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a  b  s  t  r  a  c  t

A  general  multi-scale  framework  for  multi-component,  multi-phase  equilibrium  flash  calculations,
which  uses  information  at  the  molecular  and  bulk  fluid  length  scales,  is  described.  The multi-scale
Gibbs–Helmholtz  constrained  (GHC)  EOS  approach  of Lucia  (2010)  is  extended  to  include  the  use  of
(1)  coarse  grained  NTP  Monte  Carlo  simulations  to gather  pure  component  internal  energies  of  depar-
ture,  (2)  a  new  linear  mixing  rule  for  internal  energies  of departure  for mixtures,  (3)  a novel  expression
for  partial  fugacity  coefficients  for the  GHC  EOS,  and  (4)  a novel  flash  algorithm  that  uses  complex-valued
compressibility  factors  and  densities  to assist  in phase  existence  determination.

Many  numerical  results  for  mixtures  of  CO2–water,  NaCl–water,  and  CO2–NaCl–water  are used to show
that  the  GHC  EOS  flash  approach  is  superior  to all other  approaches  currently  available.  Many  geometric
illustrations  are  presented  to elucidate  key  concepts  and many  experimental  validations  are  used to
substantiate  claims  of  superiority.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction and motivation

The multi-component, multi-phase equilibrium flash problem
is an important sub-problem in many chemical engineering appli-
cations. It is also important in sub-surface flow processes such as
geological CO2 sequestration in saline aquifers, spent coal seams
and oil wells (Stauffer et al., 2009), enhanced oil recovery (Yinghui
& Johns, 2006) from shale and other sources, tracking contaminants
in groundwater remediation, magmatic hydrothermal systems
(Ingebritsen, Geiger, Hurwitz, & Driesner, 2010), and other geo-
physical applications. Conditions in these subsurface reservoirs
can vary widely. Pressures can range from atmospheric pressure
to 2000 bar, temperatures from 270 to 650 K, and salt concentra-
tions can span a wide range of molalities. Thus reservoir conditions
can have supercritical components or mixtures and the presence
of salts (and brines) will induce either weak or strong electrolyte
behavior.

To understand the need for both accurate densities and phase
equilibrium, consider equations 1 and 2, which represent one
widely accepted model for describing multi-component, multi-
phase flow through porous media. See Zyvoloski (2007).  Note that
phase densities and mole fractions of each phase, which are deter-
mined directly from phase equilibrium behavior, are present in
each term in these equations.

∗ Corresponding author. Tel.: +1 401 874 2814; fax: +1 401 874 4689.
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where the summation
∑

is over all phases k = 1, . . .,  P, � is the
porosity of the porous media, � denotes density, x is composition
in mole fraction, S is saturation, k is the intrinsic rock or soil perme-
ability, R is relative permeability, � is viscosity, p is pressure, g is the
acceleration due to gravity, z is the coordinate in the direction of
gravity, and M is a mass source or sink term. The subscript i denotes
a given component while the superscript k denotes a given phase.
C is the number of components and P is the number of phases. The
symbol � denotes the gradient of a vector.

1.1. Conservation of energy
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where U denotes internal energy, H is enthalpy, K is thermal con-
ductivity, T is absolute temperature, Q is an energy source or sink
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Nomenclature

a, ai, aM energy parameter, pure component energy param-
eter, energy parameter for mixture

A, Ai, AM scaled pure component and mixture energy param-
eters

b, bi, bM molecular co-volume, pure component molecular
co-volume, mixture molecular co-volume

Bi, BM scaled pure component and mixture molecular co-
volumes

g acceleration due to gravity
GE

0 reference state excess Gibbs free energy
H enthalpy
k, K intrinsic rock or soil permeability, thermal conduc-

tivity
kij binary interaction parameters
m molality
M mass source or sink term
n, ni vector of mole numbers, ith component mole num-

ber
p, pc pressure, critical pressure
Q energy source or sink term
R universal gas constant, relative permeability
S saturation
t time
T, Tc absolute temperature, critical temperature
U, UDL, UDV internal energy, internal energy of departure for

liquid, internal energy of departure for vapor
V, Vi, VM molar volume, pure component molar volume, mix-

ture molar volume
x, xi vector of liquid phase mole fractions, ith component

liquid mole fraction
y, yi vector of vapor or gas phase mole fractions, ith com-

ponent vapor mole fraction
z coordinate in direction of gravity, compressibility

factor, overall feed composition

Greek symbols
˛  alpha function
�, �i, �̂i, �M porosity, fugacity coefficient, pure component

fugacity coefficient, partial fugacity coefficient, mix-
ture fugacity coefficient

� activity coefficient
� viscosity, chemical potential
� molar density
ω acentric factor

Superscripts
D departure function
ig ideal gas
k phase index
L liquid
SRK Soave–Redlich–Kwong equation
SRK+ Soave–Redlich–Kwong equation with the Peneloux

volume translation
V vapor
′ salt-free basis

Subscripts
c critical property
i component index
M mixture

term, and the summation in Eq. (2) is over all phases k = 1, . . .,  P.
The subscript M denotes the porous media.

The important points to glean from these equations are that
(1) they are nonlinear, coupled partial differential equations and
(2) they involve a large number of physically meaningful quanti-
ties (e.g., density, internal energy, enthalpy, viscosity, composition,
permeability, etc.). Moreover, because of potential supercritical
behavior, Eqs. (1) and (2) also require a choice of equation of state
(EOS) in order to determine the spatial and temporal distribution
of the number and types of phases and their respective densities
and molar compositions throughout a reservoir.

Additionally, reservoir simulations are computationally inten-
sive, requiring the solution of many multi-phase flash sub-
problems. Finite element representation of a reservoir yields a
three-dimensional grid and at each finite element node, flash calcu-
lations are needed to accurately predict phase behavior. A nominal
estimate of the grid size is ∼500,000 nodes. Typical reservoir simu-
lations use around 1 million flash calculations per time step and
hundreds of (∼1 month) time steps to generate predictions of
phase flows, phase densities, phase compositions, temperatures,
and pressures throughout the reservoir over 20–100 year time hori-
zons. This means that ∼1 billion multi-phase flash problems need to
be solved during a full reservoir simulation. Moreover, these com-
putations must provide both accurate phase densities and accurate
phase equilibrium information so that short and long-term predic-
tions are accurate and the computations must be performed quickly
so that managerial and engineering decisions can be made with
some degree of continuity of information.

This paper focuses on equation of state and multi-phase flash
aspects relevant to modeling and simulation of subsurface flow
processes. Accordingly, we show that the recently proposed multi-
scale Gibbs–Helmholtz constrained (GHC) cubic EOS  of Lucia
(2010), when coupled with a Gibbs free energy minimization flash
approach for determining the correct number and types of phases
and their respective compositions, can be used to accurately predict
both phase densities and phase equilibrium in non-electrolyte and
electrolyte mixtures at conditions found in reservoir simulations.

This article is organized in the following way. Section 2 contains
a brief literature survey of equations of state relevant to subsur-
face flow processes and gives a brief review of the Soave form
of the Redlich–Kwong (SRK) equation, as well as the predictive
SRK (PSRK), electrolyte PSRK (ePSRK) equations, and presents an
overview of the multi-scale Gibbs–Helmholtz constrained (GHC)
equation. Section 3 describes a new linear mixing rule for the inter-
nal energy of departure for mixtures, its underlying importance in
handling mixtures and in generating UD data, and the effect of inter-
nal energy of departure on liquid density and phase equilibrium
within the GHC framework. Section 4 shows the communication
between the molecular and bulk fluid phase length scales while
Section 5 gives a statement of our novel multi-scale algorithm for
multi-phase equilibrium flash and describes the steps of the algo-
rithm in detail. Considerable algorithmic detail is provided so that
the reader can reproduce results contained in this work. Section
6 presents a wide array of numerical examples for CO2–water,
NaCl–water and CO2–NaCl–water mixtures that include liquid den-
sity calculations for non-electrolyte as well as electrolyte mixtures,
vapor–liquid and liquid–liquid equilibrium flash calculations for
non-electrolyte and electrolyte mixtures, retrograde VLE behav-
ior, and salting out and degassing phenomena. Section 7 gives
conclusions, discussions of results, and future directions of this
work. Three appendices at the end of this article contain a rigorous
derivation of the expressions for (∂n2aM/∂ni) which is an integral
part of the liquid partial fugacity coefficient expression in the GHC
approach, force field (or potential energy) model parameter sets
for CO2, H2O and NaCl, and a rigorous derivation of the energy
parameter and (∂n2aM/∂ni) for vapor phase mixtures.
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2. Background and literature survey

Several equations of state have been used in modeling multi-
component, multi-phase behavior in subsurface flow processes.
These include the well known Soave-Redlich–Kwong (SRK) and
Peng–Robinson (PR) equations, which are cubic EOS in density from
the van der Waals family and are preferred over more complex
equations of state because they can be solved reliably (i.e., all den-
sity roots can be found using Newton’s method plus polynomial
deflation) and quickly.

The reader is referred to Soave (1972),  Peng and Robinson (1976)
or Walas (1985) for a description of the SRK and PR equations of
state.

More recent adaptations of the SRK EOS such as the predictive
SRK (or PSRK) equation of Holderbaum and Gmehling (1991) use an
excess Gibbs free energy (GE)-based mixing rule [e.g., the one origi-
nally due to Huron and Vidal (1979)]. Gmehling (2003) gives a very
nice overview of the motivation for and numerical performance
of the PSRK approach in vapor–liquid equilibrium. The electrolyte
PSRK equation of Kiepe, Horstmann, Fischer, and Gmehling (2004)
also uses a GE-based mixing rule coupled to the LIFAC group con-
tribution method of Yan, Topphoff, Rose, and Gmehling (1999) for
the energy parameter in the SRK equation. LIFAC accounts for the
influence of short (van der Waals), middle (charge-dipole) and
long (charge-charge) range effects of strong electrolytes on the
activity coefficients of the non-electrolyte species. Non-electrolyte
components are handled using salt-free compositions based on iso-
activity. However, because of the presence of ions, a large number
of parameters are needed to capture the interactions between gases
and ionic groups in the PSRK electrolyte approach.

Unfortunately all current cubic EOS perform poorly when used
to model liquid phase density and phase equilibrium at high pres-
sure and, in our opinion, this can be attributed to the lack of
molecular level information in determining the energy parameter,
a or aM. Weaknesses in theory are compensated for by the use of
empirical relationships such as the acentric factor, �-functions, and
the Peneloux volume translation (Peneloux, Rauzy, & Freze, 1982),
as well as the need for binary interaction parameters (kij’s). See
Yinghui and Johns (2006).

