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Abstract: Tsunami generation by underwater landslides is simulated in a
three-dimensional (3D) Numerical Wave Tank (NWT) solving fully nonlinear po-
tential ow equations. The solution is based on a higher-order Boundary Element
Method (BEM). New features are added to the NWT to model underwater land-
slide geometry and motion and specify corresponding boundary conditions in the
BEM model. A snake absorbing piston boundary condition is implemented on
the onshore and o�shore boundaries. Results compare well with recent laboratory
experiments. Sensitivity analyses of numerical results to the width and length of
the discretized domain are conducted, to determine optimal numerical parame-
ters. The (3D) e�ect of landslide width on tsunami generated is then estimated.
Results show that the 2D approximation is applicable when the ratio of landslide
width over length is greater than three.

INTRODUCTION

Tsunamis generated by underwater landslides triggered on the continental
slope appear to be one of the major coastal hazards for moderate earthquakes
(e.g., Tappin et al. 2001). Such tsunamis, indeed, are only limited in height
by the landslide vertical displacement, which may reach several thousand meters
(Murty 1979; Watts 1998). Hence, huge coastal tsunamis, o�ering little time for
warning, can be produced (Watts 2000).

Predicting landslide tsunamis requires complex numerical models in which
both landslide and bottom geometry must be accuratedly represented. The
models must also account for nonlinear interactions between landslide motion
and surface wave �eld. Grilli and Watts (1999) implemented such of a two-
dimensional (2D) numerical model, based on a higher-order Boundary Element
Method (BEM), i.e., a NumericalWave Tank (NWT). Reviews of the literature to

1Dept. of Ocean Engng., University of Rhode Island, Narragansett, RI 02882, USA. E-mail:

grilli@oce.uri.edu.
2Applied Fluids Engng., Inc., Mail Box #237, 5710 E. 7th Street, Long Beach, CA 90803,

USA. E-mail: phil.watts@applieduids.com

1 grilli-tsunami



FIG. 1. Example of underwater landslide geometry over a plane 15 degree

slope, modeled in the 3D-NWT.

date regarding tsunamis generated by underwater landslides and their numerical
modeling can be found in the latter paper and in Watts and Grilli (2001). Here,
we describe the current implementation, validation, and simulation of tsunami
generation by underwater landslides in the three-dimensional (3D) NWT devel-
oped by Grilli et al. (2001). Fully nonlinear potential ow equations are solved
in this NWT, based on a higher-order Boundary Element Method and an explicit
time stepping scheme. Wave overturning can be modeled if it occurs in the com-
putations. Grilli et al. validated their 3D-NWT for solitary wave shoaling and
breaking over slopes, by comparing results both to experiments and to an earlier
numerical solution. The agreement was excellent.

In the present work, various improvements were made to the 3D-NWT, to
simulate tsunamis caused by underwater landslides. Open boundary conditions
were implemented, and validated for solitary wave propagation over constant
depth (Grilli and Watts 2001). These conditions extend to 3D the piston-like
boundary condition developed by Cl�ement (1996) and Grilli and Horrillo (1997).
The landslide shape and kinematics were modeled on a way similar to the Grilli
and Watts (1999) 2D model, by assuming a smooth initial shape for the landslide,
moving down a planar slope (e.g., Figs. 1 and 2).

NWTs enable many outputs to be obtained with minimal error, and in vir-
tually no setup time (free surface pro�les, numerical wave gages, runup, etc. . . ).
Here, however, as done in earlier 2D studies, we will represent results of the 3D-
NWT by a characteristic wave amplitude calculated above the initial landslide
position, at the location of maximum landslide thickness (de�ned at horizontal
location (xg; 0); Fig. 3). Our characteristic wave amplitude is thus an implicit
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FIG. 2. Sketch of 3D-NWT used for landslide tsunami modeling.

function of the underwater landslide shape and motion input parameters.

