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a  b  s  t  r  a  c  t

Differences  in molecular  size  and  shape  have  long  been  known  to cause  difficulties  the  modeling  and
simulation  of  fluid  mixture  behavior  and  generally  manifest  themselves  as  poor  predictions  of  densities
and  phase  equilibrium,  often  resulting  in  the  need  to  regress  model  parameters  to  experimental  data.  A
predictive  approach  to  molecular  geometry  within  the  Gibbs–Helmholtz  Constrained  (GHC)  framework
is  proposed.  The  novel  aspects  of  this  work  include  (1)  the use of NTP  Monte  Carlo  simulations  coupled
with  center  of mass  concepts  to  determine  effective  molecular  diameters  for  non-spherical  molecules,
and  (2)  the  use of effective  molecular  diameters  in  the  GHC  equation  to  predict  phase  behavior  of mix-
tures  with  components  that have  distinct  differences  in  molecular  size  and shape.  Numerical  results  for
a CO2–alkane,  alkane–water  and CO2–alkane–water  mixtures  show  that the  proposed  approach  of com-
bining  molecular  geometry  with  the  GHC  equation  provides  accurate  predictions  of  liquid  densities  and
two-  and  three-phase  equilibrium.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Modeling and simulation of reservoir fluids requires consid-
erable computational resources and the solution of 106 or more
equilibrium flash computations per time step. Roughly 40–50% of
the total reservoir simulation time is generally required to solve
flash problems and thus it is imperative that flash solutions be com-
puted reliably and efficiently. In our opinion, cubic equations of
state (EOS) represent the best alternative for this task. However,
cubic equations are not without drawbacks. Many traditional cubic
equations [e.g., Soave–Redlich–Kwong (SRK) and Peng–Robinson
(PR) EOS] give poor liquid density predictions and inaccurate phase
equilibrium compositions for mixtures due to the presence of
polarity and/or differences in molecular shape and size. These defi-
ciencies have lead to a variety of empirical corrections [e.g., volume
translation, alpha functions, binary interaction (kij) parameters,
etc.] that have shown mixed success in practice. The specific focus
of this article is differences in molecular shape and size in CO2–oil
and CO2–oil–water mixtures and the effect of these differences on
density and phase equilibrium predictions.

Accordingly this paper is organized in the following way. Sec-
tion 2 presents some of the basic theory associated with cubic
equations of state. Section 3 describes limitations of cubic equa-
tions of state (EOS) and discusses modifications of cubic EOS for
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E-mail address: lucia@egr.uri.edu (A. Lucia).

polarity and molecular shape and size. Section 4 presents numer-
ical results for liquid density and phase equilibrium for various
cubic equations of state including the Soave–Redlich–Kwong (SRK),
SRK equation with volume translation (SRK+), the predictive SRK
equation (PSRK), the original Gibbs–Helmholtz Constrained (GHC)
equation and the extension of the GHC equation for molecular size
and shape effects described in this article. Many geometric illustra-
tions are given along with tables of numerical results. The article
ends with a discussion of results in Section 5.

2. Background and theoretical considerations

In this section, background information for cubic equations of
state is presented.

2.1. Cubic equations of state

The derivation of the van der Waals (vdW) equation using sta-
tistical mechanics is well known and generally starts with the
expression

pV

RT
= 1 − N2

Av
6RTV

∫ ∞

0

r
(

du

dr

)
g(r)4�r2 dr (1)

where p is pressure, V denotes molar volume, R is the gas constant,
T is absolute temperature, r is radial distance from the center of a
spherical particle, u is the pair potential function, g(r) is the radial
distribution function, and NAv is Avogadro’s number. The integral
in Eq. (1) is split into two parts – (1) a repulsive part from 0 to �,
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Nomenclature

a, ai, aM energy parameter, pure component energy param-
eter, energy parameter for mixture

A, Ai, AM scaled pure component and mixture energy param-
eters

b, bi, bM molecular co-volume, pure component molecular
co-volume, mixture molecular co-volume

B, Bi, BM scaled pure component and mixture molecular co-
volumes

C center of mass
d, dmax, deff molecular diameter, maximum molecular diam-

eter, effective molecular diameter
g(r) radial distribution function
GE

0 reference state excess Gibbs free energy
HL, Hig, HDL liquid enthalpy, ideal gas enthalpy, enthalpy of

departure for liquid
kij binary interaction parameters
Mi, MW mass of ith united atom group, molecular weight
NAv Avogadro’s number
n, ni total number of moles or vector of mole numbers,

ith component mole number
p, pc pressure, critical pressure
R universal gas constant
r, rmax radial distance or radius, maximum radius
T, Tc absolute temperature, critical temperature
U, Uig, UDL, UDV internal energy, ideal gas internal energy,

internal energy of departure for liquid, internal
energy of departure for vapor

u pair potential function
V, Vc, VM molar volume, critical volume, mixture molar vol-

ume
x, xi Cartesian coordinate or vector of liquid phase mole

fractions, ith component liquid mole fraction
y, yi Cartesian coordinate or vector of vapor or gas phase

mole fractions, ith component vapor mole fraction
z, zc Cartesian coordinate or compressibility factor, crit-

ical compressibility factor

Greek symbols
˛  alpha function
�, �i fugacity coefficient, partial fugacity coefficient
� molar density
ω acentric factor

Superscripts
D departure function
exp experimental
E excess function
ig ideal gas
L liquid
V vapor

Subscripts
c critical property
eff effective
i component index
M mixture
max  maximum
0 reference state

where � is the point of contact between two  molecules (particles),
and (2) an attractive term from � to ∞.  Integration of the repulsive
and attractive parts requires two  assumptions:

(1) All interactions between particles are given by non-bonded,
non-electrostatic forces. Thus polar fluids are excluded from
consideration.

(2) The pair potential is given by the hard sphere potential, which
is needed because the repulsive term is indeterminate since it is
not possible for any molecules to lie on the interval [0, �); there-
fore du/dr is essentially infinity for all realistic pair potentials
[e.g., the Lennard–Jones 6–12 potential]. The attractive term,
on the other hand, presents no difficulties and gives essentially
the same constant result for all pair potential functions.

This statistical derivation leads to the well-known van der Waals
equation given by

p = RT

(V − b)
− a

V2
(2)

where a is called the energy or attraction parameter and b is the
molecular co-volume, which are generally evaluated using critical
properties of the components of the mixture under consideration.

Many modifications to the van der Waals equation
have been developed, including the Redlich–Kwong (RK),
Soave–Redlich–Kwong (SRK), and Peng–Robinson (PR) equa-
tions. For example, the SRK equation (Soave, 1972) is given by the
expression

p = RT

(V − b)
− a

[V(V + b)]
(3)

Eqs. (2) and (3) apply to pure component vapors and liquids.
To apply equations of state to mixtures, mixing and combin-
ing rules are needed. The most common mixing rules are the
Lorentz–Berthelot mixing rules given by

aM =
∑∑

(1 − kij)aijxixj (4)

bM =
∑

bixi (5)

where aii = ai (where ai is the energy parameter for pure component
i) and where the cross parameters, aij, are given by

aij = (aiiajj)
1/2 (6)

which is a geometric combining rule. The kij’s are binary interaction
parameters that are usually determined by fitting the EOS model to
binary equilibrium data. Binary interaction parameters are specific
to a given EOS and many tables of kij’s exist in the literature. We
refer the reader to Walas (1985) for a more detailed discussion of
cubic equations of state in the van der Waals family, mixing rules,
and binary interaction parameters.

2.2. The predictive srk equation

The Predictive SRK (PSRK) of Gmehling and co-workers
(Holderbaum & Gmehling, 1991) is widely used and represents the
current state-of-the-art in cubic equations of state. The PSRK equa-
tion differs from the SRK equation in three ways: (1) it uses the
Peneloux (Peneloux, Rauzy, & Freze, 1982) volume translation for
polar compounds, (2) it uses a GE-based mixing rule to calculate
the energy parameter for a mixture, and (3) it uses a group contri-
bution method (UNIFAC) to estimate excess Gibbs free energy. The
Peneloux volume translation, which is specific to the SRK EOS, is an
empirical relationship given by

VSRK+ = VSRK − 0.40768
(

RTc

pc

)  [
0.29441 − pcVc

RTc

]
(7)
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where VSRK and VSRK+ are the volumes predicted by SRK equation
and the translated volume, respectively, Tc, pc, and Vc are the criti-
cal temperature, critical pressure, and critical volume, respectively.
For pure components, Eq. (7) is directly applicable. For mixtures of
polar and non-polar compounds, a mole fraction weighted aver-
age is usually used to correct the volume of polar compounds in a
mixture.