More modern molecular-based EOS, such as the many vari-
ants of the Statistical Associating Fluid Theory (SAFT) equation,
are higher order transcendental functions in density and involve
an additional level of iteration to determine mole fractions of
non-bonded association sites for associating or hydrogen bonding
components. Thus they are more difficult and more costly to solve.
Many variants of SAFT also require the use of binary interaction
parameters to accurately correlate experimental equilibrium data.

2.1. An overview of the multi-scale Gibbs–Helmholtz constrained
(GHC) cubic EOS approach

The GHC EOS is a radically new approach to cubic equations
of state modeling that uses the Gibbs–Helmholtz equation to con-
strain the energy parameter, a. It provides a theoretically rigorous
and natural bridge between the molecular and bulk fluid phase
length scales and is capable of handling non-electrolyte as well as
electrolyte mixtures. Eq. (3) is the GHC expression for the energy
parameter for pure components for use within the SRK equation

a(T, p) = {0.42748R2Tc/pc + bUDL/(Tc ln 2) + 2bR ln Tc/ln 2}T
− bUDL/ln 2 − (2bR/ln 2)T  ln T (3)

where b is set to the solid or glassy liquid volume (i.e., b = 1/�s where
�s is the solid or glassy liquid density) and UDL is the internal energy
of departure for the liquid. The reader is referred to Lucia (2010) for
details of the derivation of Eq. (3).

The  natural bridge between the molecular and bulk phase length
scales is the internal energy of departure function (UDL) and is read-
ily computed using coarse-grained fixed particle (N), temperature
(T), pressure (p) Monte Carlo (MC) simulations. The use of MC  sim-
ulations allows any type of interaction to be built into the force
field model, making the multi-scale GHC EOS approach extremely
versatile.

We use a simplification of the original GHC equation for mix-
tures given in Lucia (2010) by simply setting the pure component
terms in the expression

GD
M

RT
= ln �M −

∑
xi ln �i (4)

to those for ideal gas components. Thus ln �i = 0 for all i = 1, . . .,  C and
the GHC equation for the energy parameter for mixtures reduces
to

aM(T, p) = {0.42748R2TcM/pcM + bMUDL
M /(TcM ln 2)

+ 2bMR ln TcM/ln 2}T − bMUDL
M /ln 2 − (2bMR/ln 2)T ln T

(5)

where TcM and pcM are the critical properties of the mixture and are
computed using Kay’s rules, bM =

∑
xibi, and bi are the molecular

co-volumes of the individual components. Further simplification
occurs by using a linear mixing rule for the internal energy of depar-
ture for mixtures

UDL
M =

∑
xiU

DL
i (6)

where UDL
i

is the internal energy of departure for the ith pure com-
ponent.

2.2. Partial fugacity coefficients for the GHC EOS

Partial fugacity coefficients are needed for phase stability and
phase equilibrium computations. The expression for the partial
fugacity coefficient for the ith component in a mixture using the
GHC EOS is given by

ln �̂i = −ln(z − BM) + (Bi/BM)(z − 1) + (AM/BM)[(Bi/BM)

− (1/naM)(∂n2aM/∂ni)]ln(1 + BM/z)  (7)

where Bi = pbi/RT,  AM = paM/R2T2, BM = pbM/RT and (∂aM/∂ni) = f(T,
Ui

DL, bi, bM, UM
DL, TcM, pcM, Tci, pci). The key to the exact expres-

sion for partial fugacity is the term (∂n2aM/∂ni), which is given in
Appendix A.

We also note that for pure components, Eq. (7) reduces to the
fugacity coefficient expression for the SRK equation since Bi/BM = 1,
(∂n2aM/∂ni) = 0, BM = B and AM = A. Of course differences still exist
since the GHC approach evaluates the pure component parameters
a and b using the Gibbs–Helmholtz equation and solid or glassy
molar volumes respectively while the SRK approach uses critical
properties, an �-function, etc.

The specific advantages of the GHC EOS approach are the fol-
lowing:

(1) Non-electrolyte or electrolyte mixtures can be easily modeled
by incorporating all relevant effects in the force field model at
the molecular length scale.

(2) The use of the mixing rule
∑

xiU
DL
i

for UDL
M avoids the need

to perform MC  simulations for mixtures and allows UDL
M to be

computed from pure component properties alone.
(3) Acentric factors and empirical �-functions such as those pro-

posed by Soave (1972), Mathias and Copeman (1983),  Melham
(1989) or Twu  (1991) are not required.
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Table 1
Overview of NTP Monte Carlo simulations.

System No. particles Equilibration
cycles

Production cycles Sets Data points Average
uncertainty in UDL

CO2 32 50,000 200,000 6 40 0.62 ± 1.28%
H2O 32 50,000 200,000 8 108 0.41 ± 0.38%
CO2–H2O 3 CO2

97 H2O
50,000
pre-solvation
50,000
post-solvation

100,000 8 12 0.12 ± 0.03%

CO2–H2O 97 CO2

3 H2O
50,000
pre-solvation
50,000
post-solvation

400,000 6 18 0.13 ± 0.06%

NaCl–H2O 1 NaCl
43 H2O
58 H2O
72 H2O
144 H2O

50,000
pre-solvation
50,000
post-solvation

250,000 8 51 0.12 ± 0.03%

(4) Empirical volume translation (e.g., Peneloux et al., 1982) is not
needed.

(5) Binary interaction (kij) parameters are unnecessary.

We  validate all of these claims in subsequent sections of this
article.

3. Molecular modeling

In this section, details of the NTP Monte Carlo simulations used
to model the molecular length scale are presented. In particular,
we give the details of the force field models, force field parameters,
force field mixing rules, simulation box sizes, etc. We  show that
small numbers of particles can be used in determining UDL by com-
paring results for different numbers of particles (i.e., 32, 108, 256
and 500 particles). Values of UDL

M from MC  simulations for mixtures
are compared to UDL

M calculated from the proposed linear mixing
rule (Eq. (6))  and show that reliable values of UDL

M can be computed
from pure component properties alone. Results for pure CO2, pure
water, NaCl + water, CO2 + water, and CO2 + NaCl + water are used to
illustrate various factors that affect internal energies of departure.

3.1. General molecular simulation considerations

Monte Carlo simulations with a fixed number of particles (N),
fixed temperature (T) and fixed pressure (p) were conducted using
an in-house Fortran program, which was validated extensively
against the open-source Monte Carlo simulation program MCCCS
Towhee [see http://towhee.sourceforge.net]. The number of pro-
duction cycles and sets for computing averages were chosen based
on time constraints and the availability of processors on the shared
cluster on which the simulations were performed. One MC  cycle
is defined as N translational move attempts + N rotational move
attempts + 1 volume move attempt.

For pure component simulations, a small number of particles
were used. For mixtures studied in this work, the number of par-
ticles was chosen to approximate the composition of the available
experimental data. Rigid, all-atom, potential energy (or force field)
models composed of Lennard–Jones and Coulombic interactions
were used for each component since CO2, H2O and NaCl are small
molecules. The potential models used were the TIP4P-Ew model for
water (Horn et al., 2004), a simple molecular model (EPM-Rigid)
for CO2 (Harris and Yung, 1995), an explicitly solvated model for
sodium chloride (Joung and Cheatham, 2008), and a model for
aqueous CO2 (Dick, Wierzbicki, & Madura, 2009). These poten-
tial models were selected based on computational simplicity and
accuracy in predicting experimental data. In each case, standard

Lorentz–Berthelot mixing rules were used to compute cross-terms,
as suggested by the authors of each of the potential models. Poten-
tial (or force field) model parameters are generally fit to density and
heat of vaporization data, etc. Values of all potential parameters are
listed in Appendix B.

For all examples studied in this work, maximum translational,
rotational, and volume displacements were periodically adjusted
during the equilibration stages to achieve the standard 50% accep-
tance rate (Allen & Tildesley, 1987). Table 1 gives an overview
of the NTP Monte Carlo simulations. Simulations were conducted
according to the guidelines given in Allen and Tildesley (1987),
as well as conventions used in MCCCS Towhee. In all cases, a
cubic simulation box was  used with full periodic boundary con-
ditions. A cut-off of half of the simulation box length was  used
for computing all pair-wise interactions and the standard analyt-
ical long-range Lennard–Jones correction term was  included (see
Allen and Tildesley). Coulombic interactions were treated using the
Ewald summation method with the Ewald parameter adjusted to
5.6 divided by the simulation box length, as suggested in MCCCS
Towhee. Numerical experiments showed that a maximum of five
k-vectors was  sufficient to achieve an acceptable level of conver-
gence for all systems. Each of the systems was initiated from an
arbitrarily spaced simple cubic lattice. For the multi-component
simulations in which water was the solvent, a system of pure
water molecules was  first allowed to equilibrate before randomly
replacing a water molecule with a solute particle, provided that
the resulting distance between solute molecules was  greater than
2�O(H2O), where �O(H2O) is the distance corresponding to a zero
potential between pairs of water molecules in Angstroms. This dis-
tance was  arbitrarily chosen but was found to be large enough
to prevent solute particles from “sticking” together at the start of
the simulation, allowing the H2O molecules to exhibit the required
shielding effect between solute particles. The solvated system was
then allowed to re-equilibrate before starting the production run.
A similar approach was used for cases where water was the solute
(e.g., CO2-rich carbon dioxide–water mixtures).

3.1.1. Effect of different numbers of particles
Fig. 1 shows the results of NTP MC  simulations of water at 280 K

and 300 bar for different numbers of particles, specifically 32, 108,
256 and 500 particles, using the TIP4P-Ew potential. Notice that
there are insignificant differences in the equilibrated values of UD

and that 32 particles can be used for the MC  simulations to provide
reliable values of UD = UDL. Moreover, as we illustrate later in this
article, bulk fluid phase computations using the GHC equation show
that calculated liquid molar densities are relatively insensitive to
the value of UD. That is, variations in UD by as much as 13% result
in only a 1% change in calculated phase densities.
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Fig. 1. Monte Carlo simulations for liquid water at 280 K and 300 bar using the TIP4P-
Ew potential with varying numbers of particles.

Fig. 2. Internal energies of departure for CO2 as a function of T and p.

3.1.2. Pressure effects
Figs. 2 and 3 show the pressure dependence of UD and the energy

parameter, a, respectively for CO2 for isotherms from 270 K to 315 K

using equally spaced, coarse-grained (10) temperatures and (4)
pressures over the ranges [270–315 K] and [1–300 bar]. In Fig. 2,
the filled boxes represent NTP Monte Carlo simulation data points
while the curves represent local linear interpolation of the data.
Notice that all data points shown in Fig. 2 are above the critical
pressure of carbon dioxide. Well below the critical temperature
(304.2 K), the internal energy of departure, UD, shows only a weak
dependence on pressure. However, for temperatures above the crit-
ical temperature, the pressure dependence of UD is strong and UD

varies significantly over the pressure range shown in the figure.
For example, for the isotherm 315 K, the value of UD

CO2
varies by as

much as 65% over the pressure range 75–300 bar.
A similar effect of pressure on the energy parameter, a, is shown

in Fig. 3. Well below the critical temperature of CO2, the energy
parameter is relatively insensitive to pressure. Above the critical
temperature, there is a strong dependence of the energy parameter
on pressure. This fact is important for two reasons:

(1) All other cubic EOS approaches treat the energy parameter as a
function of T only.

