that in all
cases the condition of thermodynamic consistency is satisfied.

2.4.  The  staircase  function

This next section of the paper provides a brief summary
of the underlying mathematical framework for the pres-
sure dependence of UD

i
. Use of the methodology UD

i
(T, p) =

nearest UD
i

(T, p) is equivalent to defining UD
i

as a staircase
function in pressure, where the staircase function is simply
a mathematical construct that permits any quantity, in this
case internal energy of departure, to vary with respect to any
independent variable (e.g., pressure) and has the following
mathematical properties:

1) It is not continuous everywhere. In fact, the smaller the
step width (run) and step height (rise) of the staircase,

the finer the granularity and number of points of disconti-
nuity for a given range.

2) It has either a derivative or one-sided derivative of zero
everywhere.

Fig. 1 gives an illustration of a staircase function for UD
i

for
liquid water at 273.15 K for pressures between 10 and 100 bar
for a run (or staircase width) of 10 bar. Thirty-two (32) water
molecules and an average of 4 runs of 50,000 equilibration
steps and 400,000 production cycles were used to generate
each UD

i
data point (denoted by X) shown in Fig. 1. Fig. 1 also

shows the uncertainty in UD
i

for the 95% confidence limit (or
2 standard deviations) for some of the discrete values of UD

i
,

where uncertainties are shown as black diamonds with error
bars.

Fig. 1 – Isothermal staircase function for UD for water
versus pressure.
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Table 11 – Thermodynamic consistency of GHC equation for VLLE problem at 313.15 K and 20 bar.

Methane Octane Water Mixture

UD
i

(cm3/mol) −6250.34 −352,145.87 −456,546.82
Feed
x 0.3 0.2 0.5
� ln f̂i/�p 0.00192701 0.00692305 0.00040258
V̄i (cm3/mol) 50.1719576 180.250292 10.4816483
VM (cm3/mol) 56.34246990
VEOS

M (cm3/mol) 56.32473184
|VM − VEOS

M | 3.2869X10−6

Liquid 1
x 0.000927 1.499 × 10−10 0.999073
� ln f̂i/�p 0.00129113 0.00627762 0.000696657
V̄i (cm3/mol) 33.6157158 163.445547 18.13832042
VM (cm3/mol) 18.15266904
VEOS

M (cm3/mol) 18.15266879
|VM − VEOS

M | 2.4536 × 10−7

Liquid 2
x 0.101631 0.898365 3.588 × 10−6

� ln f̂i/�p 0.00286247 0.00631953 0.00249126
V̄i (cm3/mol) 74.5280348 164.536732 64.8625668
VM (cm3/mol) 155.3885599
VEOS

M (cm3/mol) 155.3887433
|VM − VEOS

M | 1.4362 × 10−5

Note that by adopting an isothermal staircase represen-
tation of the pressure dependence of the internal energy of
departure the following statements are true:

1) UD
i

clearly depends on pressure but the derivative (or one-
sided derivative) of UD

i
(T, p) with respect to p at constant

temperature, (∂UD
i

/∂p)
T

= 0.

2) The staircase can have any desired level of granularity.
3) Finer granularity can be achieved by adding more  NTP

Monte Carlo simulations data to the look-up table. Each
step of the staircase would then have a smaller height (rise)
and smaller run (width).

4) The staircase function in Fig. 1 can also be interpreted as
quasi-linearization of UD

i
with respect to p, as described by

Bellman (1973). Quasi-linearization in this context is sim-
ply a Taylor series of isothermal UD

i
(T, p) expanded about a

discrete data point with all pressure derivatives set to zero.
5) Since (∂UD

i
/∂p)

T
= 0 everywhere, this clearly implies that

(∂a/∂p)T = 0 and therefore the multi-scale GHC equation is
thermodynamically consistent.

The proposed staircase procedure for isothermal values of
molecular UD

i
with respect to pressure stands in stark contrast

to more  traditional approaches where

1) A least-squares, chi-squared, or maximum likelihood func-
tion is used to fit internal energies of departure so that bulk
phase UD

i
can be treated as a smooth function of pressure.

2) Multiple NTP Monte Carlo simulations are run at different
pressures, averaged, and then numerical differentiation is
used to approximate bulk phase (∂UD

i
/∂p)

T
.

In contrast and regardless of granularity, using a stair-
case representation of UD

i
versus p, gives molecular values of

(∂UD
i

/∂p)
T

that are always zero!