The GE-based (or Huron-Vidal type) mixing rule used in the PSRK
approach is given by

aM

bM
RT =

∑
xi

ai

bi
RT +

[
GE

0/RT +
∑

xi ln(bM/bi)

ln(1.1/2.1)

]
(8)

where bM is calculated using Eq. (5).  Values of GE
0 in Eq. (8) can

be obtained either from activity coefficient data or approximated
using the UNIFAC group contribution method.

2.3. Volume translated Peng–Robinson (VTPR) equation

Ahlers and Gmehling (2001, 2002) have proposed a volume
translated Peng–Robinson (VTPR) equation that shares many sim-
ilarities with the Peneloux translation for the SRK equation. That
is, it uses a volume translation similar to Eq. (7) that depends on
critical properties, where the specific functional form of the volume
translation is given by

VPR+ = VPR + 0.252
(

RTc

pc

)
[1.5448zc − 0.4024] (9)

where VPR and VPR+ are the original and translated Peng–Robinson
volumes, and zc is the critical compressibility factor.

2.4. The Gibbs–Helmholtz Constrained (GHC) equation of state

Recently Lucia (2010) has proposed a cubic equation of state
called the multi-scale Gibbs–Helmholtz Constrained (GHC) equa-
tion which constrains the energy parameter, a, in the SRK form (i.e.,
Eq. (3)) using the constraint(

∂ ln �

∂T

)
p

= −HDL

RT2
(10)

where � is the fugacity coefficient and HDL = HL − Hig is the liquid
enthalpy of departure. The resulting expression for a = aL(T, p) for
pure liquid components is

aL(T, p) =
{

0.42748
R2Tc

pc
+ b

UDL

Tc ln 2
+ 2bR

ln Tc

ln 2

}
T

− b
UDL

ln 2
−

(
2bR

ln 2

)
T ln T (11)

where Tc and pc are the critical temperature and critical pressure of
the compound and UDL = UL − Uig is the internal energy of departure.
For mixtures, the energy parameter is given by

aL
M(T, p, x) =

[
a

(TcM, pcM, x)
TcM

+ bM
UDL

M

(TcM ln 2)
+ 2bMR

ln TcM

ln 2

]
T

− bM
UDL

M

ln 2
−

[
2bMR

ln 2

]
T ln T (12)

where TcM and pcM are the critical temperature and critical pres-
sure of the mixture and are calculated by Kay’s rules, bM =

∑
xibi,

and UDL
M =

∑
xiU

DL
i

is the internal energy of departure for the liq-
uid mixture. A priori pure component internal energies of departure
are computed at the molecular level using NTP Monte Carlo simula-
tions over ranges of temperature and pressure and stored in look-up
tables for use in flash computations. The use of NTP MC  simulations

to generate tables of UDL values gives the GHC equation its multi-
scale character. Expressions for the energy parameters, aV and aV

M ,
for pure vapor component and vapor mixtures are slightly different
and given by

a(T, p) =
{

0.42748
R2Tc

pc
+ b

UDV

(Tc ln[(V + b)/V ])

}
T

− b
UDV

ln[(V + b)/V ]
(13)

aM(T, p) =
{

0.42748
R2TcM

pcM
+ bM

UDV
M

(TcM ln[(VM + bM)/VM])

}
T

− bM
UDV

M

ln[(VM + bM)/VM]
(14)

and come from applying the low pressure limits p → 0, V → ∞ and
(∂V/∂T)p → (V − b)/T to the governing nonlinear differential equa-
tion in a given in Lucia (2010).  See Eq. (10) in Lucia (2010).

3. Modifications of cubic equations of state

The critical assumptions associated with the van der Waals
equation given in Section 2.1 lead to the underlying algebraic form
of the vdW family of equations. Moreover, the hard sphere assump-
tion and the absence of electrostatic forces in the derivation restrict
the applicability of cubic equations of state to non-polar, spherical
molecules.

3.1. Modifications for polar molecules

Small polar fluids like water are often considered spherical and
are handled in an equation of state setting using a correction term
called volume translation. Volume translation (see Eqs. (7) and (9))
works reasonably well for many small polar fluids.

In contrast, one of the key advantages of the GHC framework
is that it is capable of accounting for different fluid properties
[polarity, electrostatic forces, hydrogen bonding, etc.] in a straight-
forward way through the proper choice of molecular force field
model. For example, the GHC equation directly accounts for the
polarity of water by using the TIP4P-Ew force field model [see Horn
et al., 2004] which treats hydrogen bonding using a four-site model
and the Ewald summation technique. This molecular level informa-
tion is then up-scaled to the bulk fluid phase length scale through
UDL. Aqueous salt solutions of any molality are easy to simulate
using NTP Monte Carlo simulations and can also be handled in a
direct manner within the GHC framework.

Table 1 gives a comparison of the GHC equation to the SRK equa-
tion with and without the Peneloux volume translation and the
VTPR equation of Ahlers and Gmehling (2001) in predicting the
volume of liquid water at 273.15 K over a wide range of pressures.
Table 1 also gives experimental volumes from Kell and Whalley
(1965). Critical properties for water can be found in Appendix A.
The molecular co-volume used in the GHC equation can also be
found in Appendix A and complete set of UD data for water for use
in the GHC equation is available on request. A physically meaningful
value of UD for water at 273.15 K is UD = −4.8 × 105 cm3 bar/mol.

It is clear from Table 1 that the Peneloux volume translation
(SRK+) improves the volume predictions of the SRK equation for a
small polar fluid like water and provides a much better match of
experimental data than the SRK equation alone and that the VTPR
equation performs better than either the SRK or SRK+ EOS. Table 1
also clearly illustrates that the GHC equation matches the exper-
imental liquid volume data for water much better than all other
cubic EOS tested. The Average Absolute Deviation Percent (AAD %)
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Table 1
Liquid volume of water at 273.15 K predicted by the SRK (with and without volume translation), VTPR and GHC equations.

Pressure (bar) Volume (cm3/g)

Experimental valuea SRK SRK+ VTPR GHC

5.30 0.999882 0.769500 0.945422 1.013091 0.986409
12.60 0.999512 0.769536 0.945372 1.013017 0.986444
20.00 0.999138 0.769608 0.945250 1.012932 0.986427
27.40 0.998762 0.769680 0.945127 1.012851 0.986374
42.11 0.998025 0.769824 0.944889 1.012685 0.986287
56.81 0.997282 0.769950 0.944671 1.012537 0.986199
71.51 0.996550 0.770076 0.944461 1.012371 0.986112
86.31 0.995813 0.770220 0.944217 1.012205 0.986024
101.01 0.995088 0.770346 0.944005 1.012057 0.985937
115.71 0.994362 0.770472 0.943794 1.011891 0.985849
130.52 0.993637 0.770598 0.943583 1.011743 0.985779
151.89 0.992594 0.770760 0.943250 1.011387 0.985639
210.28 0.989782 0.771300 0.942400 1.010896 0.985272
268.57 0.987033 0.771804 0.941555 1.010289 0.984783
326.95 0.984329 0.772290 0.940739 1.009701 0.984452
385.22 0.981681 0.772776 0.939922 1.009095 0.984295
443.49 0.979074 0.773262 0.939111 1.008527 0.983998
501.85 0.976526 0.773730 0.938328 1.007941 0.983650
560.11 0.974014 0.774198 0.937550 1.007373 0.983476
618.47 0.971560 0.774666 0.936766 1.006825 0.983249
676.71 0.969142 0.775116 0.936016 1.006278 0.982901
735.06 0.966770 0.775566 0.935271 1.005731 0.982623
793.29 0.964442 0.776566 0.934522 1.005184 0.982380

AAD% error 21.80 4.61 2.36 0.96

a Experimental data from Kell and Whalley (1965).

error for the SRK, SRK+, VTPR, and GHC equations is 21.80, 4.61, 2.36
and 0.96%, respectively, where AAD% error was calculated using the
expression

AAD% Error = {100|Vexp − Vcalc |/Vexp}
nd

(15)

where nd is the number of data points.

3.2. Differences in molecular size and shape

Consider a mixture of CO2 and an n-alkane, in which there are
clear molecular size and shape differences. CO2 is a small, linear
molecule comprised of two C O groups that is often treated as
spherical while n-alkanes are long molecules that can exhibit a
zigzag planar structure as solids and are partially extended and
wrapped at the ends in the liquid state. Fig. 1 gives a schematic of
CO2 and two schematics of n-octane where the red, blue and green
filled circles denote C O, CH2 or CH3 groups, respectively.