(2) Supercritical CO2 is often used as a working fluid in enhanced
oil recovery (EOR) so the temperature and pressure regimes
shown in Fig. 3 are of practical relevance in EOR.

Fig. 3a shows that below the critical temperature, the pressure
functionality of the energy parameter, a, is relatively flat and that
(∂a/∂p)T is small and positive. These observations supports the tra-
ditional approach used in all cubic equations of state (SRK, PSRK,
etc.) where the energy parameter is assumed to be a function of T
only and �-functions are used to capture this temperature depen-
dence. On the other hand, Fig. 3b clearly shows that the pressure
functionality of the energy parameter is significant in the critical
and supercritical regions for CO2. Moreover, the value of the energy
parameter in the supercritical region can vary widely (e.g., by as
much as 13.5% from a nominal value of 3.7 × 106 cm6 bar/mol2 at
the critical point). Far into the supercritical region, the effect of
pressure on the energy parameter remains strong.

3.1.3. Mixtures and linear mixing rule for UD

NTP MC  simulations for multi-component mixtures were con-
ducted and show that NTP MC  simulations of mixtures are
unnecessary and can be effectively replaced by pure component
NTP simulations plus the linear mixing rule for UDL

M given by UDL
M =∑

xiU
DL
i

. Fig. 4 gives results for CO2–H2O with 3 mol%, 50 mol%, and
97 mol% CO2. The temperatures and pressures for the MC simula-
tion data plotted in Fig. 4 range from 275–295 K and 75–450 bar
respectively. The associated statistics are shown in Table 2.

Fig. 3. GHC energy parameter vs. pressure for carbon dioxide.
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Fig. 4. Comparison of Liquid Mixture UD
M

vs. UD
M

=
∑

xiUD
i

for CO2–H2O.

Table 2
Statistics for UDL

M
vs. UDL

M
=

∑
xiUDL

i
for CO2–H2O mixtures.

Quantity Data

# of data points 42
AAD% error 2.382
Standard deviation 1.5459
Maximum error 5.3495
Minimum error 0.1034

Fig. 4 and Table 2 show that there is essentially no differ-
ence between the values of UDL

M determined from mixture NTP
MC simulations and the values of UDL

M determined from pure
component MC  simulations and the proposed linear mixing
rule. We  have also tested the linear mixing rule on a number of
other mixtures including N2–water, O2–water, N2–O2–water,
CH4–water, CH4–NaCl–water, N2–O2–CH4–CO2–water,
N2–O2–CH4–CO2–NaCl–water, CO2–octane, CO2–octane–water,
CO2–decane, CO2–decane–water, CO2–hexadecane, and
CO2–hexadecane–water and have also observed that there is
little difference between values of UDL

M determined from mixture
NTP MC  simulations and the values of UDL

M determined from pure
component MC  simulations and the proposed linear mixing rule.
Since NTP MC  simulations of mixtures involve larger numbers of
particles and are considerably more expensive than those for pure
components (i.e., computational time scales by approximately the
square of the number of particles; see Allen & Tildesley, 1987),
the information in Fig. 4 is very important and clearly shows that
there is potentially enormous computational benefit in using pure
component NTP MC  simulations and the linear mixing rule to
determine UDL

M . However before we can state that the proposed
linear mixing rule is universally applicable, we  need to test it
on other mixtures including homogeneous and heterogeneous
azeotropic mixtures.

3.1.4. Electrostatic effects
Electrostatic effects (i.e., charge–charge, charge–dipole,

dipole–dipole, quadrupole, etc.) in the multi-scale GHC EOS
framework are incorporated by directly including them in the
force field model in the NTP MC  simulations using point charges
in the evaluation of UDL. For example, the quadrupole for carbon
dioxide is included in the force field model for pure CO2 using
single point charges – one on the carbon atom and one on each

Fig. 5. NTP Monte Carlo simulations for liquid NaCl–H2O at various molalities at
273.15 K and 100 bar.

of the oxygen atoms. Weak or strong electrolyte mixtures, where
ions are present in solution, are treated in a similar manner. Fig. 5
shows MC simulation results for NaCl–H2O at 273.15 K and 100 bar.
Note that the MC  simulations are performed in three stages by

(1) Allowing pure water to equilibrate for 50,000 MC  steps.
(2) Inserting a single NaCl particle into the simulation box and

allowing NaCl–H2O to equilibrate for another 50,000 steps.
(3) Sampling the internal energy of departure.

As noted earlier, some care must be exercised in order
for the H2O molecules to exhibit the required shielding effect
between NaCl particles through water-only equilibration and
proper replacement of a water molecule with a solute molecule.
A water molecule should only be replaced with a pair of Na+

and Cl− ions if the resulting distance between solute molecules
(using periodic boundary conditions) is greater than 2�O(H2O),
where �O(H2O) is the distance in Angstroms corresponding to a
zero potential between pairs of water molecules. Otherwise, the
solute particles will tend to “stick” together at the start of the
solute–solvent simulations.

Some readers might have concerns regarding the convergence of
the NTP Monte Carlo simulations and the resulting accuracy of UDL

M
for solute–solvent mixtures using a single solute molecule. Fig. 6
compares the use of 1 and 2 NaCl particles in solution to measure
internal energies of departure for three separate mixtures of NaCl
and water at different temperatures, pressures and molalities. All
single solute particle NTP MC simulations are shown in black in
Fig. 6 while the 2-solute particle simulations are shown in red,
blue and green (For interpretation of the references to color in the
text, the reader is referred to the web  version of the article.). The
gray error bars represent the uncertainty in internal energies of
departure for the single solute particle simulations. Note that the
difference in the converged values of internal energies of depar-
ture for the 1 and 2-solute NaCl–water simulations is insignificant
and shows that a single salt particle is sufficient for obtaining good
values of the internal energy of departure. Similar behavior was
observed for KCl–water mixtures.

3.1.5. Sensitivity of liquid molar volume to UDL

Fig. 7 shows the sensitivity of the molar volume of liquid water
at 273.15 K and 5.3 bar to values of the internal energy of departure.
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Fig. 6. Single and 2-solute particle NTP Monte Carlo simulations for liquid NaCl–H2O
mixtures at various conditions.

Fig. 7. Sensitivity of the liquid molar volume of H2O to UD at 273.15 K and 5.3 bar.

Note that the liquid molar volume (and thus density) is insensi-
tive to changes in UD = UDL. A 13% change in UD results in only a 1%
change in the liquid molar volume. Similar insensitivity has been
observed for other pure component and mixture densities over a
wide range of temperatures, pressures and composition. However,
it is important to note here that phase equilibrium calculations are
slightly more sensitive to uncertainties in pure component internal
energies of departure.

3.1.6. Overall computational cost
There are several clear facts that justify the use of NTP MC  simu-

lations in the context of the proposed multi-scale multi-phase GHC
flash framework:

(1) Only pure component simulations with small numbers of par-
ticles are required to determine accurate values of internal
energies of departure. The proposed linear mixing rule, UDL

M =∑
xiU

DL
i

, is sufficient to provide accurate internal energies of
departures for mixtures.

(2) MC simulations need only be performed once. Values of UDL for
pure components can be stored in a database or look-up tables
and re-used repeatedly. Thus the MC  simulations are a one-time
expense.

(3) As we show in subsequent sections of this article, MC  simula-
tions and the GHC EOS yield accurate bulk fluid phase densities,
phase stability, and phase equilibrium results. Thus the cost
of using NTP MC  simulations to determine internal energies of
departure is far outweighed by the benefits provided at the bulk
fluid phase length scale.

4. Bulk fluid phase modeling and equilibrium

In this section, communication between the molecular and bulk
fluid phase length scales and modeling and simulation of phase
densities and phase equilibrium are described.

4.1. Communication between the molecular and bulk fluid phase
length scales

The results of MC  simulations for pure components must be
performed a priori and stored in a database or look-up tables. Con-
sequently, communication between the molecular and bulk fluid
phase length scale is accomplished using look-up tables and inter-
polation. Fig. 8 shows the communication of information between
the molecular and bulk fluid phase length scales. It should also
be pointed out that, unlike other EOS, the GHC  equation does not
require binary interaction (kij) parameters, at least for the mixtures
considered in this work.

4.2. Modeling and simulation of phase densities and phase
equilibrium

In the proposed multi-scale GHC flash framework, mixture crit-
ical properties, TcM and pcM, are needed to determine the energy
parameter, aM, and are calculated using Kay’s rules

TcM =
∑

xiTci (8)

pcM =
∑

xipci (9)

Fig. 8. Communication between molecular & bulk phase length scales.
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Table 3
Critical properties and molecular co-volumes of some substances.

Substance MW (g/mol) Tc (K) pc (bar) ω zc Density (g/cm3) Molecular co-volume, b (cm3/mol)

CO2 44 304.2 73.8 0.224 0.274 1.562 28.169
H2O 18 647.37 221.20 0.345 0.233 1.100 16.363
NaCl 58.44 – – – – 2.165 26.993

Pure component molecular co-volumes are taken as either solid
or glassy state molar volumes and calculated by the simple formula

bi = MWi

�i
(10)

where MWi is the molecular weight of component i, and �i is the
mass density of that component. Specifically, for water, the value,
b = (18 g/mol)/(1.1 g/cm3) = 16.363 cm3/mol, for high density glassy
water is used. Mixture co-volumes are computed using the mixing
rule for bM =

∑
bixi. Table 3 gives values of critical properties and

molecular co-volume for the substances studied in this work.
For pure components and aqueous salts, the energy parameter,

a, is determined using Eq. (3).  We  recommend Eq. 3 be used for
aqueous salts because salts do not have ‘useful’ critical properties.
However, it is important to understand that, for salt solutions, the
value of UDL used in Eq. (3) is determined from MC simulations
of the appropriate salt solution. For mixtures (i.e., non-electrolyte
or salt mixtures involving other non-electrolyte components), the
energy parameter, aM, is calculated using Eq. (5).

4.3. Equation solving issues

In this section, computational aspects of phase density and
phase equilibrium determination are described.

Phase densities. Phase densities are determined in the following
way

(1) The appropriate cubic equation of state in compressibility fac-
tor,

f (z) = c1z3 + c2z2 + c3z + c4 = 0

is solved using a trust region strategy (see Lucia & Yang, 2003)
to find the first root numerically. These computations are per-
formed in the complex plane. Convergence is assumed when
|f(z)| ≤ 10−6.

(2) The remaining roots are determined analytically using polyno-
mial deflation and the quadratic formula.