Recall that molecular internal energies of departure for
mixtures, UD

M, are calculated using the simple linear mixing
rule

UD
M =

∑
xiU

D
i (14)

where xi and UD
i

are the mole fraction and internal energy
of departure for the ith component in the mixture. If each
UD

i
in Eq. (14) is given by an isothermal staircase function in

pressure, then UD
M is also an isothermal staircase function.

Moreover there is no restriction that the UD data points for
each component need to coincide or that the height (rise) or
width (run) of each staircase function for UD

i
be the same.

These facts are easily proved. However, in our opinion, it is
more  informative and instructive to give a clear geometric
interpretation of these facts. Thus Fig. 2 shows the component
staircase function for water, UD

water, as well as the staircase
function for UD

M for an aqueous-rich mixture of 3 mol% carbon

Fig. 2 – Isothermal staircase functions for UD
water and

UD
CO2–water versus pressure.
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Table 12 – Internal energies of departure for CO2, water and 3 mol% CO2–97 mol% water at 300 K.

Water Carbon dioxide Mixture

p (bar) UD
(

105 cm3 bar
mol

)
p (bar) UD

(
105 cm3 bar

mol

)
p (bar) UD

(
105 cm3 bar

mol

)
50–100 −4.64874 50–75 −0.17592 50–100 −4.50927
100–200 −4.64580 75–150 −0.77962 100–200 −4.50642
200–300 −4.65032 150–225 −0.98094 200–300 −4.51081
300–400 −4.64639 225–300 −1.03888 300–400 −4.50699

300–400 −1.07664

dioxide and 97 mol% water with uncertainty bars. Due to the
large differences in scale between UD

CO2
and UD

water, the stair-
case function for UD

CO2
is not shown in Fig. 2. However, UD data

for both components and the mixture are given in Table 12
to illustrate that the UD data points for CO2 and water do not
need to coincide. The conditions of temperature, pressure and
composition in Fig. 2 were selected because they correspond
to approximate conditions in Teng et al. (1997).

2.5.  Molecular  vs.  bulk  phase  (∂UD/∂p)T

While the pressure functionality of UD at the molecular scale
is given by the staircase function and its pressure derivative
is everywhere zero, bulk phase values of UD can still be calcu-
lated from

UD =
(

1
b

)  [
a − T

(
∂a

∂T

)]
ln

(
1 + b

V

)
(15)

and bulk phase pressure derivatives of the internal energy of
departure readily computed from

(∂UD/∂p)T = −
[
T(∂V/∂T)p + p(∂V/∂p)T

]
(16)

where the partial derivatives (∂V/∂T)p and (∂V/∂p)T are easily
calculated from the equation of state. See pp. 511–512 in Walas
(1985) for a derivation of Eq. (15). Moreover, for any phase one
would expect the bulk phase value of UD to become more  neg-
ative (i.e., move farther away from the ideal gas state of UD = 0)
as pressure increases so (∂UD/∂p)T should be negative. Table 13
gives the bulk phase pressure derivative of internal energies of
departure in the multi-scale GHC framework for liquid water
at 273.15 K and shows that there are no inconsistencies cre-
ated by the staircase approximation of UD at the molecular
scale with regard to bulk phase internal energies and their
associated pressure derivative.

3.  Density  and  phase  equilibrium  results

In our opinion, thermodynamic consistency is only part of the
picture. Any given equation of state must also provide accurate
densities and phase equilibrium to be useful in practice.

3.1.  Pure  components

Table 14 gives a comparison of liquid density predictions for
the SRK equation (Soave, 1972) with Peneloux volume trans-
lation (SRK+) (Peneloux et al., 1982), the volume translated
Peng–Robinson (VTPR) equation (Ahlers and Gmehling, 2001),
and the GHC equation with experimental data for a number
of different compounds. The symbol Nd in Table 14 refers to
the number of experimental data points and AAD% error is
calculated as

AAD% = 1
Nd

Nd∑
i=1

100|(�exp
i

− �calc
i

)|
�

exp
i

(17)

or

AAD% = 1
Nd

Nd∑
i=1

100|(Vexp
i

− Vcalc
i

)|
V

exp
i

(18)

depending on the way the experimental data was reported.
The summation in the definition of AAD% error is over all data
points. Note that Table 14 shows that overall the VTPR and
GHC equations are superior to the SRK+ equation and that
the multi-scale GHC equation provides more  accurate density
predictions than the VTPR equation.