See Gattupalli and Lucia (2009) for ChemDraw 3D pictures and
molecular coordinates of equilibrium conformations of liquid n-
dodecane, n-hexadecane, and n-tetracosane that clearly quantify
wrapping at the ends.

3.3. Modifications that address molecular shape and size

Traditional cubic EOS [SRK, PR, etc.] do not account for molecu-
lar geometry and thus do not always predict densities of non-polar,
non-spherical liquids accurately. More recently cubic EOS such as
the cubic plus association (CPA) EOS have been proposed to address
molecular size and shape. For example, Voutsas, Boulougouris,
Economou, and Tassios (2000) regressed the SRK parameters, a and

Fig. 1. United atom molecular conformations of CO2 and n-octane.

Table 2
Molecular size and shape effects on internal energy of departure.

n-Alkane UDL (cm3 bar/mol)

n-Butane −1.58412 × 105

n-Octane −3.37753 × 105

n-Hexadecane −6.90452 × 105

b, to saturated vapor pressure and liquid density data from the
DIPPR database in their study of hydrocarbon–water mixtures. A
more direct approach of accounting for molecular geometry was
taken by Elliott, Suresh, and Donohue (1990) who derived the
three-parameter ESD cubic equation of state by introducing a shape
factor, c, correlated to the acentric factor. See Elliott et al. (1990) for
details of the ESD equation of state.

The GHC equation, on the other hand, directly accounts for dif-
ferences in molecular shape and size through the proper choice of
force field model. Specifically, for n-alkanes, the inclusion of torsion
and intra-molecular Lennard–Jones forces addresses molecular size
and shape because these forces require at least four bonded par-
ticles. Clearly as the number of backbone carbons in n-alkanes
increases so does the number of torsion forces as well as their
overall contribution to the internal energy of departure.

Table 2 shows the impact of molecular geometry on the inter-
nal energy of departure using liquid n-butane, n-octane, and
n-hexadecane at T = 350 K and 10 MPa  using the TraPPE United
Atom Potential Model [see Martin & Siepman, 1998]. Note that the
internal energy of departure decreases strongly (i.e., approximately
doubles in magnitude) when the carbon number is doubled.

3.3.1. Detailed illustration of density computations for a
non-spherical, non-polar molecule

To illustrate that the GHC equation directly accounts for molec-
ular shape and size, we present the details associated with the
prediction of liquid density for n-octane. We  also compare GHC
predicted liquid density to that for the SRK (or PSRK) equa-
tion. Therefore, consider n-octane at 348.15 K and 400 bar. The
molecular co-volume used in the GHC equation for n-octane is
b = 143.145 cm3/mol. At the given conditions of temperature and
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pressure, the liquid internal energy of departure, UDL, determined
from our look-up table is UDL = −3.4430034 × 105 cm3 bar/mol.
The corresponding value of the energy parameter, a, was
a = 56.99465457 × 106 cm6 bar/mol2. The GHC equation of state
was solved in compressibility factor form and converged in
5 iterations to an accuracy of 10−15. The corresponding liq-
uid molar density calculated using the GHC equation was
�L = 0.0060353 mol/cm3 and equivalent to a mass density of
0.689409 g/cm3. The experimental density in the NIST database is
�exp = 0.697 g/cm3 and thus the error for the GHC equation is 1.15%.
For purposes of comparison, the Predictive SRK (PSRK) equation
of Gmehling and co-workers [see Holderbaum & Gmehling, 1991]
and the SRK equation with a = 58.58093733 × 106 cm6 bar/mol2

and b = 164.82 cm3/mol determined from critical properties were
used to calculate liquid n-octane density. Both equations gave a
mass density of 0.609894 g/cm3, which corresponds to an error
of 12.5%. The VTPR equation of Ahlers and Gmehling (2001)
gives a = 86.81390838 × 106 cm6 bar/mol2 and b = 148.01 cm3/mol,
and a density of �L = 0.0061703 mol/cm3 or a mass density of
0.704839 g/cm3, which corresponds to an error of 1.12%.

Clearly this example illustrates three important facts:

(1) Traditional cubic EOS like the SRK and PSRK equations do a
rather poor job of predicting liquid density of non-spherical
molecules like n-octane.

(2) The liquid n-octane density predicted by the VTPR equation
matches the experimental density of liquid n-octane quite well.

(3) The GHC equation approach directly accounts for molecular size
and shape in its determination of liquid n-octane density and
also provides an excellent match of the experimental data.

3.3.2. Molecular size and shape modifications of the GHC
equation for phase equilibrium

While predictions of liquid density of n-alkanes are important in
reservoir simulations, predictions of phase behavior are also impor-
tant. Eq. (16) gives the expression for partial fugacity coefficients for
the GHC equation, which are needed for describing and quantifying
phase equilibrium

ln �̂i = − ln(z − BM) +
(

Bi

BM

)
(z − 1) +

(
AM

BM

)  [(
Bi

BM

)
−

(
1

naM

)(
∂n2aM

∂ni

)]
ln

(
1 + BM

z

)
(16)

where Bi = pbi/RT,  AM = paM/R2T2, BM = pbM/RT and (∂aM/∂ni) = f(T,
UDL

i
, bi, bM, UDL

M , TcM, pcM, Tci, pci). The key to the exact expression
for partial fugacity coefficient is the term (∂n2aM/∂ni). Note that
the term (1/naM)(∂n2aM/∂ni) plays the role of (2/a˛)[

∑
yj(a˛)ij]

in the SRK expression for partial fugacity coefficients, where
a  ̨ =

∑∑
yiyj(a˛)ij. The exact expression for (∂n2aM/∂ni) is quite

complicated and given in Appendix B.

3.3.2.1. An illustration of the impact of molecular size and shape
on GHC partial fugacity coefficients. We  have discovered that the
quantity (∂n2aM/∂ni) in the GHC expression for partial fugacity
coefficients (i.e., Eq. (16)) is affected by molecular geometry. For
example, when the GHC equation is applied to CO2–liquid oil mix-
tures we have observed the following:

(1) Values of CO2 liquid partial fugacity coefficient in oil-rich mix-
tures are grossly under-estimated.

(2) Poor CO2 fugacity coefficients, in turn, lead to poor CO2 solu-
bility in liquid oils and thus inaccurate descriptions of phase
equilibrium.

Carbon dioxide solubility in oil is an important consideration
in reservoir simulation since CO2 is often injected into a well to
reduce oil viscosity and help vaporize oil, making production more
practical.

The reason that CO2 partial fugacity coefficients in oil-rich
liquids are under-estimated is because the numerators of sev-
eral of the terms of (∂n2aM/∂ni) involve the quantities (bi + bM)
and (bi − bM). See Appendix B. Therefore, in a binary mixture of
carbon dioxide and n-octane there is a large disparity in molecu-
lar co-volumes, bCO2 and bC8H18, and this causes (bCO2 + bM) and
(bCO2 − bM) to approach ±bM ≈ bC8H18, which make the terms of
(∂n2aM/∂ni) for CO2 much smaller than they should be. This, in turn,
causes the partial fugacity of CO2 to be smaller than it should be.
Remember it is the hard sphere assumption in the derivation of the
repulsive term in the Soave form of the Redlich–Kwong equation
(i.e., the first term in Eq. (3)), that gives rise to the concept of molec-
ular co-volume. Thus the hard sphere assumption and the disparity
in molecular co-volumes of CO2 and oils have a deleterious effect
on the derivative (∂n2aM/∂ni) for CO2. It is also important to note
that the same deleterious effect of molecular geometry does not
occur in liquid density calculations because the density of a mix-
ture relies only on the value of bM and does not involve terms like
(bCO2 + bM) and (bCO2 − bM). See Eq. (12).

Illustrative example: To better understand that differences
in molecular size effect phase equilibrium but not density,
consider a mixture of 20 mol% CO2 and 80 mol% n-octane at
353.2 K and 1.70 MPa  using the GHC equation. Specific val-
ues of pure component internal energies of departure used
in this illustrative example were UDL

CO2 = −3696.80 cm3 bar/mol
and UDL

C8H18 = −328,849.39 cm3 bar/mol. Note that the values of
bCO2 = 28.169 cm3/mol and bC8H18 = 143.145 cm3/mol are markedly
different.