THE NUMERICAL WAVETANK

Governing equations and boundary conditions

Fully nonlinear potential free surface ow equations are solved in the 3D-
NWT. These are summarized below. The velocity potential �(x; t) describes
inviscid irrotational 3D ows in Cartesian coordinates x = (x; y; z), with z the
vertical upward direction (and z = 0 at the undisturbed free surface; Fig. 2).
The velocity is de�ned by, u =r� = (u; v; w).

Mass conservation in the uid domain 
(t), with boundary �(t), is a Laplace's
equation for the potential,

r2� = 0 in 
(t) (1)

Green's second identity transforms Eq. (1) into the Boundary Integral Equation
(BIE),

�l �l =
Z
�

�
@�

@n
(x)G(x;xl)� �(x)

@G

@n
(x;xl)

�
d� (2)

in which �l = �(xl) = �l=(4�), with �l the exterior solid angle made by the
boundary at point xl (i.e., 2� for a smooth boundary), with the 3D free space
Green's functions de�ned as,

G =
1

4� r
with

@G

@n
= � 1

4�

r � n
r3

(3)

where r = x� xl, r =j r j, x and xl = (xl; yl; zl) are points on boundary �, and
n is the outward unit vector normal to the boundary at point x.
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The boundary is divided into various sections, with di�erent boundary condi-
tions (Fig. 2). On the free surface �f (t), � satis�es the nonlinear kinematic and
dynamic boundary conditions,

DR

D t
= u =r� on �f (t) (4)

D�

D t
= �gz + 1

2
r� �r�� pa

�w
on �f (t) (5)

respectively, with R the position vector of a free surface uid particle, g the
acceleration due to gravity, pa the atmospheric pressure, �w the uid density, and
D=Dt the material derivative.

Various methods can be used for wave generation in the NWT. Here, tsunamis
are generated on the free surface due to a landslide motion x`(t) speci�ed on the
bottom boundary �b (Figs. 1 and 2). We have, for landslide geometry and
kinematics,

x = x` ;
@�

@n
= u` � n =

dx`

d t
� n on �b(t) (6)

where overlines denote speci�ed values, and the time derivative follows the land-
slide motion. See below for details.

Along stationary parts of the boundary, such as part of the bottom and some
lateral parts of �r2, a no-ow condition is prescribed as,

@�

@n
= 0 on (�r2), (�b). (7)

Assuming the landslide motion is in the negative x direction, actively absorb-
ing boundary conditions are speci�ed at one or both extremities of the NWT in
the x direction, initially at x = xo and xo + L0 + l1 (Figs. 2 and 3). These are
modeled as pressure sensitive \snake" absorbing piston wavemakers. The piston
normal velocity is speci�ed as,

@�

@n
= uap(�; t) on �r2(t), with, (8)

uap(�; t) =
1

�wh0
p
gh0

Z �ap(�;t)

�h0

pD(�; z; t) dz (9)

calculated at curvilinear abscissa �, horizontally measured along the piston bound-
ary, where �ap is the surface elevation at the piston and pD = ��wf@�@t + 1

2r��r�g
denotes the dynamic pressure. The integral in Eq. (9) represents the horizontal
hydrodynamic force FD(�; t) acting on the piston at time t, as a function of �.

For well-posed problems, we have, � � �f [ �b [ �r1 [ �r2.
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Time integration

Second-order explicit Taylor series expansions are used to express both the
new position R(t+�t) and the potential �(R(t+�t)) on the free surface, in a
mixed Eulerian-Lagrangian formulation. The adaptive time step �t in the Taylor
series is calculated at each time, from the minimumdistance between nodes on the
free surface, �Ro, and a constant mesh Courant number Co = �t

p
gho=�Ro ' 0:5

(see Grilli et al. 2001 for details).
First-order coe�cients in the Taylor series are given by Eqs. (4) and (5),

which requires calculating (�, @�

@n
) on the free surface. This is done by solving

Eq. (2) at time t, with boundary conditions (6) to (9). Second-order coe�cients
are obtained from the material derivative of Eqs. (4) and (5), which requires

calculating (@�
@t
, @2�

@t@n
) at time t. This is done by solving a BIE similar to Eq.