Table 15 compares detailed calculations of molar density
for liquid water at 273.15 K with the experimental data of Kell
and Whalley (1965). Note again that the AAD% error in molar
volume is quite small – less than 1%.

Table 13 – Bulk phase (∂UD/∂p)T for the GHC EOS for water at 273.15 K.

p (bar) (∂UD/∂p)T (cm3/mol) p (bar) (∂UD/∂p)T (cm3/mol)

5.30 −1.9977 210.28 −1.9397
12.60 −1.9958 268.57 −1.9239
20.00 −1.9939 326.95 −1.9077
27.40 −1.9921 385.22 −1.8911
42.11 −1.9884 443.49 −1.8755
56.81 −1.9841 501.85 −1.8601
71.51 −1.9801 560.11 −1.8444
86.31 −1.9760 618.47 −1.8289
101.01 −1.9720 676.71 −1.8137
115.71 −1.9768 735.06 −1.7986
130.52 −1.9631 793.29 −1.7838
151.89 −1.9568
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While it is tempting to extrapolate the results for average
UD in Table 15, we  caution the reader to be careful. For water
at 273.15 K, the values of UD do not change very much as a
function of pressure, and this is the primary reason why an
average value of UD gives acceptable density predictions. If,
on the other hand, we  consider n-octane at 298.15 K, the sit-
uation is much different because the values of UD vary from
−3.97 × 105 to −5.58 × 105 cm3 bar/mol over the pressure range
100–700 bar. In this case, an average value of UD gives an
AAD% error in octane mass density of 0.85 when compared
to experimental data from NIST, which is almost twice that
for an isothermal staircase representation of UD, which gives
an AAD% error of 0.46.

3.2.  Mixtures

In this sub-section, density and phase equilibrium results for
a number of mixtures are presented and, where possible, cal-
culated results are compared with experimental data.

3.2.1.  Density
In this section, density predictions for CO2–water and
NaCl–water are presented to illustrate that the GHC equa-
tion provides accurate mixture densities in addition to being
thermodynamically consistent. Density results for the GHC
equations are also compared with predictions using the SRK+,
PSRK, VTPR, and, where applicable, the ePSRK equations of
state, and with experimental density data.

3.2.1.1.  CO2–water.  Table 16 further illustrates the efficacy
of using a composite isothermal staircase function for UD

M
and the multi-scale GHC approach by providing details of
the density predictions of the SRK+, VTPR and GHC equa-
tions with the experimental data in Teng et al. (1997). Results
for the GHC equation shown in Table 16 were calculated
using an isothermal staircase function for UD

M with a width
of 1 bar. Staircase functions for CO2 and water with runs of
1 bar were determined from the NTP Monte Carlo simula-
tion data. Note that the VTPR equation shows the unusual
trend of decreasing mass density with increasing pressure,
which is counter to the pressure trend of the experimen-
tal density data in Teng et al. (1997). Critical properties
and the b parameter for water and CO2 can be found in
Appendix. Table 16 also shows that the multi-scale GHC
equation outperforms the SRK+ and VTPR equations in pre-
dicting mass densities of aqueous phase CO2–water mixtures
and we attribute this superior performance to the unique
multi-scale GHC expression for the mixture energy parameter,
aM.

3.2.1.2.  CO2–water  and  NaCl–water.  Table 17 summarizes
some comparisons of experimental densities for mixtures
with densities calculated by the SRK+, VTPR, predictive SRK
(PSRK) or electrolyte PSRK (ePSRK) of Kiepe et al. (2004), and
GHC equations. Unfortunately experimental liquid density
data for mixtures is not as readily available as that for pure
components. Nonetheless, Table 17 shows that the multi-scale
GHC equation does an excellent job of matching experimental
density data for mixtures.