Using the original GHC equation, the single liquid dimensionless
Gibbs free energy, G/RT, for the given feed at 353.2 K and 1.7 MPa,
is −0.277967 and the liquid molar density is 0.0063625 cm3/mol.
Single vapor does not exist. Liquid phase split calculations are
conducted and give an octane-rich liquid with a composition
of x = (0.000950, 0.999050). Liquid–liquid equilibrium (LLE) cal-
culations at the given conditions are attempted and converge
but density calculations show that the CO2-rich liquid in this
LLE solution cannot exist. Subsequent vapor–liquid equilibrium
calculations converge to a real VLE solution with a value of
G/RT = −1.02575, which is clearly lower than the single liquid value
of G/RT. The stable liquid and stable vapor compositions in the VLE
solution are x = (0.045736, 0.954264) and y = (0.990770, 0.009230),
respectively. Corresponding liquid and vapor phase densities for
the VLE solution are �L = 662.03 kg/m3 and �V = 27.61 kg/m3. When
compared to the experimental results given in Table 2 on page 9
of Yu, Wang, and Tian (2006) these results show that the original
GHC equation under-estimates the solubility of CO2 in liquid n-
octane by a significant amount. That is the GHC equation predicts
a CO2 solubility of 4.5 mol% compared to the experimental value
of 14.5 mol%. On the other hand, the experimental liquid density
reported in Yu et al. (2006) is 658.6 kg/m3 and thus the error in
liquid density predicted by the original GHC equation is 0.52%.

3.3.2.2. Resolving molecular geometry effects. The approach taken in
this article is to assign a ‘physically meaningful’ effective diameter
to n-alkanes. This means that n-alkanes will be approximated as
spheres, where the size of the sphere will depend on the length of
the carbon chain, the molecular conformation, and the flexibility
of the molecule (rigid or soft). In turn, properties like molecular
conformation are a function of T and p.

Using united atom spheres: Consider a normal alkane to consist
of some number of united atom spheres (CH2 or CH3) that just
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Table 3
Equilibrium bond lengths.a

Type of bond Bond length (Å)

C O 1.16
C–C 1.54
C–H 1.09
O–H 0.957

a Handbook of Chemistry & Physics (65th ed.).

touch each other – like beads on a necklace. Gattupalli and Lucia
(2009) used global optimization to find molecular conformations of
n-alkanes modeled using united atoms and present numerical and
graphical results for n-dodecane, n-hexadecane and n-tetracosane,
which clearly show that when n-alkanes are modeled by a united
atom approach the molecular conformations have considerable
wrapping at the ends. This suggests that modeling liquid n-alkanes
using a united atom approach is reasonable.

In the material that follows we present two ways of estimating
molecular geometry effects by using

1) Equilibrium bond lengths plus a rule of thumb.
2) NTP Monte Carlo simulations coupled with center of mass con-

siderations.

Equilibrium bond length estimates of shape effects.  Values of C O,
C–C and C–H equilibrium bond lengths for n-alkanes are readily
available and can be used to provide a rough approximation of
the difference in molecular geometry between CO2 and n-octane,
although this is a very gross approximation. For this illustration,
consider the values for equilibrium bond lengths shown in Table 3.

Using the values in Table 3 and the chemical formulae for carbon
dioxide and n-octane, an approximate spherical diameter can be
estimated for each molecule. That is, CO2 has an effective diameter
of 2(1.16 Å) since it is a small linear molecule while each CH2 or
CH3 group in n-octane has an effective length of 2(1.09 Å) = 2.18 Å.
Thus dCO2 = 2(1.16 Å) = 2.32 Å and dC8H18 = 8(2.18 Å) = 17.44 Å.

The relative effect of molecular geometry between
CO2 and n-octane based on a ratio of lengths is
r = dC8H18/dCO2 = 17.44 Å/2.32 Å = 7.517. In comparison, the relative
geometric effect in a mixture of CO2 and water is r = 0.825.

However, the ratio of molecular lengths for CO2 and n-octane
does not account for the considerable wrapping that liquid n-alkane
conformations exhibit, which shortens their overall molecular
length. If one considers the conformations shown in Gattupalli and
Lucia (2009) it is easily seen that the effective length (diameter) of
n-alkane molecules is roughly half of the chain length or approxi-
mately half the number of united atom groups. Using this heuristic,
the ‘effective diameter’ of n-octane should be 8.72 Å and the relative
effect of molecular geometry is then 3.759. The effect of molecular
geometry is included in the GHC equation by simply multiplying the
quantity (∂n2aM/∂ni) for only the solute CO2 by the ratio r = 3.759.

Center of mass concepts and effective molecular diameters.  In our
opinion, the correct way to account for molecular geometry is to
determine effective molecular spherical diameters using averaging
(NTP Monte Carlo simulation) and center of mass concepts. That is,
both center of mass and a mean radius are computed during the
NTP Monte Carlo simulations of internal energies of departure. It
is straightforward to calculate the center of mass coordinates from
any configuration of any n-alkane molecule using the relationship

C = (x, y, z) =
[∑

(x, y, z)iMi

]
MW

(17)

where (x, y, z)i are the Cartesian coordinates of the ith united atom
group, Mi is the mass of the ith united atom group and MW is

Table 4
Effective diameters for n-octane and relative geometry for CO2 and n-octane.

Temperature (K) Effective diameter (Å) dC8H18/dCO2

300 8.340 3.595
400 8.142 3.509
500 7.992 3.445
600 7.916 3.412

Fig. 2. Effective diameter for n-octane and geometry of C8H18 relative to CO2.

the molecular weight of the molecule. Center of mass coordinates,
C = (x, y, z), can be determined either

1) From equilibrium molecular conformations calculated by global
optimization methods.

2) During NTP Monte Carlo simulations for each molecule in a sim-
ulation box.

Once the center of mass coordinates, C, are known, an effec-
tive molecular diameter can be calculated as an average maximum
distance using the formula

rmax = max  ri over all i = 1, . . . , nUA (18)

where ri = ([(x, y, z)i − C]2)1/2 is the Euclidean distance from the cen-
ter of mass to the ith united atom group (a radius) and nUA is the
number of united atom groups in the given alkane.

To do this in NTP Monte Carlo simulations, a maximum radius
for each molecule in the simulation box is computed at each MC
production cycle and these maximum radii are averaged over all
molecules, yielding an average rmax, which we  denote by 〈rmax〉. An
effective diameter can then be computed from the simple relation-
ship

deff = dmax = 2〈rmax〉 (19)

Table 4 gives a small sample of effective diameters computed
from NTP Monte Carlo simulations for n-octane as a function of
temperature at 5 MPa. Also shown in Table 4 is the relative effect of
molecular geometry for carbon dioxide and n-octane, dC8H18/dCO2.
This information is also plotted in Fig. 2.

Note that the impact of temperature on either the effective
diameter or the relative geometry is small since the curves shown
in Fig. 2 are flat. Moreover, note that the effective diameters
for n-octane computed using Monte Carlo simulation are about
5–10% smaller than the value of 8.72 Å determined from our earlier
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Table  5
Statistics for GHC equation prediction of liquid n-octane density.

Source of data NIST webbooka

No. of data points 28
AAD% error 1.1233
Standard deviation 0.7781
Maximum error 2.7236
Minimum error 0.0703

a Generated using the Span and Wagner equation (Span & Wagner, 2003).

Fig. 3. Comparison of experimental and GHC calculated liquid density of n-octane.

equilibrium bond lengths and heuristic molecular conformation
arguments.

4. Numerical results

In this section numerical results for liquid density and
phase equilibrium are presented for pure n-octane and
pure n-hexadecane and CO2–alkane, alkane–water, and
CO2–alkane–water mixtures. In all examples in this article,
neither the original GHC, GHC+ nor GHC++ equations use kij
(equivalent to kij = 0).

4.1. Liquid density

Numerical results for liquid density for pure n-octane and pure
n-hexadecane are presented and compared to experimental data.

4.1.1. Liquid density of pure n-octane
Fig. 3 shows liquid n-octane density predictions using the GHC

equation for four separate temperatures over the pressure range
10–70 MPa, where the TraPPE model was used to compute values
of UD. Statistics for liquid n-octane density calculations using the
GHC equation are given in Table 5 and show that when compared to
experimental data the GHC predictions of liquid n-octane density
have an Average Absolute Deviation percent error (AAD % error)
of 1.1223% with a standard deviation of 0.7781 for the data set
considered in this study.

In our opinion, the statistics in Table 5 clearly show that the GHC
equation provides accurate predictions of n-octane liquid density.
It is important to note that EOS parameters, a and b, used in the
GHC equation have not been fit to any experimental data and thus
the GHC equation is predictive. Fluid properties can be found in
Appendix A.

Fig. 4. Comparison of experimental and GHC calculated liquid density of n-octane.

Fig. 5. Comparison of experimental, VTPR, and GHC calculated liquid density of
n-hexadecane.