(3) Denoting the 3 roots to any cubic EOS by r1, r2, and r3, the liquid
and vapor roots are assigned as follows:
(a) The liquid root, zL, is zL = min{|r1|, |r2|, |r3|}, where | | denotes

the complex absolute value function (i.e., for any complex
number z = a + bi, |z| = [a2 + b2]1/2).

(b) The vapor root, zV, is zV = max{|r1|, |r2|, |r3|}.
(4) Liquid and vapor phase densities are calculated from the

expressions �L = p/(zLRT)  and �V = p/(zVRT)  respectively.

Multi-phase flash computations. Given temperature, pressure,
and overall feed molar flows (fi), the multi-phase flash problem
is given by

min  G/RT subject to fi −
∑

nk
i = 0, i = 1, . . . , C

and 0 ≤ nk
i ≤ fi (11)

where nk
i

is the number of moles of component i in phase k, the
summation is over k = 1, . . .,  P phases, and G/RT is the dimensionless

Gibbs free energy defined by

G/RT=
∑

k

⎧⎨⎩∑
i

nk
i
(G0

i
)
k

RT
+

∑
i

⎡⎣nk
i ln[nk

i /
∑

j

nk
j

⎤⎦+
∑

i

nk
i ln �̂k

i

⎫⎬⎭
(12)

(G0
i
)
k

is the standard state dimensionless Gibbs free energy for the
ith component in phase k, C is the total number of components
in the mixture and P is the total number of phases. The necessary
conditions for the problem defined by Eqs. (11) and (12) are the
equality of chemical potentials (�i). Eqs. (11) and (12) are solved
using the approach described in Michelsen (1982a,b),  which alter-
nates between phase stability and phase equilibrium calculations.
A convergence condition of

||�k
i − �P

i || < 10−6 (13)

was used for all sub-problems (phase stability and phase equilib-
rium). See Michelsen (1982a,b).

The global minimum of G/RT subject to conservation of mass
gives the correct number of phases and their corresponding phase
mole numbers (and compositions) at equilibrium. The basic flash
algorithm used in this work is described in Lucia, Padmanabhan,
and Venkataraman (2000) and is a Newton-based methodology.
However, there are several important differences between the algo-
rithm given in Lucia et al. (2000) and the one used in this work:

(1) The second derivatives of G/RT are calculated analytically
instead by the Broyden–Fletcher–Goldfarb–Shanno (BFGS)
quasi-Newton update.

(2) The terrain algorithm of Lucia and Yang (2003) is used to solve
the equations defining phase stability and phase equilibrium.

(3) Complex domain phase density calculations are incorporated
in various aspects of the phase stability and phase equilibrium
computations to assist in determining correct phase existence.

(4) Trace component compositions are calculated in all phase sta-
bility and phase equilibrium sub-problems using the expression

ln xk
i = �K

i − ln p − ln �̂k
i (14)

where �i
K is the chemical potential of the ith component in phase

K, which is the phase in which component i is present in greatest
amount. Note that Eq. (14) has the effect of setting �i

k = �i
K for any

trace component in phase k. See Lucia et al. (2000).

4.4. Using the GHC equation for predicting vapor–liquid
equilibrium

Lucia (2010) used the following form of ln � for the SRK equation
given by

ln � = −ln[z(1 − b/V)] + z − 1 − [a(T, p)/(bRT)]ln[(V + b)/V ] (15)

to derive GHC expressions for the energy parameter for pure com-
ponent liquids and liquid mixtures. We  note that there is an error in
Eq. (3) in Lucia (2010); the minus sign in front of the ln[z(1 − b/V)]
term is missing. In deriving expressions for a and aM the high pres-
sure limits

lim
p→∞

V = b (16)
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for pure components, and, for mixtures,

lim
p→∞

VM = bM (17)

were invoked. These limits, which are very reasonable approxima-
tions for liquids and give the ln 2 term in Eqs. (3) and (5), are not
valid for vapor phases.

To use the GHC equation for vapor phases, two  key issues need
to be addressed:

(1) Estimating UDV
i

, the internal energy of departure for the ith pure
component in the vapor.

(2) Using the low pressure limit for the pure component fugacity
coefficient expression (Eq. (15)) for vapor phase components.

4.4.1. Estimating pure component vapor internal energies of
departure

Using pure component and mixture liquid phase internal ener-
gies of departure to calculate vapor phase densities and fugacity
coefficients makes little sense and often leads to poor estimates of
vapor phase compositions. This is because the quantity p(V − Vig) in
not negligible. We  estimate pure component vapor internal ener-
gies of departure, UDV

i
, using the fundamental definition of internal

energy of departure given by

UDV
i =

∫ V

∞
T

[(
∂p

∂T

)
V

− p

]
dV (18)

Liquid phase properties can be determined first and thus ai
L,

bi
L, and an estimate of Vi

V, i = 1, . . .,  C are available. Set ai
V = ai

L and
bi

V = bi
L. Substitution of the equation of state into Eq. (18), integra-

tion using the assumption that the quantity {[ai − T(∂a/∂T)V]/bi} is
a weak function of volume at low pressure gives

UDV
i = −{[aV

i − T(∂aV
i /∂T)

V
]/bV

i }ln[(VV
i + bV

i )/VV
i ]

≈ −{aV
i /bV

i }ln[(VV
i + bV

i )/VV
i ] (19)

Eq. (19) has two nice theoretical properties: (1) it forces UDV
i

to be
negative; (2) UDV

i
→ 0 as p → 0 since ln[VV

i
+ bV

i
/VV

i
] → ln 1 = 0 as

p → 0.
Fig. 9 shows pure component values of UDL and UDV for carbon

dioxide and water as well as values of UDL for a 3 molal solution
of NaCl–water (which is treated as a pure component in the pro-
posed multi-scale flash approach) as a function of temperature from

Fig. 9. Pure component liquid and vapor phase internal energies of departure for
carbon dioxide, water, and a 3 molal solution of NaCl–water at 80 bar.

293.15 to 533.15 K and 80 bar. In this figure the filled boxes repre-
sent calculated values of pure component UDL and UDV while the
curves represent fits of those computed values. Note that there is
a marked difference in the values of UDL and UDV for water (shown
in green), as there should be since water is far removed from its
critical point. Note also that the temperature dependence of UDV

for water vapor is not monotonic like all other curves. Moreover,
the values of UDL for NaCl–water (shown in blue) are more nega-
tive than UDL for water, again as they should be, and this behavior
accounts for ‘salting out’ of CO2 in aqueous salt solutions. Finally,
note that the values of UDL and UDV for CO2 vary somewhat below
the critical temperature but are essentially indistinguishable above
the critical point of carbon dioxide.

4.4.2. Using the low pressure limit of the fugacity coefficient
The temperature derivative of Eq. (15) at constant pressure is

given by

(∂ln �/∂T)p = −(∂V/∂T)p/(V − b) + 1/T − pV/RT2 + a(∂V/∂T)p/

[RTV(V + b)] − {ln[(V + b/V ]/(bRT2)}[Ta′ − a] (20)

Use of the Gibbs–Helmholtz equation, the ideal gas law and the
definition of the departure volume gives

−UD/RT2 = −(∂V/∂T)p/(V − b) + a(∂V/∂T)p/[RTV(V + b)]

− {ln[(V + b)/V ]/(bRT2)}[Ta′ − a] (21)

Understanding the GHC equation requires an understanding of
the behavior and impact of the terms (∂V/∂T)p and (V − b) at the
high and low pressure limits of p → ∞ and p → 0.

4.4.3. High pressure limit
As p → ∞,  V → b. Moreover, (∂V/∂T)p = −(∂p/∂T)p/(∂p/∂V)T →

(V − b)/T + some higher order terms. Thus the term
−(∂V/∂T)p/(V − b) in Eq. (21) goes to −1/T  + higher order terms
which we approximate by −2/T.  Note that this gives rise to the
2bRT terms in Eq. (3).  The term a(∂V/∂T)p/[RTV(V + b)], on the other
hand, becomes a(V − b)/[RT2V(V + b)] which goes to zero.

4.4.4. Low pressure limit
As p → 0, V → ∞ and (∂V/∂T)p → (V − b)/T. Moreover, use of the

SRK EOS with p = 0 gives the following expression for the energy
parameter: a = RT[V(V + b)]/(V − b). Substitution of this expression
and the limiting value of (∂V/∂T)p in the term a(∂V/∂T)p/[RTV(V + b)]
gives a(V − b)/[RT2V(V + b)] = 1/T, which when combined with the
first term in Eq. (21) gives zero. Thus at the low pressure limit
equation (21) reduces to

[Ta′ − a] = bUD

ln[(V + b)/V ]
(22)

Solving Eq. (22) as in Lucia (2010) gives the expression

aV (T, p) = {0.42748R2Tc/pc + bUDV /(Tc ln[(V + b)/V ])}T
− bUDV /ln[(V + b)/V ] (23)

for the energy parameter for pure vapor phase components.
Using the same analysis, the low pressure limit for vapor mix-

tures is given by

aV
M(T, p) = {0.42748R2TcM/pcM+bMUDV

M /(TcM ln[(VM + bM)/VM])}T
− bMUDV

M /ln[(VM + bM)/VM] (24)

It is also necessary to replace the term ln 2 by ln[(VM + bM)/VM]
in all expressions for (∂n2aM/∂ni) for vapor mixtures and to
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understand that the terms ln[(V + b)/V] in Eq. (23) for pure vapor
components and ln[(VM + bM)/VM] in Eq. (24) for vapor mixtures
cannot be approximated by their low pressure limit, ln1, since this
will result in division by zero. Appendix C contains all of the mod-
ifications to (∂n2aM/∂ni) for the vapor phase for the GHC equation.

4.4.5. Numerical implementation issues
While use of the term ln[(V + b)/V] in place of ln 2 couples the

expression for the energy parameter to the equation of state, this
can be handled rather easily in the following way:

(1) For given values of T, p, and composition calculate the liquid
compressibility factor, zL, and a vapor compressibility factor,
zV, by the procedure described earlier.

(2) Using zV from step 1 calculate VV = zVRT/p.
(3) Re-calculate the energy parameter, aV or aV

M , and if necessary
(∂n2aM/∂ni) for the vapor phase using zV from step 1 and VV

from step 2.
(4) Calculate new values of zV and VV.
(5) Use the new values of zV and VV from step 4 to calculate all

vapor phase properties (i.e., ln � and/or ln �̂i and derivatives).

5. A multi-scale algorithm for multi-phase equilibrium
flash

In this section, an algorithm for the proposed multi-scale equi-
librium flash method is presented and the steps of the algorithm are
described. Here the GHC equation is used in all steps in which com-
pressibility factors (or densities) and partial fugacity coefficients
are needed. However, any EOS could be used.