3.2.2.  Phase  equilibrium
The phase equilibrium calculations of mixtures exhibiting
vapor–liquid and vapor–liquid–liquid behavior are described
in Sections 3.2.2.1 and 3.2.2.2.
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Table 15 – Comparison of molar volumes for water at 273.15 K calculated using pressure dependent energy parameters in
the GHC equation.

p (bar) Vexp(cm3/g) VGHC(cm3/g) UD
(

105 cm3 bar
mol

)
% Error VGHC(cm3/g) % Error

5.30 0.999882 0.985710 −4.8202486 1.417323 0.985746 1.413756
12.60 0.999512 0.985675 −4.8190009 1.384332 0.985707 1.381150
20.00 0.999138 0.985640 −4.8177360  1.350921 0.985667 1.348221
27.40 0.998762 0.985623 −4.8164712 1.315536  0.985628 1.315070
42.11 0.998025 0.985570 −4.8139570 1.247922 0.985548 1.250177
56.81 0.997282 0.985500 −4.8136492 1.181367 0.985469 1.184494
71.51 0.996550 0.985430 −4.8125840 1.115804 0.985391 1.119803
86.31 0.995813 0.985360 −4.8115116 1.049646 0.985311 1.054617
101.01 0.995088 0.985308 −4.8106384 0.982826 0.985231 0.990527
115.71 0.994362 0.985221 −4.8113211 0.919325 0.985154 0.926048
130.52 0.993637 0.985133 −4.8120090 0.855830 0.985076 0.861572
151.89 0.992594 0.985011 −4.8130015 0.763979 0.984964 0.768739
210.28 0.989782 0.984679 −4.8148340 0.515589 0.984656 0.517881
268.57 0.987033 0.984399 −4.8126312 0.266820 0.984353 0.271548
326.95 0.984329 0.984103 −4.8128934 0.022989 0.984051 0.028292
385.22 0.981681 0.983754 −4.8160630 0.211159 0.983752 0.211000
443.49 0.979074 0.983458 −4.8161323 0.447730 0.983457 0.447695
501.85 0.976526 0.983179 −4.8155411 0.681283 0.983163 0.679688
560.11 0.974014 0.982866 −4.8178194 0.908771 0.982872 0.90948
618.47 0.971560 0.982552 −4.8201016 1.131417 0.982584 1.13464
676.71 0.969142 0.982239 −4.8223790 1.351448 0.982299 1.35759
735.06 0.966770 0.981927 −4.8246608 1.567766 0.982015 1.576939
793.29 0.964442 0.982380 −4.8269379 1.859936 0.981735 1.793039

AAD% 0.980422 0.980085

* Experimental data from Kell and Whalley (1965).

Table 16 – Experimental and calculated densities of CO2–H2O at 283 K.

p (bar) xCO2 �exp (kg/m3) �calc (kg/m3) and % error

SRK+ % Error VTPR % Error GHC % Error

64.4 0.0279 1016.97 1042.31 2.49 1014.32 0.26 1025.61 0.85
98.7 0.0294 1018.60 1043.30 2.42 1012.41 0.61 1026.47 0.77
147.7 0.0305 1019.40 1044.77 2.49 1009.12 1.01 1027.45 0.79
196.8 0.0316 1020.75 1046.07 2.48 1005.89 1.46 1028.43 0.75
245.8 0.0326 1021.70 1047.33 2.51 1002.67 1.86 1029.34 0.75
294.9 0.0334 1023.98 1048.51 2.40 999.4 2.40 1030.16 0.60

AAD% 2.47 1.27 0.75

3.2.2.1.  Methane–Water  VLE.  Here we  compare vapor–liquid
phase equilibrium (VLE) results for the SRK+, VTPR, and GHC
equations in the form of solubility of methane in liquid water
with experimental data taken from Servio and Englezos (2002)
for conditions that admit a VLE solution. Methane compo-
sition in the equilibrium water-rich liquid phase is given in
Table 18.

While there is some scatter in the GHC predictions of
methane solubility in water shown in Table 18, overall these
results are quite reasonable and capture all of the correct
physics associated with gas solubility. In particular, the multi-
scale GHC equation predicts decreasing methane solubility
(degassing) with increasing temperature and higher methane
solubility with increasing pressure. Remember, unlike many
other EOS, the multi-scale GHC equation does not use binary
interaction parameters (kijs) and is purely predictive. In

contrast, calculated methane solubility in water using the
SRK+ equation with no binary interaction parameter (i.e.,
kij = 0) and the VTPR equation at the conditions given in
Table 18 are quite poor – 3 orders of magnitude too low.

3.2.2.2.  CO2–Octane–Water  VLLE.  The purpose of this exam-
ple is to show that the multi-scale GHC equation is capable
of reliably predicting 3-phase equilibrium. Therefore, con-
sider again a mixture of 30 mol% CO2, 20 mol% n-octane and
50 mol% water at 313.15 K and 20 bar. Table 10 gives the feed
and VLLE solution. Pure component critical properties and b
parameters for the GHC equation can be found in Appendix.