Fig. 4 shows additional liquid n-octane density studies we
have performed. The experimental data for these studies, which
was taken from Caudwell, Trusler, Vesvic, and Wakeham (2009),
Mora’vkova’, Wagner, Aim, and Linek (2006),  and Liu, McHugh,
Baled, Enick, and Morreale (2010), covers very wide ranges
of temperature and pressure of 25–248.4 C and 0.1–283.6 MPa,
respectively. The statistics for this study are shown in Table 6.

In our opinion, the results in Table 6 are quite good and pro-
vide further evidence that the GHC equation can accurately predict
liquid densities without the need for empiricism – particularly con-
sidering the fact that UD values used in the GHC equation have been
extrapolated for the higher pressures.

4.1.2. Liquid density of pure n-hexadecane
Fig. 5 shows a comparison of liquid density predictions for

the VTPR and GHC equations with experimental data taken from
Camin, Forziati, and Rossini (1954), Dysthe, Fuchs, and Rousseau
(2000),  and Queimada, Quinones-Cisneros, Marrucho, Coutinho,
and Stenby (2003).  These data cover a temperature range of
293.15–348 K at a pressure of 1 atm. The associated AAD% error
in these density predictions are 4.22% for the VTPR equation and
1.30% GHC equation and clearly show that the GHC equation is
superior to the VTPR equation in predicting the density of pure
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Table 6
Additional statistics for GHC equation prediction of liquid n-octane density.

Data set Overall

Caudwell et al.a Mora’vkova’ et al.b Liu et al.c

No. of data points 67 92 29 188
T  range (C) 25–200 25–55 48.7–248.4 25–248.4
p  range (MPa) 1–201 0.1–39.62 15.4–283.6 0.1–283.6
AAD% error 1.84 0.82 2.94 1.51
Standard deviation 1.31 0.28 1.84 1.33
Max  % error 5.21 1.31 5.82 5.82
Min  % error 0.09 0.19 0 0

a Caudwell et al. (2009).
b Mora’vkova’ et al. (2006).
c Liu et al. (2010).

Fig. 6. Comparison of calculated vapor–liquid equilibrium for carbon dioxide–n-
octane with the experimental data of Yu et al. (2006).

liquid n-hexadecane. The PSRK equation, on the other hand, does
very poorly in predicting the density of n-hexadecane with an AAD%
error of 25.79% and is clearly not competitive with the VTPR or
GHC equations. In our opinion, the poor performance of the PSRK
equation is due to its over-estimate of the molecular co-volume for
n-hexadecane. The VTPR and GHC equations give values of bC16H34
equal to 332.91 and 283.04 cm3/mol, respectively while the PSRK
equation estimates the value of 370.74 cm3/mol. Fluid properties
can be found in Appendix A.

Additionally, our results for the VTPR equation agree with
published results in Ahlers and Gmehling (2001) who report an
average error of 3.07% for the VTPR equation predictions of liquid
n-hexadecane density and an average error in density for all com-
pounds studied in their work of 4.06%. See Table 2 on page 187 of
Ahlers and Gmehling (2001).

4.2. Phase equilibrium

In this subsection, results for several phase equilibrium com-
putations using the SRK, PSRK, original GHC and modified GHC
equations are presented and compared with experiments. The mix-
tures studied were CO2–octane, octane–water, CO2–octane–water,
and CO2–hexadecane–water.

4.2.1. Carbon dioxide–octane vapor–liquid equilibrium
Numerical results for phase equilibrium computations for mix-

tures of CO2 and n-octane at various temperatures and pressures
given in Yu et al. (2006) using the SRK, original GHC equation, and

Fig. 7. Comparison of calculated vapor–liquid equilibrium for carbon dioxide–n-
octane with the experimental data of Yu et al. (2006).

the GHC equation with both approaches for incorporating molecu-
lar geometry (see Equilibrium bond length estimates of shape effects).

4.2.1.1. Example 1. Table 7 shows vapor–liquid equilibrium com-
putation results for the SRK, original GHC equation and the GHC+
equation (i.e., the GHC equation plus molecular geometry incorpo-
rated using equilibrium bond lengths and the shape heuristic). The
results given in Table 7 are also plotted in Fig. 6.

Note that the estimates of CO2 solubility in liquid n-octane are
greatly improved by including (heuristic) size and shape effects
in the GHC equation. That is, the GHC+ equation (the filled and
un-filled blue circles) clearly match equilibrium liquid and vapor
compositions given in Yu et al. (2006) better than either the SRK or
original GHC equations. However, there is a failure at 313.2 K and
1.15 MPa  since the GHC+ equation predicts LLE when the known
solution from experiment is VLE.

4.2.1.2. Example 2. The examples in Table 7 are re-solved using the
GHC equation and effective diameters determined from NTP Monte
Carlo simulations as defined in Eq. (19) (GHC++). These results are
shown in Table 8 and plotted in Fig. 7.

4.2.1.3. Detailed flash computations. Here we give the details of a
particular vapor–liquid equilibrium calculation for a mixture of
20 mol% CO2 and 80 mol% n-octane at 353.2 K and 1.70 MPa.

Original GHC equation
Pure component liquid internal energies of depar-

ture, UDL
i

, were calculated from look-up tables of NTP
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Table  7
Vapor–liquid equilibrium for CO2–n-octane.

T and p (K, MPa) (xCO2, yCO2)

Experimentala SRKb Original GHC GHC+

(313.2, 1.15) (0.1100, 0.9858) (0.1154, 0.9953) (0.0206, 0.9981) Predicts LLE
(333.2, 1.70) (0.1573, 0.9773) (0.1402, 0.9913) (0.0352, 0.9962) (0.1239, 0.9960)
(353.2, 1.70) (0.1452, 0.9910) (0.1206, 0.9814) (0.0457, 0.9543) (0.1426, 0.9901)
(373.2, 1.85) (0.2172, 0.9785) (0.1156, 0.9659) (0.0586, 0.9813) (0.1607, 0.9794)
(393.2, 1.11) (0.1560, 0.9214) (0.0612, 0.9078) (0.0535, 0.9356) (0.1642, 0.9285)

+Effects of molecular geometry included.
a Data from Yu et al. (2006).
b kij = 0.1489.

Table 8
Vapor–liquid equilibrium for CO2–n-octane.

T and p (K, MPa) (xCO2, yCO2)

Experimentala Original GHC GHC+ GHC++

(313.2, 1.15) (0.1100, 0.9858) (0.0206, 0.9981) Predicts LLE (0.0986, 0.9981)
(333.2, 1.70) (0.1573, 0.9773) (0.0352, 0.9962) (0.1239, 0.9960) (0.1206, 0.9960)
(353.2, 1.70) (0.1452, 0.9910) (0.0457, 0.9543) (0.1426, 0.9901) (0.1388, 0.9901)
(373.2, 1.85) (0.2172, 0.9785) (0.0586, 0.9813) (0.1607, 0.9794) (0.1565, 0.9795)
(393.2, 1.11) (0.1560, 0.9214) (0.0535, 0.9356) (0.1642, 0.9285) (0.1591, 0.9291)

+Includes molecular geometry effects using equilibrium bond lengths and heuristic.
++Includes molecular geometry effects using NTP Monte Carlo simulations.

a Data from Yu et al. (2006).

Monte Carlo simulations. Specific values used in this illus-
trative example were UDL

CO2 = −3696.80 cm3 bar/mol and
UDL

C8H18 = −328,849.39 cm3 bar/mol.
Using the original GHC equation, the single liquid dimensionless

Gibbs free energy, G/RT, for the given feed at 353.2 K and 1.7 MPa,
is −0.277967 and the liquid molar density is 0.0063625 cm3/mol.
Single vapor does not exist. Liquid phase split calculations are
conducted and give an octane-rich liquid with a composition
of x = (0.000950, 0.999050). Liquid–liquid equilibrium (LLE) cal-
culations at the given conditions are attempted and converge
but density calculations show that the CO2–rich liquid in this
LLE solution cannot exist. Subsequent vapor–liquid equilibrium
flash calculations converge to a real VLE solution with a value of
G/RT = −1.02575, which is clearly lower than the single liquid value
of G/RT. The stable liquid and stable vapor compositions in the VLE
solution are x = (0.045736, 0.954264) and y = (0.990770, 0.009230),
respectively. Corresponding liquid and vapor phase densities for
the VLE solution are �L = 662.03 kg/m3 and �V = 27.61 kg/m3. Table 6
shows that the original GHC equation under-estimates the solubil-
ity of CO2 in n-octane by a significant amount when compared to the
experimental results given in Table 2 on page 9 of Yu et al. (2006)
– 4.5 mol% compared to 14.5 mol%. On the other hand, the exper-
imental liquid density reported in Yu et al. (2006) is 658.6 kg/m3

and thus the AD% error in liquid density predicted by the original
GHC equation is 0.52%.