(1) Given any number of components, C, specified overall feed
mole numbers, fi, and fixed temperature, T, and fixed pressure,
p, select appropriate force field models for the components in
the mixture and perform a priori NTP Monte Carlo simulations
to compute pure component internal energies of departure,
Ui

D, over desired ranges of temperature and pressure. Store
the values of Ui

D(T, p) for each component in a separate look-
up table.

(2) Calculate pseudo-critical properties, TcM and pcM, for the feed
mixture using Kay’s rule.

(3) Determine the density, �, and dimensionless Gibbs free
energy, G/RT, for a single liquid and a single vapor having a
composition equal to the feed composition. Determine which
phase, single liquid or single vapor, has the lowest dimension-
less Gibbs free energy, calculate the material stability of that
phase, and store the corresponding phase density, �, phase
composition, and value of G/RT as a current best solution.

(4) Irrespective of the results in (3) attempt a liquid phase split
calculation to determine all points of multiple tangency on
the surface G/RT. These points can often be approximated by
locating minima (and saddle points) on the G/RT surface.

(5) Based on the results of step 4 do the following:
(a) If potential points of tangency have been located in step

(4), estimate the equilibrium composition and mole num-
bers of one liquid phase using the composition of one of
the points of tangency. The other liquid phase can be deter-
mined from the given feed and the mass balance equations.
See Eq. (11). Solve a liquid–liquid equilibrium (LLE) flash
problem and determine the corresponding value of G/RT
for the LLE solution as well as the corresponding phase
compositions and densities.

(b) Else stop.
(6) If the LLE flash problem has a real-valued solution (i.e.,

each liquid phase has a real-valued density, phase flows and

compositions are physically meaningful, and each liquid is
materially stable) go to step 7. Else, go to step 8.

(7) Compare the value of G/RT for the LLE flash with the current
best solution of minimum dimensionless Gibbs free energy.
(a) If G/RT for the LLE flash solution is less than the value of

G/RT for the current best solution, replace the current best
values of G/RT, phase composition, and density with G/RT
for the LLE flash solution and the corresponding phase
compositions and densities.

(b) If G/RT for the LLE flash solution is greater than G/RT for
the current best solution, go to step 8.

(8) Using the same equilibrium phase composition and mole
numbers determined from points of tangency in step (5), solve
a vapor–liquid equilibrium (VLE) flash problem.

(9) If the VLE flash problem has a real-valued solution (i.e., each
liquid phase has a real-valued density and the phase flows and
compositions are physically meaningful), go to step 10. Else,
go to step 11.

(10) Compare the value of G/RT for the VLE flash solution with the
current best solution of minimum dimensionless Gibbs free
energy.
(a) If G/RT for the VLE flash solution is less than the value of

G/RT for the current best solution, replace the current best
values of G/RT, composition and density with G/RT for the
VLE flash solution and the corresponding phase composi-
tions and densities.

(b) If G/RT for the VLE flash solution is greater than the value
of G/RT for the current best solution, go to step 11.

(11) Continue to enumerate phase types indicated by points of
tangency until the flash solution of global minimum dimen-
sionless Gibbs free energy is found.

5.1. Description of multi-scale flash algorithm steps

Step 1 must be performed before any flash computations can
be solved using the GHC equation because the calculation of the
energy parameter, a or aM, requires internal energies of departure.
Values of UD for each pure component can be coarse-grained, and
interpolation can be used if the specified temperature and pres-
sure do not coincide with points of temperature and pressure for
which UD data has been computed by Monte Carlo simulation. Also
it is important to understand that in any steps of the algorithm in
which UD

M is required, the linear mixing rule, Eq. (6),  is used for both
liquid and vapor phases. Step 2 calculates pseudo-critical proper-
ties, which are a function of phase composition. Thus Kay’s rule is
also required in all subsequent steps of the flash algorithm where
phase compositions vary (or change iteratively). Step 3 begins the
enumeration of phase types, starting with single liquid and sin-
gle vapor. This step determines whether a single liquid or a single
vapor phase is of lowest dimensionless Gibbs free energy. Also note
that liquid or vapor may  not exist at the given feed, temperature
and pressure, but that this does not imply multi-phase equilibrium
involving vapor and/or liquid phases does not exist. Step 4 performs
a liquid phase split calculation to determine potential points of tan-
gency. For example, our experience with components in geophysics
applications like CO2, water, and oil, shows that it is extremely easy
to locate the water-rich liquid phase and that this water-rich liq-
uid phase composition offers significant advantages in subsequent
sub-problem initializations. If the phase split calculations indicate
no points of tangency, the algorithm stops with a single phase solu-
tion. Step 5a attempts to solve a LLE flash problem, which may  or
may  not actually exist. Because we allow compressibility factors (or
densities) to be complex-valued, it is easy to determine whether a
calculated LLE solution is a potential candidate for the global mini-
mum  by simply inspecting the phase densities at the converged LLE
solution. This test is performed in step 6 of the flash algorithm. If
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Table  4
A  summary of examples studied in this work.

Example Problem type Number of problems
solved

Problem
specifications

Experimental
validation

1 Density of
liquid
CO2–water

24 T = [278–293 K]
p = [64.4–294.9 bar]
zCO2 = [0.0293–0.0349]

Teng et al.
(1997)

2  Density of
liquid
NaCl–water

68 T = [273.15,
298.15,
323.15 K]
p = [100–900 bar]
m = [0.3852,
0.7766, 0.9630]

Chen et al.
(1977)

3  LLE for
CO2–water

21 T = 298.15 K
p = [90.19 to
507.5 bar]
zCO2 = [0–1]

Spycher et al.
(2003)
Coan and King
(1971)

4  LLE for
CO2–NaCl–water

6 T = 323.15 K
p = [51,202.4 bar]
zCO2 = [0.0083,
0.0181]
m = [1,3]

Koschel et al.
(2006)

5  VLE for
CO2–water

13 T = 298.15 K
p = [1–65 bar]
zCO2 = [0–1]

Coan and King
(1971)

6 VLE  & LLE for
CO2–NaCl–water

6 T = 373.15 K
p = [5–200 bar]
zCO2 = 0.30

Koschel et al.
(2006)

7  VLE for
CO2–water at
high T & p

5 T = 473.15 K
p = [10–500 bar]
zCO2 = [0–1]

Takenouchi
and Kennedy
(1964)

8  CO2 solubility
at high p

11 T = [293.15–593.15 K]
p  = 200 bar
zCO2 = [0–0.1]
m = [1,3]

Takenouchi
and Kennedy
(1964)
Koschel et al.
(2006)

9  Binary
interaction
parameters

21 T = 298.15 K
p = [90–530 bar]
zCO2 = [0–1]

Spycher et al.
(2003)

the LLE solution is physically meaningful, then it is compared to the
current solution of lowest dimensionless Gibbs free energy in step
7 and the best solution is stored for subsequent use. Irrespective of
whether a real LLE solution exists, a VLE solution is attempted in
step 8. Step 9 determines whether a VLE solution has been deter-
mined and checks the fidelity of that VLE solution. If the VLE flash
solution is physically meaningful, then it is compared to the cur-
rent best solution (which might be single liquid, single vapor or
LLE, depending on outcomes of earlier steps of the algorithm) in
step 10 of the flash algorithm. If the VLE flash solution is the solu-
tion of lowest dimensionless Gibbs free energy, then phase flows,
compositions, densities, etc. for that VLE solution are stored as the
current best solution. Using information from the phase split results
in step 4, the flash algorithm continues to enumerate phase types,
and determines a monotonically decreasing sequence of values of
G/RT until the solution of global minimum dimensionless Gibbs free
energy is found. Finally our experience with this multi-scale flash
algorithm shows that it is extremely reliable and typically requires
0.001 s of computer time on a Dell Inspiron laptop for problems of
5 or less components.

6. Numerical studies

In this section, calculated phase densities and phase equilibrium
results for CO2–water, NaCl–water, and CO2–NaCl–water modeled
by the multi-scale GHC EOS are presented and compared to the
SRK equation, the SRK equation with the Peneloux volume trans-
lation (SRK+), and the PSRK or electrolyte PSRK approach with
the Peneloux volume translation and validated using experimen-
tal data from the open literature. All parameters for the PSRK and
ePSRK equations were taken from the papers of Gmehling and co-

workers. For the multi-scale GHC equation, Eq. (3) was used to
calculate the energy parameter (a) for pure components and aque-
ous salt mixtures while Eq. (5) was  used to compute the energy
parameters (aM) for mixtures. Internal energies of departure were
computed as described in Section 3 and placed in pure compo-
nent look-up tables. Values of pure component internal energies
of departure, Ui

D, at any temperature and pressure were calculated
using look-up tables and interpolation while internal energies of
departures for mixtures were computed using the proposed linear
mixing rule (i.e., Eq. (6)). All bulk phase computations were per-
formed on a Dell Inspiron laptop computer using the Lahey-Fijitsu
LF95 compiler while the NTP Monte Carlo simulations were per-
formed on a 9-node Dell cluster with seventy two  2.83 E5440 GHz
Xeon processors.

Table 4 lists the problems studied in this work and the attributes
of those problems. For each example listed in Table 4 several density
and/or flash problems were solved. In all, 92 density calculations
(not counting those embedded in flash problems) and 83 phase
equilibrium problems were solved and compared to experimental
data in the open literature.

Table 4 also gives the references used for experimental valida-
tion. Table 5, on the other hand, summarizes some of numerical
results for the examples studied. For the density computations,
results are given as Average Absolute Deviation (AAD)% error,
where

AAD% = |(�exp − �calc)/�exp|
Ndata

(25)

Table 5 also provides the specific information used for exper-
imental validation. Finally, the numerical superscripts in Table 5
refer to different liquid phases in any given liquid–liquid equilib-
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Table 5
Summary of sample numerical results for examples studied in this work.