(2) for the @�

@t
�eld. The free surface boundary condition for this second BIE is

obtained from Bernoulli Eq. (4), after solution of the �rst BIE for �.

BEM discretization

The spatial discretization in the NWT follows that of the Grilli et al. (2001)
model. All details can be found in the latter reference.

In short, the BIEs for � and @�

@t
are solved by a BEM. The boundary is dis-

cretized into collocation nodes and 2D cubic sliding boundary elements, based
on polynomial shape functions. These are expressed over 4 by 4 node reference
elements, of which only one 4-node quadrilateral is used as the actual bound-
ary element. Curvilinear changes of variables are used for expressing boundary
integrals over reference elements and deriving discretized equations. Discretized
boundary integrals, both regular and singular, are calculated for each colloca-
tion node by numerical Gauss quadrature (special methods are used to regularize
singular integrals, based on polar coordinate transformations in the reference
element). Double and triple nodes and edges are used at intersecting parts of
the boundary. The BEM algebraic system of equations is solved in the present
applications using a direct elimination method.

Tangential derivatives, e.g., needed in the Taylor series, are calculated on
the boundary in a local curvilinear coordinate system (s;m;n) de�ned at each
boundary node (Fig. 2), with s = xs, m = xm, and n = s �m (subscripts
indicate partial derivatives). Derivatives of the geometry and �eld variables in
tangential directions s and m are computed, by de�ning, around each node, a
local 5 node by 5 node, 4th-order, sliding element.

Landslide geometry and discretization

In the Grilli and Watts (1999) model, semi-ellipses were used to represent the
geometry of 2D vertical landslide cross-sections, which were then moved downs-
lope according to a speci�ed landslide kinematics. Sharp corners occurred at the
intersections between the landslide and the planar slope, causing singularities in
the BEM solution. This required re�ning the discretization near corners.

Here, 3D underwater landslides are represented by a fully submerged smooth
sediment mound of density �`, sitting over a plane slope of angle � (Figs. 1 to
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FIG. 3. De�nition of 3D-NWT and landslide geometrical parameters.

3). The landslide has maximum thickness T (measured perpendicularly to the
slope). The middle of the landslide surface is located in depth d, at a distance xg
along the x-axis. The geometry is represented by T sech2(k r`) curves, in polar
coordinates (r`; '`) de�ned within the slope and centered on the landslide axis
intersection with the slope, at point xi = (xi; yi; zi). These curves are truncated
at points where they reach an elevation " T above the slope. This geometricmodel
provides for a smoother bottom geometry than ellipses. The landslide, in fact, is
simply treated as a \wave" of bottom elevation moving downslope. The landslide
footprint on the slope is de�ned as an ellipse of major axis b (in the x direction)
and minor axis w (in the y direction) (Fig. 3). These dimensions are expressed as
functions of speci�ed characteristic dimensions (B;W ) which, with T , de�ne the
landslide volume. Coe�cients k("; 'l; b; w) in the de�nition of landslide geometry
are de�ned based on these parameters. For the sake of simplicity and comparison
with other work, it is assumed that the landslide volume is identical to that of
the semi-ellipsoid de�ned by (B;W;T ).