GHC equation + equilibrium bond lengths and shape heuristic
The values of pure component molecular volumes and internal

energies of departure used here were the same as those used for the
original GHC equation. However, when the expression for partial
fugacity coefficients given by the original GHC equation is modi-
fied to account for molecular size and shape, flash computations
for the same problem give liquid phase split and phase equilib-
rium results are much different than for the original GHC equation
because of the inclusion of size and shape effects (equilibrium bond
lengths and a shape heuristic as described earlier) in the computa-
tion of partial fugacities. Specifically, the relative geometric factor
used in modifying the quantity (∂n2aM/∂ni) in the partial fugacity
coefficient expression for carbon dioxide for the GHC equation was
3.759. See Equilibrium bond length estimates of shape effects.

Using the GHC equation plus equilibrium bond lengths and
a shape heuristic (GHC+), the single liquid dimensionless Gibbs
free energy is G/RT = −0.415217 and the single liquid molar den-
sity is 0.006363 cm3/mol. As before the GHC+ equation predicts
that single vapor does not exist at feed conditions. Liquid phase
split composition is x = (0.065241, 0.934759). LLE flash calcula-
tions converge but results show that the CO2-rich liquid cannot
exist. Subsequent VLE flash calculations easily converge to stable
equilibrium phase compositions of x = (0.142593, 0.857407) and
y = (0.990064, 0.009936) with a dimensionless Gibbs free energy
of G/RT = −0.967828, which is clearly lower than the single liquid
value of G/RT. Thus VLE is the correct flash solution. The cor-
responding mass densities of the equilibrium liquid and vapor
phases are �L = 648.21 kg/m3 and �V = 27.64 kg/m3, respectively.
Note that the inclusion of size and shape effects greatly improves
the prediction of CO2 solubility in n-octane when compared to the
experiment value. The experimental value given in Yu et al. (2006)
is xCO2 = 0.1452 whereas the value predicted by the GHC equation
(GHC+) is xCO2 = 0.1426, which corresponds to a 1.79% error. Also,
because of the difference in equilibrium liquid composition, the
liquid density is different than that predicted by the original GHC
equation. Nonetheless, the AD% error in liquid density is 1.58%.

GHC equation + center of mass ans Monte Carlo averaging
Flash calculations using the GHC equation plus center of mass

and Monte Carlo averaging (GHC++) are, in our opinion, more rig-
orous and proceed in exactly the same manner as those for GHC+
using the same values of pure component molecular co-volumes
and internal energies of departure as used for the original GHC
and GHC+ equations. The only difference here is that the relative
geometric factor for n-octane, which is now a (weak) function of
temperature and pressure, is slightly different. The geometric fac-
tor for n-octane at the specified temperature and pressure is 3.549,
instead of 3.759 for GHC+.

The single liquid dimensionless Gibbs free energy is
G/RT = −0.404770 and the single liquid molar density is
0.006363 cm3/mol. The GHC++ equation also predicts that
single vapor does not exist at feed conditions. Liquid phase split
composition is x = (0.059837, 0.940163). LLE flash calculations
converge but again results show that the CO2-rich liquid cannot



Author's personal copy

10 A. Lucia, B.M. Bonk / Computers and Chemical Engineering 37 (2012) 1– 14

exist. Subsequent VLE flash calculations easily converge to stable
equilibrium phase compositions of x = (0.138778, 0.861223) and
y = (0.990114, 0.009886) with a dimensionless Gibbs free energy
of G/RT = −0.971759, which is clearly lower than the single liquid
value of G/RT. Thus VLE is the correct flash solution. The cor-
responding mass densities of the equilibrium liquid and vapor
phases are �L = 648.84 kg/m3 and �V = 27.64 kg/m3, respectively.
Note that the inclusion of size and shape effects greatly improves
the prediction of CO2 solubility in n-octane when compared to the
experiment value. The experimental value given in Yu et al. (2006)
is xCO2 = 0.1452 whereas the value predicted by the modified GHC
equation (GHC++) is xCO2 = 0.1388 – a 4.41% error. Here the AD%
error in liquid density is 1.48%.

SRK equation
The same flash problem is solved using the SRK equation

with kij = 0.1489 for the purposes of comparison. The single liq-
uid dimensionless Gibbs free energy determined by the SRK
equation is G/RT = −0.611643. Liquid phase stability computa-
tions yield a liquid composition of x = (0.001842, 0.998158). LLE
flash calculations using the SRK equation also converge to a false
equilibrium while the subsequent VLE flash calculations con-
verge to stable equilibrium phases of x = (0.120555, 0.879445) and
y = (0.981367, 0.018633) with a dimensionless Gibbs free energy
of G/RT = −0.635332. The corresponding mass densities of the liq-
uid and vapor phases are �L = 567.51 kg/m3 and �V = 27.70 kg/m3,
respectively. Note that while the SRK equation does predict the
correct type of phase equilibrium – VLE – it does not match the
experimental CO2 solubility data reported in Yu et al. (2006) very
well. The AD% error in CO2 solubility is 16.94%. Also the mass den-
sity of the octane-rich liquid calculated by the SRK equation is quite
poor and has an AD% error of 13.83%. Finally, Table 4 shows that the
error in phase compositions for the SRK equation can be quite poor.
See, for example, the results for 393.2 K and 1.11 MPa.

Predictive SRK (PSRK) equation
To complete this study, the same flash problem was  solved

using the PSRK equation of Holderbaum and Gmehling (1991).
The results are only slightly better than those for SRK. For
the PSRK equation, the single liquid dimensionless Gibbs free
energy is G/RT = −0.621516. The liquid phase split composition is
x = (0.001934, 0.998066) and, like all other methods, the calculated
LLE flash solution is false. The VLE flash solution, on the other hand,
is real, has a value of G/RT = −0.640905, equilibrium phase composi-
tions of x = (0.127032, 0.872968) and y = (0.981107, 0.018893), and
phase mass densities of �L = 567.65 kg/m3 and �V = 27.73 kg/m3.
Notice that the liquid phase density predicted by the PSRK equation
is poor and that the errors in liquid density and CO2 solubility in
n-octane are 13.81 and 12.53%, respectively.

4.2.1.4. Summary of carbon dioxide–octane VLE calculations. The
results in Section 4.2.1 clearly show that the GHC+ and GHC++
equations outperform the SRK and PSRK equations on VLE flash
computations for CO2–octane. The modifications of the original
GHC equation to incorporate molecular size and shape differences
give accurate predictions (not correlations) of liquid density and
CO2 solubility in n-octane over a wide range of conditions. They
also remove the need to (1) fit model parameters to experimen-
tal saturated vapor pressure and liquid density and (2) use binary
interaction (kij) parameters that other equations of state often
employ in order to determine liquid density and phase equilibrium
compositions.

4.2.2. Vapor–liquid and liquid–liquid equilibrium for carbon
dioxide–water mixtures

Lucia et al. (2011) have performed an extensive study of
CO2–water mixtures over wide ranges of temperature, pressure

Fig. 8. Comparison of n-octane–water LLE predicted by the PSRK and GHC equations
with the experimental data of Heidman et al. (1985).

and composition and have compared calculated results for the GHC
equation with experimental data. Results in this work clearly show
that the original GHC equation is capable of accurately model liq-
uid densities and phase equilibrium of CO2–water mixtures and
that the GHC equation correctly captures physics such as retrograde
behavior. No molecular geometry effects are needed here and the
original GHC and GHC++ equations perform identically the same.

4.2.3. Liquid–liquid equilibrium behavior of octane–water
mixtures

Voutsas et al. (2000) have calculated LLE for octane–water
over a wide temperature range and have compared their calcu-
lated results with the experimental data of Heidman, Tsonopoulos,
Brady, and Wilson (1985).  See Fig. 7c in page 802 in Voutsas et al.
(2000). Octane–water represents a mixture in which the molecules
have disparate molecular size and shape as well as differences in
polarity.

From the data in Heidman et al. (1985) two  points are clear (1)
the solubility of octane in water is very low (<10 ppm) and (2) the
solubility of water in octane is much higher and on the order of
10−3 to 10−1. From the results in Voutsas et al. (2000) modeling
the solubilities in both phases simultaneously is challenging and, in
particular, predicting the solubility of octane in water is most diffi-
cult. Fig. 8 gives a comparison of the solubility of water in octane and
the solubility of octane in water predicted by the PSRK and GHC++
equations with the experimental data of Heidman et al. (1985).