In this example, the VLLE solution is found by travers-
ing a sequence of flash sub-problems – in this case from
single liquid to liquid–liquid, to vapor–liquid, and finally
to vapor–liquid–liquid equilibrium. The dimensionless Gibbs

Table 17 – Some mixture density results for SRK+, VTPR, ePSRK, and GHC equations.

Mixture Nd AAD% error Reference
SRK+ VTPR PSRK ePSRK GHC

CO2–H2O 24 2.30 1.38 4.03 NA 0.67 Teng et al. (1997)
NaCl–H2O 68 NA NA NA 2.65 0.91 Chen et al. (1977)
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Table 18 – Methane solubility in water for the SRK+, VTPR, and GHC equations.

T (K) p (bar) xCH4
calc GHC % errorb

xCH4
exp a SRK+ VTPR GHC

278.65 35 0.001190 2.178 × 10−6 1.924 × 10−6 0.001104 7.20
280.45 35 0.001102 2.354 × 10−6 1.986 × 10−6 0.001098 0.36
281.55 50 0.001524 3.363 × 10−6 2.748 × 10−6 0.001379 9.51
282.65 50 0.001357 3.524 × 10−6 2.797 × 10−6 0.001374 1.25
283.25 65 0.001720 4.491 × 10−6 3.500 × 10−6 0.001660 3.49
284.35 65 0.001681 4.705 × 10−6 3.559 × 10−6 0.001653 1.67

AAD% 3.91

a Experimental data taken from Table 1 in Servio and Englezos (2002).

b . %Error =
100

∣∣x
exp
CH4

−xcalc
CH4

∣∣
x
exp
CH4

.

Table A1 – Critical properties and parameters.

Compound Tc (K) pc (bar) ω bGHC (cm3/mol)

Water 647.37 221.20 0.345 16.363
Carbon dioxide 304.20 73.80 0.224 28.169
Methane 190.56 45.92 0.008 29.614
n-Octane 568.83 24.86 0.396 143.145

free energy for the feed is G/RT = −0.897019 while that
for the vapor–liquid–liquid solution is clearly much lower,
G/RT = −2.519114. False liquid–liquid and vapor–liquid equilib-
rium solutions exist with dimensionless Gibbs free energies
of −1.750546 and −1.615669 respectively so the solution is, in
fact, VLLE.

4.  Discussion  of  results

Theoretical analysis and numerical verification using finite
difference values of (� ln f/�p)T and (� ln f̂i/�p)T,x were used
to clearly show that the multi-scale GHC equation is thermo-
dynamically consistent for pure components and mixtures.
The novel idea of using an isothermal staircase function rep-
resentation of molecular scale internal energies of departure,
UD, as a function of pressure was proposed and illustrated both
geometrically and by reporting tabulated values of NTP Monte
Carlo simulation data. We  have shown that the GHC approach
relaxes the assumption that the energy parameter is pressure
independent (after the fact), and with an appropriate method-
ology for UD adjusts the energy parameter in a way that
preserves thermodynamic consistency and is supported by
the fact that the condition of thermodynamic consistency, V =
RT(∂ ln f/∂p)T, involves only point functions, and holds locally.

A variety of density, fugacity, phase equilibrium, and
thermodynamic consistency computations for a wide range
of pure components and mixtures of light gases (CO2 and
methane), oil, and water were presented. Calculated densi-
ties and phase equilibrium results for the GHC equation were
also extensively compared to results for the SRK equation with
the Peneloux volume translation and the volume translated
Peng–Robinson equation and validated using experimental
data from the open literature. Our numerical results clearly
illustrate that the multi-scale GHC equation is thermodynami-
cally consistent and that it provides superior predictions of
density and phase equilibrium when compared to other cubic
EOS in the van der Waals family.

5.  Conclusions

Both theory and computations were used to show that math-
ematical representation of internal energies of departure as
isothermal staircase functions in pressure ensures that the
multi-scale GHC equation of state is thermodynamically con-
sistent and, at the same time, provides superior predictions in
density.

5.1.  Coda

Computer outputs showing all of the details of all compu-
tations as well as pure component UD data are available by
contacting A. Lucia.

Appendix.

See Table A1.
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