Example Problem Sample numerical results

SRK SRK+ PSRK/ePSRK GHC Experiment

1 AAD% error in liquid density 22.95 2.30 4.15 0.67
2  AAD% error in liquid density NA NA 2.65 0.91
3

50–50 mol% CO2–water
at 298.15 K & 240.2 bar

x1
CO2 = 0.9858 x1

CO2 = 0.9995 x1
CO2 = 0.9923 x1

CO2 = 0.9989

x2
CO2 = 0.0267ax2

CO2 = 0.0295 x2
CO2 = 0.0255 x2

CO2 = 0.0297 x2
CO2 = 0.0174

�1 = 0.019856 �1 = 0.019500 �1 = 0.019659 �1 = 0.021122
�2 = 0.042119 �2 = 0.056624 �2 = 0.041523 �2 = 0.054898

4
20–80 mol% CO2–(3 m)
NaCl–H2O at 323.15 K
& 202.4 bar

NA NA –

x1
CO2 = 0.9994

x2
CO2 = 0.0137

x2
CO2 = 0.0105

�1 = 0.01784
�2 = 0.05431

5
50–50  mol% CO2–water
at 298.15 K &
37.2876 bar

yCO2 = 0.9989 yCO2 = 0.9999 yCO2 = 0.9990 yCO2 = 0.9985

yH2O = 0.00145
xCO2 = 0.0018 xCO2 = 0.0014 xCO2 = 0.0089 xCO2 = 0.0034
�V = 0.019179 �V = 0.019166 �V = 0.001918 �V = 0.001923
�L = 0.042022 �L = 0.056472 �L = 0.041861 �L = 0.055450

6
30–70 mol% CO2–(3 m)
NaCl–water at 373.15 K
&  50.40 bar

NA NA –

yCO2 = 0.9959

xCO2 = 0.0043
xCO2 = 0.0022
�V = 0.001985
�L = 0.052836

7
50–50 mol% CO2–water
at 473.15 K & 300 bar

Fails Fails

yCO2 = 0.8306 yCO2 = 0.8546 yCO2 = 0.825
xCO2 = 0.0315 xCO2 = 0.0402 xCO2 = 0.034
�V = 0.00942 �V = 0.01071
�L = 0.03460 �L = 0.04679

8
50–50 mol% CO2–water
at 573.15 K & 200 bar

Fails Fails Fails

yCO2 = 0.5840 yCO2 = 0.390
xCO2 = 0.0427 xCO2 = 0.029
�V = 0.00053
�L = 0.03977

9b

50–50 mol% CO2–water
at 298.15 K & 450 bar

x1
CO2 = 0.9510 x1

CO2 = 0.9981 x1
CO2 = 0.9905 x1

CO2 = 0.9980

x1
H2O = 0.0041

x2
CO2 = 0.0171 x2

CO2 = 0.0271 x2
CO2 = 0.0336 x2

CO2 = 0.0026
�1 = 0.022909 �1 = 0.021885 �1 = 0.021995 �1 = 0.023374
�2 = 0.041927 �2 = 0.055394 �2 = 0.041567 �2 = 0.054601

a Data from Coan and King (1971).
b kij = −0.1043 for SRK and SRK+.

Table 6
Statistics for liquid density calculations of water-rich CO2–H2O mixtures.

Quantity PSRK EOS GHC EOS

# of data points 24 24
AAD% error 4.1527 0.6679
Standard deviation 0.2303 0.2293
Maximum error 4.5692 1.0918
Minimum error 3.7656 0.3420

rium flash solution while V and L refer to vapor and liquid phases
respectively. Densities in Table 5 are reported as molar densities in
units of cm3/mol.

The numerical results in Table 5 clearly show that the multi-
scale GHC flash methodology presented in this work provides
reliability that is superior to that of the SRK, SRK+, and PSRK equa-
tions. Also as shown in more detail in the discussions that follow,
the GHC equation gives much more accurate liquid phase densities
and phase equilibrium compositions than any of the other cubic
equations of state tested.

6.1. Example 1: density of liquid CO2 + water

Here we compare the GHC form of the Redlich–Kwong equation
with the PSRK equation in determining the density of liquid mix-
tures of CO2 and water at high pressure. Numerical results for both
EOS are also compared to the experimental data in Teng, Yamasaki,
Chun, and Lee (1997).  Results for water-rich mixtures are shown in
Fig. 10 and the associated statistics are given in Table 6.

Note that Fig. 10 clearly shows that the GHC equation matches
the experimental data quite well and is superior to the PSRK equa-
tion. The AAD% error in density for the GHC equation is 0.6679 while
that for the PSRK EOS is 4.1527.

Fig. 10. Comparison of liquid densities calculated using the PSRK & GHC EOS with
experimental data of Teng et al. (1997).

6.2. Example 2: density of liquid mixtures of NaCl + water

Fig. 11 shows a comparison of liquid density calculations for
NaCl–water for three different molalities using the electrolyte PSRK
(ePSRK; unfilled symbols) and GHC equations (filled symbols) with
the experimental data of Chen, Emmet, and Millero (1977).  The
statistics associated with the comparisons shown in Fig. 11 are
given in Table 7.
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Fig. 11. Comparison of liquid densities calculated by the ePSRK and GHC equations
for NaCl–H2O at various molalities with the experimental data of Chen et al. (1977).

Table 7
Statistics for liquid density calculations of water-rich CO2–H2O mixtures.

Quantity ePSRK EOS GHC EOS

# of data points 68 68
AAD% error 2.6502 0.9083
Standard deviation 1.2615 0.6036
Maximum error 5.3026 2.4128
Minimum error 0.6654 0.0319

It is clear from Table 7 that the GHC equation is superior to the
ePSRK equation for predicting densities of NaCl–water solutions in
the range of conditions studied in this example. The AAD% error for
the GHC EOS is 0.91% while that for the ePSRK EOS is 2.65%.

6.3. Density calculation details

Consider the determination of the liquid density of a
0.9630 molal (m)  mixture of NaCl–water at 298.15 K and 600 bar. A
0.9630 molal mixture of NaCl–water corresponds to mole fractions
of xNaCl = 0.01704 and xH2O = 0.98296.

ePSRK. In the ePSRK approach, water is the only volatile
component. The physical properties used for water were
Tc = 647.37 K, pc = 221.2 bar, ω = 0.345, MW = 18.020 g/mol, and a
dielectric constant, D, equal to 87.66. The molecular weight of
sodium chloride is 58.44 g/mol. The resulting EOS parameters
were b = bH2O = 21.082 cm3/mol, and a = 9.813 × 106 cm6 bar/mol2.
The activity coefficient of water on a salt-free basis was
�′ = xH2O�/xH2O

′ = 0.9658 (Kiepe et al., 2004), where ′ denotes
a property evaluated on a salt-free basis and � is given
by the LIFAC method (Yan et al., 1999). Additionally, a
volume translation of 6.375 cm3/mol was used for water.
The calculated values of liquid compressibility, liquid molar
density, and liquid mass density using the ePSRK equa-
tion were zL = 0.41646 and �L = 0.05812 mol/cm3 = 1.12610 g/cm3

respectively.
GHC. The GHC approach treats salt solutions by using b = bM, UD

M
from MC  simulations of the aqueous salt mixture, the critical prop-
erties of water, and Eq. (3).  The values of the molecular co-volumes,
bNaCl and bH2O, were 26.993 and 16.363 cm3/mol respectively as
shown in Table 3. The resulting value of b = xNaClbNaCl + xH2ObH2O
was 16.658 cm3/mol. The value of the internal energy of depar-

ture, UD
M , from NaCl–H2O NTP MC  simulations and interpolation

was UD
M = − 5.943372 × 105 cm3 bar/mol. From Eq. (3),  the cal-

culated value of a = 11.11175 × 106 cm6 bar/mol2. The computed
liquid compressibility factor and molar density were zL = 0.43059
and �L = 0.056212 mol/cm3. The mass density of the liquid mixture
at the given conditions was 1.05054 kg/m3.

Chen et al. (1977).  The reported experimental liquid density is
1.05880 g/cm3.

Remark. Note that there is a marked difference between
the energy parameters for ePSRK [a = 9.813 × 106 cm6 bar/mol2]
and GHC [a = 11.11175 × 106 cm6 bar/mol2]. This difference in
energy parameter suggests that the NTP Monte Carlo simula-
tions accurately capture electrostatic effects in UD

M for NaCl–water
mixtures and this, in turn, results in much better liquid density
predictions.

6.4. Example 3: liquid–liquid equilibrium in CO2–water mixtures

This example compares the capabilities of the PSRK and GHC
equations to predict LLE for CO2–water mixtures above the criti-
cal pressure of CO2. Spycher, Pruess, and Ennis-King (2003) give an
excellent summary of available experimental data for CO2–water
mixtures over a wide range of temperature and pressure condi-
tions. Fig. 3 in the Spycher et al. paper gives a phase diagram for
CO2–H2O at 298.15 K and contains both experimental and calcu-
lated compositions of the water-rich and CO2-rich phases. See page
3017 in Spycher et al. (2003).  Available experimental data in the
liquid–liquid region include the work of Wiebe and Gaddy (1940),
Coan & King (1971), Gillespie & Wilson (1982),  and King, Mubarak,
Kim, and Bott (1992).

Fig. 12 provides a comparison of numerical results for LLE
computed, gives a phase diagram for the liquid–liquid region for
CO2–water at 298.15 K and is similar to the one shown in Spycher
et al. (2003).  Note that the GHC equation does much better than
the PSRK equation in predicting the equilibrium composition of the
CO2-rich liquid phase (AAD% error for GHC = 0.16; AAD% error for
PSRK = 0.43) while the PSRK equation does better at matching the
water-rich phase composition (AAD% error for GHC = 1.04; AAD%
error for PSRK = 0.29). Note also that the GHC equation does a rea-
sonable job at predicting the liquid–liquid equilibrium over a rather
wide range of pressure, performing best at high pressure. This last
fact (i.e., that the curve for the GHC equation passes very near the
experimental data at higher pressure) provides strong evidence
regarding the correctness of the theory on which the GHC equation
is based.

6.5. Example 4: liquid–liquid equilibrium in CO2–NaCl–water
mixtures

This fourth example gives numerical results for calculated
liquid–liquid equilibrium (LLE) for CO2–NaCl–water at 323.15 K
over a range of pressures and molalities using the GHC equation.
Again, it is important to note that in the multi-scale GHC flash
framework NaCl–H2O mixtures as well as other aqueous salt solu-
tions are treated as a pure component. Specifically, an effective
molecular co-volume of the aqueous salt was calculated using the
relationship

bNaCl–H2O = 1
[(1 − xNaCl]/VH2O + xNaCl/VNaCl]

(26)

where xNaCl is the mole fraction of sodium chloride in a binary
mixture of NaCl and water and can be computed directly from
the molality of the aqueous salt solution, and where VH2O is
the high density glassy molar volume of water and VNaCl is
the solid molar volume of sodium chloride. See Table 3. Values
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Fig. 12. A Comparison of LLE for carbon dioxide–water at 298.15 K predicted by the PSRK and GHC equations with the experimental data of Coan and King (1971).

of UDL for NaCl–water, used to determine the energy parame-
ter for NaCl–water, were calculated as a function of T, p and
xNaCl from a look-up table of NTP Monte Carlo simulations of
NaCl–water mixtures. Thus the CO2–NaCl–water mixture was
treated as a binary mixture. Fig. 13 provides a comparison of numer-
ical results for LLE computed using the GHC equation with the
experimental results of Koschel, Coxam, Rodier, and Majer (2006)
at 323.15 K.

6.5.1. Salting out
Salting out is a term used to describe the reduction in gas

solubility as a function of increasing salt concentration and it is
important for any equation of state to demonstrate the capability
to predict salting out of CO2 in aqueous salt solutions. Specifically,
the left hand side of Fig. 13 clearly shows that the GHC equa-
tion correctly predicts that CO2 gas solubility in water decreases
with increasing molality (i.e., the curve for 3 m is to the left of
the curve for 1 m).  Fig. 13 also shows that the GHC equation
correctly predicts that CO2 solubility increases with increasing
pressure.