The results in Fig. 7 clearly show that the GHC++ equation pro-
vides better predictions of both equilibrium phase compositions
than the PSRK equation. In particular the GHC++ equation gives
much better estimates of the octane solubility in water over the
temperature range studied. We  attribute this superior performance
to the incorporation of molecular geometry effects through mod-
ification of the quantity (∂n2aM/∂ni). See Equilibrium bond length
estimates of shape effects.  Here, however, we  modify the value of
(∂n2aM/∂ni) for the solute n-octane using the relative effective
diameter r = dC8H18/dH2O, which in this case is a strong function of
temperature and ranges between 4.169 and 3.929. Finally we note
that without this modification for molecular geometry, the origi-
nal GHC equation does a poor job of predicting octane solubility in
water, yielding values of octane solubility from 10−10 to 10−9 over
the temperature range 298.15–498.15 K, which are 3–4 orders of
magnitude too low.
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Fig. 9. Comparison of CO2–hexadecane–water VLE predicted by the GHC and GHC++
equations with the experimental data in Brunner et al. (1994) at 573.15 K and
20.1 MPa.

4.2.4. Vapor–liquid equilibrium of carbon dioxide-alkane–water
mixtures

Conventional enhanced oil recovery (EOR) methods inject CO2
and/or steam (or water) into a reservoir to further recover oil. Since
CO2–oil–water mixtures can exhibit a number of different types of
phase equilibrium, it is important for any equation of state to

(1) Have the capability of modeling two- and three-phase behavior
in order to model the subsurface flow of oil, water and carbon
dioxide phases throughout the reservoir.

(2) Be able to predict the correct number of phases and corre-
sponding phase compositions since, as noted earlier, one of the
primary reasons for injecting CO2 into a well is to lower the oil
viscosity so the oil can be ‘pushed’ more easily to production
wells.

4.2.4.1. Vapor–liquid equilibrium of carbon dioxide-
hexadecane–water mixtures. This mixture is a reasonable
approximation to mixtures encountered in enhanced oil recovery.
Investigation of phase behavior of this mixture at high pressure is
representative of medium depth oil wells – say 1000–3000 m.

Example 3: Brunner, Teich, and Dohrn (1994) have mea-
sured vapor–liquid equilibrium data for the mixture carbon
dioxide–hexadecane–water at high temperature and high pressure.
In particular, they show interesting phase behavior for this mixture
at 573.15 K and 20.1 MPa  where there are two disjoint vapor–liquid
equilibrium regions due to the limited miscibility between water
and CO2 and hexadecane. See Fig. 3 and Table 2 in Brun-
ner et al. (1994, pp. 259–260). In our opinion, prediction of VLE
for this mixture at these conditions is challenging.

Fig. 9 shows the phase equilibrium predicted by the original GHC
(dot-dashed lines) and GHC++ (solid lines) equations for mixtures
of CO2, n-hexadecane and water at 573.15 K and 20.1 MPa  along
with the experimental data of Brunner et al. (filled boxes). For the
GHC++ equation, differences in molecular geometry between the
binary pairs of CO2–hexadecane and hexadecane–water were taken
into account. These shape and size differences were determined
from effective radii computed using NTP Monte Carlo simula-
tions and stored in look-up tables. See Center of mass concepts
and effective molecular diameters.  While differences in molecular
geometry are temperature and pressure dependent, approximate
values of dC16H34/dCO2 and dC16H34/dH2O are 6.369 and 7.720,
respectively.

Note that the GHC++ equation correctly predicts the existence
of the two  disjoint regions of vapor–liquid equilibrium behavior.
More specifically, the GHC++ equations identifies

1) A large VLE region involving water-rich liquid with a vapor mix-
ture of CO2, n-C16H34 and water.

2) A small VLE region along the CO2–hexadecane axis in which
CO2–rich liquid is in equilibrium with CO2-rich vapor.

Fig. 9 is in complete qualitative agreement with the experimen-
tal results published by Brunner et al. (1994).  We  find this quite
remarkable that the GHC++ equation is able to predict both regions
correctly without the use of empirical relationships, binary inter-
action parameters, and/or model parameters regressed to data and
attribute the superior performance to the inclusion of molecular
geometry effects within the GHC framework. The only weakness
in the GHC++ predictions at these conditions is that it over esti-
mates the size of the large VLE region because it under-estimates
the amount of water in the vapor phase.

In contrast, all other cubic EOS tested show poor performance
in modeling this mixture at the given conditions. The original GHC
equation showed slightly less reliability than the GHC++ equation
in finding the VLE region with water-rich liquid and failed alto-
gether in the smaller VLE region. The PSRK equation, on the other
hand, failed to correctly predict vapor–liquid equilibrium for this
mixture at the given conditions in either region, predicting vapor-
only behavior for each. The SRK and SRK+ equations also failed to
find either vapor–liquid equilibrium region.

4.2.4.2. Vapor–liquid–liquid equilibrium of carbon dioxide-
octane–water mixtures. Many shallow oil reservoirs are
characterized by low pressure and low temperature at the produc-
tion wells. In this sub-section VLLE behavior of CO2–octane–water
mixtures at low temperature and low pressure is studied.

Example 4: Table 9 shows computational results for mixtures
of CO2, n-octane and water for different feed, temperature, and
pressure conditions.

Detailed flash computations. In the example that follows, the
details of phase equilibrium behavior for a mixture of 20 mol% car-
bon dioxide, 40 mol% n-octane, and 40 mol% water at 423.15 K and
0.6 MPa  are presented.

Original GHC equation
The molecular co-volumes are shown in Appendix A. At the

given temperature and pressure, the pure component liquid inter-
nal energies of departure, UDL

i
, are UDL

i
= −957.89, −283,746.36,

and −348,197.42 cm3 bar/mol for CO2, n-octane and water, respec-
tively. These same values are also used for the GHC++ equation.

The original GHC equation predicts that single liquid cannot
exist and that the single vapor dimensionless Gibbs free energy is
G/RT = 0.702156. Subsequent phase split calculations find a water-
rich liquid with a composition of x = (0.000232, 1.001 × 10−7). LLE
flash calculations find a false LLE solution since the density of
octane-rich phase in the LLE solution is complex-valued. Next a
real VLE flash solution with a dimensionless Gibbs free energy
of G/RT = 0.694220 is found. The VLE flash solution has a lower
value of G/RT than the single vapor and has liquid and vapor
equilibrium compositions of x = (0.000154, 1.76 × 10−9, 0.999846)
and y = (0.220947, 0.441926, 0.331727), respectively. Finally, the
original GHC equation finds a VLLE flash solution with a dimen-
sionless Gibbs free energy of G/RT = 0.628153, which is lower
than the value of G/RT for the VLE solution. The compositions
of the equilibrium phases in the VLLE solution are x = (0.000460,
9.65 × 10−10, 0.999541), y = (0.708475, 0.135978, 0.155547), and
x = (0.036552, 0.963448, 1.51 × 10−8), respectively. The corre-
sponding phase fractions and densities of the water-rich, vapor, and
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Table 9
Phase equilibrium for CO2–octane–water at various conditions.

T (K) and p (MPa) (313.15 K, 1.5 MPa) (423.15 K, 0.6 MPa)
Feed  compositiona (0.30, 0.20) (0.2, 0.40)

Original GHC GHC++ Original GHC GHC++

Type of equilibrium VLLE VLLE VLLE VLE
Phase  1 fraction 0.5001 0.5001 0.3602 0.0949
Phase 1 composition (0.0005, 1.43 × 10−10) (0.0004, 1.46 × 10−10) (0.0005, 9.65 × 10−10) (0.0002, 1.76 × 10−9)
Phase 1 density (kg/m3) 993.44 993.67 906.66 906.54
Phase  2 fraction 0.2954 0.2780 0.2626 0.9051
Phase  2 composition (0.9983, 0.0014) (0.9986, 0.0011) (0.7085, 0.1360) (0.2209, 0.4419)
Phase  2 density (kg/m3) 27.33 27.32 8.58 11.99
Phase  3 fraction 0.2045 0.2219 0.3781
Phase 3 composition (0.0239, 0.9761) (0.1002, 0.8998) (0.0366, 0.9634)
Phase 3 density (kg/m3) 692.20 688.58 592.68

a All compositions in this table are in the order CO2, n-octane.

octane-rich phases are 0.3602, 0.2626, and 0.3781, and 906.66, 8.58,
and 592.68 kg/m3.

GHC++ equation
The effect of size and shape, dC8H18/dCO2, was interpolated from

a look-up table of NTP Monte Carlo simulation data and had a value
of 3.488. See Table 6.