In the NWT, the maximum number of nodes/elements that can be used in
the domain discretization is limited by the available computer memory. To se-
lect an optimal size and resolution of the discretization, a tsunami characteristic
wave length was de�ned by Grilli and Watts (1999), based on theoretical scaling
considerations, as,

�o ' to
q
g d (10)

where to is a characteristic time de�ned below. In all cases, the domain length (x
direction) was selected close to that value, and at least Mx = 20 elements were
used to discretize one theoretical wavelength.
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Landslide motion

We follow the wavemaker formalism developed by Watts (1998). Dimensional
analysis shows that, within a family of similar landslide geometry, landslide mo-
tion and tsunami characteristics are functions of the �ve nondimensional inde-
pendent parameters :  = �`=�w, �, d=b, T=b, and w=b. Accordingly, one can
derive an approximate equation describing the center of mass motion S(t) (paral-
lel to the planar slope in the negative x direction), for rigid underwater landslides,
starting at rest at t = 0 (see Watts and Grilli (2001) for details). We �nd,

S(t) = So ln
�
cosh

t

to

�
(11)

with,

So =
u2t
ao

; to =
ut
ao

(12)

where So and to are characteristic length and time of motion, respectively, and
ao and ut denote landslide initial acceleration and terminal velocity, respectively,
given by,

ao = g
 � 1

 + Cm

sin � (13)

where Cm is an approximate added mass coe�cient, and,

ut =
q
gB

s
�( � 1)

2Cd

sin � (14)

where Cd is an approximate drag coe�cient. Watts (1998) and Watts (2000)
found added mass and drag coe�cients to be of O(1) for 2D and quasi-2D land-
slides (for which W � B). [Note that Coulomb friction was neglected in this
analysis.]

APPLICATIONS

To compare results with an earlier 2D model and with recent laboratory ex-
periments, a quasi-2D landslide case was run by Grilli and Watts (2001), for
which W � B and, hence, there is no lateral (y) variation in landslide geome-
try. Therefore, the 3D-NWT problem becomes equivalent to a 2D slice along a
uniform landslide, similar to cases solved in the 2D model by Grilli and Watts
(1999). The agreement with 2D results and with the experiments was found to be
quite good for both the characteristic tsunami amplitude and the time evolution
of free surface elevation at numerical gages.

Here, we consider a landslide of similar parameters as in this quasi-2D case, i.e.
: slope angle � = 15�, rigid landslide with average density �` = 1; 900 kg/m3 (and
thus  = 1:845 for �w = 1; 030 kg/m3), length B = 1; 000 m (and thus b = 1; 299
m for " = 0:5) and maximum thickness T = 50 m, and initial submergence
d = 260 m. Now, however, there is a lateral y variation in landslide geometry
and a full 3D landslide geometry is modeled as discussed above (Fig. 1). The
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FIG. 4. Surface elevation at di�erent times for a 3D landslide tsunami

simulation with : � = 15 deg., B = 1000 m, W = 1000 m, T = 50 m,

d = 260 m, L0 = l0 + l1 = �0 = 3888 m, w0 = 2000 m, d0 = 400 m,

h0 = 1; 031 m, l1 = 300 m, h1 = 70 m.

computational domain is such as sketched in Fig. 3. The o�shore boundary is
represented by an absorbing piston and all other lateral boundaries are assumed
impermeable. The shallow shelf at the onshore extremity has depth h1 = 70 m
and length l1 = 300 m. The constant depth o�shore region has a length do = 400
m (with xo = 0), and its depth ho = h1+L0 tan � depends on the selected domain
length. The landslide kinematics is computed based on Eqs. (11) to (14). The
hydrodynamic coe�cients are set to the standard values Cm = 1, Cd = 1. With
this data, the landslide kinematics is de�ned by : So = 4; 469 m, ut = 58:1 m/s,
ao = 0:754 m/s2, and to = 77:0 s, and, based on this, we �nd an approximate
tsunami wavelength �o = 3; 888 m.

To assess the e�ects of discretization and boundary conditions on 3D-NWT
results, we study the sensitivity of tsunami characteristic amplitude �c to the
length L0 = L0 + l1 and width w0 of the computational domain. Sensitivity of
results to slope angle �, landslide length B, thickness T , initial submergence d,
and density, was studied by Watts and Grilli (2001), using the 2D model by Grilli
and Watts (1999). Emprical relationships were derived, through curve �tting of
numerical results, between the dimensionless tsunami characteristic amplitude
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�c=So and dimensionless parameters : sin �;B=d; T=B, and . These relationships
are essentially applicable to 3D results. Here, to assess 3D e�ects on tsunami
generation, we study the sensitivity of �c to the dimensionless landslide width
W=B.