6.6. Example 5: vapor–liquid equilibrium in CO2–water mixtures

Fig. 14 shows a comparison of vapor–liquid equilibrium (VLE)
for CO2–H2O at 298.15 K calculated by the PSRK and GHC  equations.
The VLE region is appended to the LLE shown in Fig. 12.  Experimen-
tal data in the VLE region was taken from Coan and King (1971).
Fig. 14 clearly shows that the GHC equation outperforms the PSRK
equation in the VLE region.

6.7. Example 6: vapor–liquid and liquid–liquid equilibrium in
CO2–NaCl–water mixtures

Fig. 15 is a comparison of the VLE and LLE for a mixture of 30
mol% CO2 and 70 mol% NaCl–water at 373.15 K over a pressure
range from 5 to 200 bar calculated by the GHC equation with the
experimental data of Koschel et al. (2006, p. 118). Two different
aqueous salt solutions – 1 and 3 molal solutions – were investigated.

Fig. 15 clearly shows that our multi-scale flash program deter-
mines accurate phase boundaries. In particular, the transition from
VLE to LLE occurs at approximately 190 bar in the experimental

Fig. 13. A comparison of LLE for carbon dioxide–NaCl–water at 323.15 K calculated by the GHC equation with the experimental data of Koschel et al. (2006).
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Fig. 14. A Comparison of VLE and LLE for carbon dioxide–water at 298.15 K predicted by the PSRK and GHC equations with the experimental data of Coan and King (1971).

Fig. 15. A comparison of VLE and LLE for CO2–NaCl–water at 373.15 K predicted by the GHC equation with the experimental data of Koschel et al. (2006).

data of Koschel et al. whereas our multi-scale flash calculations
determine this phase boundary to be at around 185 bar. At a feed
composition of 90 mol% CO2 and 10 mol% NaCl–water the transition
from vapor-only to VLE occurs at approximately 1.5 bar. Note also
that the GHC equation matches the experimental data reasonably
well and correctly predicts (1) an increase in CO2 concentration
with increasing pressure and (2) salting out of carbon dioxide with
increasing salt concentration.

6.8. Detailed VLE flash calculation for CO2–NaCl–H2O

Details of a VLE flash calculation for a 30–70 mol% mixture of
CO2 and a 3 molal solution of NaCl–water at 373.15 K and 50.40 bar
are presented. These conditions were selected because they cor-
respond to a data point in Table 6 on page 118 of Koschel et al.
(2006).

At the given feed conditions and specifications both single liquid
and single vapor are real but the single vapor has a lower value of
G/RT = 3.085949. Phase stability calculations converge in 10 itera-

tions and provide an estimate of the composition of the aqueous salt
solution (i.e., xCO2 = 7.17 × 10−6, xNaCl–H2O = 0.999993). Subsequent
liquid–liquid equilibrium flash calculations converge to a false LLE
solution in 12 iterations. This false LLE solution has a CO2-rich liquid
phase with a complex-valued density. However, at the same com-
position, temperature and pressure, a real CO2-rich vapor exists.
Using this false LLE solution and the designation that the CO2-rich
liquid is actually vapor, VLE calculations converge in 12 iterations
and show that the VLE solution is the global minimum phase equi-
librium solution, with a value of G/RT = −0.194917. The VLE solution
is shown in Table 8.

Table 8
VLE for CO2–NaCl–water at 373.15 K and 50.4 bar using GHC equation.

CO2-rich vapor phase Aqueous salt phase

Fraction 0.299683 0.700317
Composition (CO2, NaCl–H2O) (0.995900, 0.004099)a (0.002207, 0.997793)
Density (mol/cm3) 0.001985 0.0528364

a The vapor composition is (yCO2, yH2O); NaCl is non-volatile.
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Fig. 16. A comparison of VLE for CO2–water at 473.15 K predicted by the GHC equa-
tion  with the experimental data of Takenouchi & Kennedy (1964).

6.9. Example 7: high temperature, high pressure vapor–liquid
equilibrium

Fig. 16 shows a comparison of the VLE calculated by the GHC
equation with the experimental data of Takenouchi and Kennedy
(1964) at 473.15 K for pressures from 10 to 500 bar. In general,
the GHC equation matches the experimental data reasonably well.
However, while the GHC equation does predict retrograde behav-
ior, the region of calculated retrograde behavior is somewhat lower
in pressure than indicated by the experimental data.

6.10. Example 8: effect of temperature on CO2 solubility at higher
pressures

Many of the examples presented in this article provide behavior
of CO2 solubility in water and aqueous salt solutions as a function of
pressure. In this example, the effect of temperature on the solubility
of CO2 in water and NaCl–water are illustrated. CO2 solubilities
in the water-rich phase in VLE predicted by the GHC equation at
200 bar over the temperature range 293.15–593.15 K are compared
to the experimental data of Takenouchi and Kennedy (1964) and
Koschel et al. (2006) in Fig. 17.

Fig. 17 illustrates several important points:

(1) Below the boiling point of pure water, the GHC equation cor-
rectly predicts decreasing CO2 solubility in pure water (solid
red curve) and 3 m NaCl–H2O (solid blue curve) with increas-
ing temperature and this is very much in line with our intuitive
understanding of the effect of temperature on CO2 solubility
(i.e., that carbon dioxide desorbs with increasing temperature).
Note that the limited data in Koschel et al. (2006) also shows
desorption of CO2 at low temperature in 3 m NaCl–H2O and
thus the prediction by the GHC equation is consistent with
experimental results.

(2) At temperatures between approximately 373.15 and 543.15 K,
the GHC equation shows that CO2 solubility in pure water and
3 m NaCl–water increases with increasing temperature, as does
the experimental data of Takenouchi and Kennedy (1964) for
pure water.

(3) Above approximately 543.15 K, the experimental data of Take-
nouchi and Kennedy shows that the solubility of carbon dioxide
in pure water decreases with increasing temperature and the

Fig. 17. Temperature behavior of CO2 solubility in water and 3 m NaCl–water at
200  bar predicted by the GHC equation and comparisons with the experimental
data  of Takenouchi and Kennedy (1964) and Koschel et al. (2006).

GHC equation again correctly predicts this reversal in CO2 sol-
ubility.

6.11. Example 9: the use of binary interaction parameters

Binary interaction or kij parameters are often used in phase
equilibrium calculations to improve a given model’s capabilities
of matching known experimental phase equilibrium data.

This example compares the performance of the GHC and
PSRK equations to that of the SRK equation with the Peneloux
volume translation (SRK+) and classical mixing rules with and
without a CO2–water binary interaction parameter, kij. The value
of kij = −0.1043 used in this study was  determined from fitting
CO2–water liquid–liquid equilibrium data from Spycher et al.
(2003) at 298.15 K. Difficulties with using kij’s are illustrated in
Fig. 18 for computed and experimental LLE over a pressure range
of 90–530 bar.

Several points are worth noting with regard to the numerical
performance of the equations of state depicted in Fig. 18:

(1) The value of kij = −0.1043 was determined by fitting only the
phase equilibrium data for 298.15 K given in Spycher et al.
(2003).

(2) The SRK+ equation (solid green curves) does not provide accu-
rate estimates of the equilibrium phase compositions for either
the CO2-rich or water-rich liquid phases; the water compo-
sition of both phases is over-estimated. Moreover, the phase
density of the CO2-rich phase computed from the SRK+ equa-
tion is poor.

(3) The PSRK equation (shown as the red dot-dashed curves) gives
more accurate phase compositions and phase densities than
SRK+.

(4) The SRK+ equation with kij = −0.1043 (dashed green curves)
moves the estimated equilibrium phase compositions of the
CO2-rich and water-rich phases toward each other. Thus the
estimate of the CO2-rich phase becomes worse at the expense
of improving the water-rich phase composition. The use of a kij
parameter for CO2–water mixtures at high pressure requires a
balance be struck between the estimated CO2-rich and water-
rich equilibrium phase compositions.

(5) Overall the GHC equation (solid blue curves) provides the most
accurate estimates of the equilibrium phase compositions of
the cubic equations of state tested without the need to fit phase
equilibrium data or use a binary interaction parameter.
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Fig. 18. LLE for CO2–water at 298.15 K predicted by the GHC, PSRK and SRK+ equations with experimental data from Spycher et al. (2003).

While limited in scope, the results presented in Fig. 18 clearly
show that kij’s do not always improve, and sometimes diminish, the
ability of traditional cubic EOS to match experimental phase equi-
librium data. In contrast, the GHC equation provides accurate phase
compositions without the need for a binary interaction parameter.

7. Conclusions and discussions

In this article, a new multi-scale framework for multi-phase
equilibrium flash calculations was presented. The novel features
of the proposed approach include

(1) The use of coarse grained NTP Monte Carlo simulations to gather
pure component internal energies of departure.

(2) The use of the Gibbs–Helmholtz constrained (GHC) cubic equa-
tion of state recently proposed by Lucia (2010) to estimate the
energy parameter.

(3) The development of a simple linear mixing rule to compute
internal energies of departure for mixtures from pure compo-
nent internal energies of departure.

(4) The derivation of a novel expression for partial fugacity coeffi-
cients for the GHC EOS.

(5) No fits of GHC EOS parameters to experimental phase equilib-
rium data or use of binary interaction parameters (kij’s).

(6) A novel flash algorithm that includes the computation of
complex-valued compressibility factors and phase densities to
assist in phase existence determination.

Numerical results for a wide variety of phase density and phase
equilibrium examples involving mixtures of CO2, water and NaCl
were used to illustrate the reliability and accuracy of the pro-
posed multi-scale equilibrium flash approach. Numerical results
for the GHC equation were compared to the SRK equation with the
Peneloux volume translation (SRK+) with and without binary inter-
action parameters, the predictive Soave–Redlich–Kwong (PSRK)
and electrolyte PSRK equations. Numerical results were validated
using experimental data available in the open literature and clearly
show that the multi-scale GHC equation is superior to the SRK+,
PSRK and ePSRK equations, resulting in closer predictions of exper-
imental phase densities and phase equilibrium compositions.

The use of empirical equations.  In our opinion, traditional cubic
EOS approaches use excessive amounts of empiricism in the
form of

a. �-functions and acentric factors to capture temperature depen-
dence of the energy parameter.

b. Volume translation to correct for the density of mixtures involv-
ing polar fluids.

c. Fits of binary interaction (kij) parameters to equilibrium data to
capture phase behavior.

These empirical equations point to weaknesses in basic theory,
are not necessary in our opinion, and the cubic EOS that use these
empirical equations actually correlate and do not predict phase
behavior.