Single liquid and single vapor dimensionless Gibbs free energy
calculations show that the density of the liquid at the feed compo-
sition is complex and therefore the single liquid does not exist. The
dimensionless Gibbs free energy of the single vapor, which is real,
is G/RT = 0.702156. Liquid phase split calculations give a water-rich
liquid with a composition of x = (0.000232, 1.001 × 10−7, 0.999768).
We note here that the solubility of n-octane in this water-rich phase
agrees quite well with the experimental value of the solubility of
n-octane in water (1 × 10−6) as reported in Fig. 7c in Voutsas et al.
(2000). Liquid–liquid equilibrium (LLE) flash calculations converge
and show two things: (1) LLE does not exist because the density of
the octane-rich liquid is complex, and (2) water-rich VLE is possible.
Subsequent VLE flash calculations converge to stable equilibrium
liquid and vapor phases with a dimensionless Gibbs free energy of
G/RT = 0.694220 and compositions of x = (0.000154, 1.762 × 10−9,
0.999846) and y = (0.220947, 0.441926, 0.337127), in which there
is a small amount of total liquid – about 9.5 mol%.

SRK and PSRK equations
Both the SRK and PSRK equations predict single vapor exists at

423.15 K and 0.6 MPa.
Remarks. The true purpose of this example is blind phase density

and phase equilibrium prediction; thus there is no experimental
VLE or VLLE data available to validate the solutions reported in
Table 9. However, this is an important perspective, in our opinion,
because eventually we must be able to predict densities and equi-
librium and deduce the correctness of the predicted solution with
confidence (without always relying on a priori experimental data)
in order to conduct meaningful reservoir simulations. The real test
of a predictive equation of state is one in which experimental data
is used after the fact only to validate model predictions.

In this example, there is a significant difference in the equilib-
rium flash solutions determined by the original GHC, the GHC++,
the SRK, and the PSRK equations. The most significant difference is,
of course, the difference in the predicted equilibrium or global min-
imum in G/RT. The original GHC equation predicts VLLE while the
GHC++ equation predicts vapor–liquid equilibrium. In contrast, the
SRK and PSRK equations predict vapor-only. In all cases, the flash
solution is converged so this real issue here is the type of equilib-
rium phases predicted. We  believe the flash solution predicted by
the GHC++ equation, VLE, is the correct solution for the following
reasons:

(1) At the given conditions, CO2–water exhibits vapor–liquid
behavior and this can be inferred from experimental data in
Valtz et al. (2004). The addition of a heavier component, n-
octane, should at most give rise to a second liquid and not
circumvent the existence of water-rich liquid since the solubil-
ity of octane in water is very small. Thus water-rich liquid with
a small amount of dissolved CO2 (and trace octane) should exist
at 423.15 K and 0.6 MPa. This strongly suggests that the predic-
tion by the SRK and PSRK equations of vapor-only behavior are
false.

(2) The functional interactions of CO2 in the presence of n-octane
(and water) are to lower oil viscosity and help vaporize n-
octane. This is precisely the purpose of CO2 injection in oil
reservoirs. From the isothermal phase boundaries shown in
Fig. 6 in Yu et al. (2006) we can conclude that at 423.15 K and
0.6 MPa, CO2–octane is very close to vapor-only at the relative
concentrations of CO2 and octane, which in our case are 0.333
CO2 and 0.667 n-octane (i.e., by using the mole ratios of CO2
and octane in the given feed).

(3) The original GHC equation has shown uniformly low solubility
of CO2 in n-octane (and other oils) and, in our opinion, this fact
contributes to false predictions of liquid n-octane existence.

(4) Points 1, 2 and 3 strongly suggest that the correct equilibrium is
VLE since the low solubilities of both CO2 and n-octane in water
do not preclude the existence of liquid water or the vapor-only
behavior of CO2–octane at the given conditions of temperature
and pressure.

Summary of flash calculations for CO2–octane–water mixtures. The
GHC++ equation is capable of correctly modeling different types
of phase equilibrium in CO2–octane–water mixtures because it
accounts for differences in molecular size and shape. The original
GHC equation, on the other hand, can predict false phase equilibria
because it shows uniformly low CO2 solubility in octane, which in
turn, gives rise to higher octane compositions at which octane-rich
liquid is materially stable.

5. Conclusions

Theoretical reasons for including molecular size and shape
in the multi-scale GHC framework were presented and a multi-
scale approach for incorporating molecular geometry effects into
the GHC equation of state in equilibrium flash computations was
proposed. The original GHC equation was  modified to include
molecular size and shape effects. It was  also shown that NTP
Monte Carlo simulations can be used to easily determine pure
component center of mass, effective molecular diameters, and
liquid internal energy of departure, UDL, data at the same time
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and store all results in look-up tables for use in the GHC equa-
tion. Liquid density results for a number of cubic EOS were
presented for pure n-octane and pure n-hexadecane. Equilibrium
flash results for CO2–octane, octane–water, CO2–octane–water,
and CO2–hexadecane–water mixtures were compiled and com-
pared with experimental data and with results from other cubic
equations in the van der Waals family. Numerical results for the
modified GHC equation, GHC++, show that the inclusion of molec-
ular size and shape improves the predictions of CO2 solubility in
oil-rich liquids, oil solubility in water, and the predicted phase equi-
librium for two- and three-phase equilibrium. It was  also shown
that the GHC++ equation accurately predicts phase densities of all
types of phases – water-rich liquids, oil-rich liquids, and vapors –
and outperforms either the SRK or PSRK equations for the systems
studied.

Acknowledgments

The authors would like to thank Professor R.M. Enick and his
group at the University of Pittsburgh for providing us with a spread-
sheet of liquid n-octane density data from various NIST database
sources.

Appendix A. Fluid properties

See Table A1.

Table A1
Properties of fluids.

Compound Tc (K) pc (MPa) ω b (cm3/mol)a

Carbon dioxide 304.20 7.38 0.224 28.169
n-Octane 568.83 2.486 0.396 143.145
n-Hexadecane 722.59 1.404 0.717 283.04
Water 647.37 22.12 0.345 16.363

a The values of molecular co-volume, b, for carbon dioxide, n-octane and n-
hexadecane were set equal to the molar volume of solid CO2, solid C8H18 and solid
C16H34, respectively. The value of b for water was set equal to the molar volume of
high density glassy water since water is actually denser than hexagonal ice.

Appendix B. Expression for (∂n2aM/∂ni)

The starting point for the derivation of (∂n2aM/∂ni) is(
∂n2aM

∂ni

)
= 2naM + n2

(
∂aM

∂ni

)
(B1)

where the quantity aM is given by

aM =
{

0.42748
R2TcM

pcM
+ bM

UDL
M

(TcM ln 2)
+ 2bM

R ln TcM

ln 2

}
T

− bM
UDL

M

ln 2
−

(
2bMR

ln 2

)
T ln T (B2)

Derivation of (∂aM/∂ni) is straightforward and can be accom-
plished by differentiating each of the five terms in Eq. (B2) with
respect to ni.

Differentiation of the term [0.42748R2TcM/pcM]T with respect to
ni gives(

∂

∂ni

)  [
0.42748

R2TcM

pcM

]
T = 0.42748R2T

[pcMTci − TcMpci]

(np2
cM)

(B3)

Differentiation of [bMUDL
M /(TcM ln 2)]T with respect to ni gives(

∂

∂ni

)  [
bM

UDL
M

(TcM ln 2)

]
T

=
(

T

ln 2

) [TcM(bMUDL
i

+ UDL
M bi) − bMUDL

M (TcM + Tci)]

(nT2
cM)

(B4)

Differentiation of [2bMR ln TcM/ln 2]T  with respect to ni gives(
∂

∂ni

)[
2bM

R ln TcM

ln 2

]
T =

(
2RT

n ln 2

)
×

[(
bM

TcM

)
(Tci − TcM) + ln TcM(bi − bM)

]
(B5)

Differentiation of − [bMUDL
M / ln 2] with respect to ni gives(

∂

∂ni

)  [
bM

UDL
M

ln 2

]
= −

(
1

n ln 2

)
[(bMUDL

i + UDL
M bi) − 2bMUDL

M ]

(B6)

Differentiation of −[(2bMR/ln 2)T  ln T] with respect to ni gives(
∂

∂ni

)[(
2bM

R

ln 2

)
T ln T

]
= −

(
2RT ln T

n ln 2

)
[bi − bM] (B7)

Combining Eqs. (B3)–(B7) gives(
∂aM

∂ni

)
= 0.42748R2T
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+
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T

ln 2
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+
(
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bM
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)
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The use of (B2) and (B8) in Eq. (B1) yields(
∂n2aM
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)
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where a0M = 0.42748R2TcM/pcM.
Eq. (B9) is used directly in Eq. (16) to determine liquid partial

fugacity coefficients for the GHC EOS.
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