Only rigid landslides are simulated in this study. Watts and Grilli (2001)
investigated the inuence of landslide deformation, in the form of a linear land-
slide extension in the downslope direction during failure. They found that the
impact of this deformation on the characteristic amplitude was negligible as a
�rst approximation.

For a domain length L0 = �o, with ho = 1031 m, W = B, and w0 = 2W , we
specify 20 BEM elements in the x direction, of initial length �xo = 194:4 m, 10
elements in the width y direction, of length �yo = 200 m, and 4 elements over
depth. With this data, the initial time step is set to �to = 0:45�xo=

p
g ho =

0:87 s. Fig. 4 shows free surface elevations computed in this case, at various
times t = 0 to 31.6 s. We see the appearance of an initial dipole-like surface
elevation, with a wave of depression forming above the landslide initial location
and a wave of elevation propagating o�shore of the landslide. Later on (t > 21
s), a smaller wave of elevation is seen to also propagate onshore, which would
eventually induce coastal ooding and runup. For this case, the maximum error
on mass conservation was 0.82% of the landslide volume.

We maintain the same density of discretization and initial time step for other
cases studied in the following sensitivity analysis, using di�erent domain length
and width, and landslide width.

E�ect of domain length

For simplicity, cases with no variation in the y-direction (W =1), are mod-
eled. The domain width is set to w0 = B for all calculations. The total domain
length L0 is set to multiples of the theoretical wavelength �o (0.6 to 3). For fully
developed quasi-2D tsunami generation we �nd �c2D ' 6:0 m. For L0 > �o, little
change is observed in �c2D. Hence, this value is used for domain length in the
following.

E�ect of domain width

Here, we verify at which distance, y = �w0=2, the impermeable lateral bound-
aries have to be located to avoid perturbing the tsunami generation process, i.e.,
changing �c through reection. To do so, landslides of di�erent widths W = B,
2B and 3B are modeled and, for each width, calculations are performed using
di�erent domain widths w0 = W to 3 � 6W . Results show that, for a ratio
w0=W � 2, �c only varies very slightly. Hence, this ratio is used in the following.

E�ect of landslide width

Landslides of various widthsW = B=2 to 3B are modeled and the resulting �c
compared. Results show an increase in �c with increasing landslide aspect ratio
W=B. The large initial increase with W=B, however, becomes slower for W=B >
2, where the amplitude eventually approaches its 2D value asymptotically. For
the current results, we �nd �c ' �c2D � 2:36(W=B)�1:35 (with R2 = 0:95).
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CONCLUSIONS

Landslide tsunami generation mechanisms were explored in a 3D-NWT solv-
ing fully nonlinear potential ow equations, using a higher-order BEM. Accurate
modeling of underwater landslide geometry and motion, and snake absorbing
piston boundaries and their e�ciency, were illustrated in the applications. Ex-
perimental validation of results was reported elsewhere for a quasi-2D landslide.

For one realistic set of landslide parameter values, we conclude that the char-
acteristic tsunami amplitude �c is not signi�cantly a�ected when the width of
the computational domain w0 � 2W and the length of the computational do-
main L0 � �o, respectively. We also �nd that the 3D �c converges towards the
2D value for W � 2B. The latter result is of importance as 2D analyses (such
as described in Grilli and Watts (1999) and Watts and Grilli (2001)) are much
easier and quicker to carry out than 3D studies, particularly in a realtime fore-
casting situation. It is therefore of interest to assess whether 2D conditions can
be assumed in a given case and the corresponding simpli�ed model applied.
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