Having said this, we  openly acknowledge that in the absence of
ab initio quantum chemistry calculations some degree of parameter
fitting will always be required at some level of the computations.
This is unavoidable. The PSRK and ePSRK approaches use data fit-
ting:

a. VLE and GLE equilibrium data to fit UNIFAC temperature-
dependent parameters.

b. Activity coefficient models that have been fit to VLE and LLE data
to estimate GE

0.

The GHC equation, on the other hand, uses force field parameters
fit to

a. Density data.
b. Heat of vaporization data.
c. A number of experimental measurements for electrolytes (i.e.,

hydration energy, lattice energy, lattice constant, ion-water
binding energy, and ion-water binding distance).

The critical difference between the GHC equation and all other
cubic EOS is that it does not use phase equilibrium data to fit
any parameters–either for UD at the molecular level or the energy
parameter, a, and the molecular co-volume, b, at the bulk fluid
phase level. It also does not correct for deficiencies using empirical
correction factors like �-functions, acentric factors, volume trans-
lation, or kij’s. This empiricism is unnecessary with the multi-scale
GHC EOS flash approach.
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7.1. Future work

Future work associated with the multi-scale GHC EOS-flash
approach includes plans to expand our pure component database
of internal energies of departure and to incorporate the multi-scale
GHC EOS flash approach in reservoir simulations.

a. Component database for UD. In order to use the GHC EOS approach,
internal energy of departure data generated from NTP Monte
Carlo simulations is required. Our initial data base has devel-
oped around needs in geological sequestration of carbon dioxide.
We continue to expand our pure component data base to fit
the needs of our research in various applications of reservoir
simulation–including enhanced oil recovery and Arctic hydrol-
ogy. Recent efforts include NTP Monte Carlo simulations to
generate UD for n-alkanes ranging from methane to dotriacon-
tane, light gases such as oxygen, nitrogen, hydrogen sulfide,
carbon monoxide, aqueous solutions of salts and mixed salts
(NaCl, KCl, Mg2SO4, etc.), aromatic compounds (e.g., benzene,
phenols, etc.), and other compounds of interest in earth and
environmental systems. Remember, gathering internal energy of
departure data for any pure component using NTP Monte Carlo
simulations is a one-time expense.

b. Reservoir simulation.  We  have begun the task of integrating our
multi-scale GHC EOS flash approach with the reservoir simula-
tor FEHM (Finite Element Heat & Mass transfer). See Zyvoloski
(2007) for an overview of the FEHM simulator. Initial work
in two important application areas, carbon sequestration and
enhanced oil recovery, shows that the multi-scale GHC equation
and the multi-phase flash algorithm proposed in this article pro-
vide accurate densities and phase equilibrium throughout the
reservoir. This, in turn, permits longer integration time steps and
results in faster and more accurate reservoir simulations

7.2. Coda

Pure component Monte Carlo internal energy of departure data
is available from the corresponding author (AL) upon request.

Appendix A. Expression for (∂n2aM/∂ni)

The starting point for the derivation of (∂n2aM/∂ni) is

(∂n2aM/∂ni) = 2naM + n2(∂aM/∂ni) (A1)

where the quantity aM is given by

aM = {0.42748R2TcM/pcM + bMUDL
M /(TcM ln 2)

+ 2bMR ln TcM/ln 2}T − bMUDL
M /ln 2 − (2bMR/ln 2)T  ln T (A2)

Derivation of (∂aM/∂ni) is straightforward and can be accom-
plished by differentiating each of the five terms in Eq. (A2) with
respect to ni.

(1) Differentiation of the term [0.42748R2TcM/pcM]T with respect
to ni gives

(∂/∂ni)[0.42748R2TcM/pcM]T = 0.42748R2T[pcMTci

− TcMpci]/(np2
cM) (A3)

(2) Differentiation of [bMUM
DL/(TcMln 2)]T with respect to ni gives

(∂/∂ni)[bMUDL
M /(TcM ln 2)]T = (T/ln 2)[TcM(bMUDL

i + UDL
M bi)

− bMUDL
M (TcM + Tci)]/(nT2

cM) (A4)

(3) Differentiation of [2bMR ln TcM/ln 2]T  with respect to ni gives

(∂/∂ni)[2bMR ln TcM/ln 2]T  = (2RT/n ln 2)[(bM/TcM)(Tci − TcM)

+ ln TcM(bi − bM)] (A5)

(4) Differentiation of −[bMUM
DL/ln 2] with respect to ni gives

(∂/∂ni)[bMUDL
M /ln 2] = −(1/n ln 2)[(bMUDL

i + UDL
M bi) − 2bMUDL

M ]

(A6)

(5) Differentiation of −[(2bMR/ln 2)T  ln T] with respect to ni gives

(∂/∂ni)[(2bMR/ln 2)T  ln T] = −(2RT ln T/n ln 2)[bi − bM] (A7)

Combining Eqs. (A3) through (A7) gives

(∂aM/∂ni) = 0.42748R2T[pcMTci − TcMpci]/(np2
cM)

+ (T/ln 2)[TcM(bMUDL
i + UDl

M bi) − bMUDL
M (TcM + Tci)]/

(nT2
cM) + (2RT/n ln 2)[(bM/TcM)(Tci − TcM)

+ ln TcM(bi − bM)] − (1/n ln 2)[(bMUDL
i + UDL

M bi)

− 2bMUDL
M ] − (2RT ln T/n ln 2)[bi − bM] (A8)

The use of (A2) and (A8) in Eq. (A1) yields

(∂n2aM/∂ni) = 2naM + n2(∂aM/∂ni) = {(a0MT)[2TcMpcM + pcMTci

− TcMpci]/(T2
cMpcM) + (T/ln 2)[TcM(bMUDL

i + UDL
M bi)

+ bMUDL
M (TcM − Tci)]/(T2

cM) + (2RT/ln  2)[(bM/TcM)

(Tci − TcM) + ln TcM(bi + bM)] − (1/ln 2)[(bMUDL
i

+ UDL
M bi)] − (2RT ln T/ln 2)[bi + bM]} (A9)

where a0M = 0.42748R2TcM/pcM.
Eq. (A9) is used directly in Eq. (7) to determine liquid partial

fugacity coefficients for the GHC EOS.

Appendix B. Parameters for potential energy functions

This appendix lists the Lennard–Jones and electrostatic param-
eters for water, carbon dioxide, and sodium chloride used in this
work as well as the experimental property or properties to which
the force field parameters were fit and ranges of temperature and
pressure over which the parameters were optimized.

TIP4P-Ew (H2O) [Reference: Horn et al. (2004)]
∠ HOH = 104.52◦

d(O-M) = 0.125 Å
d(O-H) = 0.9572 Å

Lennard–Jones
parameters

Charges (in
fundamental
charge units)

Force field
parameters fit
to

Ranges of
parameter
optimization

εO = 81.898910 K qH = 0.52422 Density 235.5 ≤ T ≤ 400 K
�O = 3.16435 Å qM = −1.04844 
Hvap p = 1.013 bar

TIP4P-Ew (NaCl) [Reference: Joung and Cheatham (2008)]
Lennard–Jones
parameters

Charges (in
fundamental
charge units)

Force field
parameters fit
to

Ranges of
parameter
optimization

εNa = 84.7609684 K qNa = 1.0 Hydration
energy, lattice
energy

T = 298 K

�Na = 2.18448 Å qCl = −1.0 Lattice
constant

p = 1.013 bar

εCl = 5.86828962 K Ion-water
binding energy

�Cl = 4.91776 Å Ion-water
binding
distance
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TIP4P-Ew (CO2) [Reference: Dick et al. (2009)]
∠ OCO = 180◦

d(C-O) = 1.188 Å
Lennard–Jones
parameters

Charges (in
fundamental
charge units)

Force field
parameters fit
to

Ranges of
parameter
optimization

εC = 34.1831707 K qO = −0.340 CO2 solubility
in water

288 ≤ T ≤ 313 K

�C = 2.620 Å qC = 0.680 p = 1.013 bar
εO = 99.7078339 K
�O = 2.924 Å

EPM-Rigid (CO2) [Reference: Harris and Yung (1995)]
∠ OCO = 180◦

d(C-O) = 1.161 Å
Lennard–Jones
parameters

Charges (in
fundamental
charge units)

Force field
parameters fit
to

Ranges of
parameter
optimization

εC = 28.999 K qO = −0.33225 Density 228 ≤ T ≤ 308 K
�C = 2.785 Å qC = 0.6645 
Hvap 7.6 ≤ p ≤ 72.4 bar
εO = 82.997 K
�O = 3.064 Å

Appendix C. Energy parameter and (∂n2aM/∂ni) for vapor
phases for the GHC EOS

The modifications of Eqs. (3) and (5) for a and aM for vapor phases
are respectively

a(T, p) = {0.42748R2Tc/pc + bUDV /(Tc ln[(V + b)/V ])}T − bUDV /

ln[(V + b)/V ] (C1)

for pure components and

aM(T, p) = {0.42748R2TcM/pcM + bMUDV
M /(TcM ln[(VM + bM)/VM])}

T − bMUDV
M /ln[(VM + bM)/VM] (C2)

for mixtures. There are also corresponding changes in (∂n2aM/∂ni)
that must be taken into account. Following the notation and deriva-
tion in Appendix A, we have

(1) Differentiation of the term [0.42748R2TcM/pcM]T with respect
to ni remains the same and is given by Eq. (A3).

(2) Using the quotient rule, differentiation of
{1/ln[(VM + bM)/VM]}[bMUM

DV/TcM]T with respect to ni requires
the following two changes be made to Eq. (A4):
(a) The ln 2 term in Eq. (A4) must be replaced by

ln[(VM + bM)/VM]
(b) The term −T(bMUM

DV/TcM)[(bi − bM)/{(VM + bM)
[n ln[(VM + bM)/VM]2} must be added.

The resulting expression is

(∂/∂ni)[bMUDV
M /(TcM ln[(VM + bM)/VM])]T

= (T/ln[(VM + bM)/VM])[TcM(bMUDV
i + UDV

M bi)

− bMUDV
M (TcM + Tci)]/(nT2

cM) − T(bMUDV
M /TcM)[(bi − bM)/

{(VM + bM)[n ln[(VM + bM)/VM]2}] (C3)

The remaining terms in Eq. (C2) can be handled in exactly the
same manner.

(3) Differentiation of–[bMUDV
M/ln[(VM + bM)/VM]] with respect to

ni gives

(∂/∂ni)[bMUDV
M /ln[(VM + bM)/VM]]

= −{1/(n ln[(VM + bM)/VM])}[(bMUDV
i + UDV

M bi) − 2bMUDV
M ]

+ [bMUD
M][(bi − bM)/{(VM + bM)[n ln[(VM + bM)/VM]2}] (C4)

Now follow the same procedure described in Appendix A under
Eq. (A7) using Eqs. (A3) and (C3) and (C4) to arrive at the correct
expression for (∂n2aM/∂ni) for any vapor phase.
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