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We report on recent developments and validations of a numerical model for free-surface waves generated by an advanc-
ing surface disturbance. The model is based on potential flow theory with fully nonlinear free-surface boundary condi-
tions. Equations are solved numerically in the time domain, using a 3-dimensional higher-order Boundary Element Method
(HOBEM) combined with a 2nd-order explicit time updating. The generic model, developed in earlier work by Grilli et al.
(2000, 2001), is extended in the paper to apply to the present forward-moving disturbance problem. We first assess both the
accuracy and convergence rate of the HOBEM for a typical mixed Dirichlet-Neumann problem corresponding to the bound-
ary value problem, which is solved at every time step in the computations. As expected, the convergence rate is found to be
3rd order, and mass and energy are conserved within less than 1% for highly nonlinear waves when at least 8 third-order
boundary elements are used per wavelength. To achieve sufficient numerical efficiency for large and finely discretized prob-
lems, we use the Fast Multipole Algorithm (N log N method) recently tested in the model by Fochesato and Dias (2006). As
a validation application, we compute 3-D nonlinear free-surface waves caused by a moving pressure patch, such as created
by a Surface Effect Ship. Results show that the present methodology works quite well for numerical examples and gives
reasonable wave resistance as compared with theory, and other computational results.

INTRODUCTION

According to linear wave theory, a disturbance advancing at
steady speed on or below the free surface creates a so-called
Kelvin wave pattern, which is completely described in the clas-
sical literature. However, surface waves created by a disturbance
moving at high speed, such as a Surface Effect Ship (SES),
and the resulting wave resistance, may significantly differ from
this theory due to nonlinearity. In such cases, it is necessary to
tackle the problem numerically and use nonlinear free-surface
conditions. In this paper, we briefly review the state-of-the-art in
computational methods for ship wave resistance and make rec-
ommendations for new directions of development, in light of our
recent experience with 3-dimensional Boundary Element Method
(BEM) computations of nonlinear free-surface flows (e.g. Grilli
et al., 2000, 2001, 2008).

Wave resistance computations for a ship moving at constant
forward speed have usually been formulated as a steady flow
problem, in a reference frame moving with the ship. Such compu-
tations also yield sinkage and trim, which are 2 significant param-
eters for determining ship hull power requirements and operating
condition (Sclavounos et al., 1997).

Initial work on waves generated by a moving vessel can be
traced back to Wehausen, and many other precursors of naval
hydrodynamics. Most of this classical work covers fundamen-
tal aspects and theoretical predictions of wave resistance for
simple bodies, such as ship hulls with simplified analytic lines
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(Wehausen, 1973). A recent review of analytical representations
of ship waves can be found in Noblesse (2000). When it comes
to numerical computations of wave resistance, the BEM (initially
referred to as “panel method” in its lowest approximation) has
been widely used since the pioneering works of Hess and Smith
(1964) and Dawson (1977). Thus, by the late 1970s, zero and
non-zero forward speed problems were beginning to be solved
with a BEM, in a so-called Neumann-Kelvin (NK) formulation in
which the body boundary condition is satisfied on the mean posi-
tion of the exact body surface, with linearized free-surface bound-
ary conditions. A further refinement was to use the exact hull
boundary condition, but still with linearized free-surface boundary
conditions. This approach did not gain popularity, however, and
Dawson (1977) devised the so-called double-body or Dawson’s
approach by linearizing about the double-body flow. An improve-
ment along this line is the weak-scatter hypothesis of Pawloski
(1991), where the wave disturbance caused by the ship motion is
linearized around the ambient waves, while using the exact ship
hull boundary condition; Huang and Sclavounos (1998) utilized
this approximation for developing their SWAN 4 model.

By contrast, although more computationally demanding, the
Fully Nonlinear Potential Flow (FNPF) approach does not require
any approximation of the body or the free-surface boundary con-
ditions. Jensen et al. (1989), Raven (1998), and Liu et al. (2001)
reported initial results of using this approach for the steady
forward motion. For the unsteady ship wave problem, a time-
marching scheme must be used which, as indicated by Beck and
Reed (2001), gives rise to additional difficulties, particularly when
using an Eulerian-Lagrangian representation. Among these, a very
important problem is the local treatment of breaking waves gen-
erated around the ship bow and stern, particularly for high-speed
ships. Specifically, to be able to pursue numerical simulations with
an FNPF-BEM beyond wave breaking, local absorption of wave
energy in those regions of the free surface with nearly breaking
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waves must be implemented. In this respect, Beck reported some
success (1999) and, more recently, using a spilling breaker model,
so have Muscari and Di Mascio (2004).

The main goal of this work is the application of an existing
3-D FNPF-BEM model (Grilli et al., 2000, 2001, 2008; Fochesato
et al., 2005) to wave resistance computations for high-speed SES,
such as the Harley FastShip, a new type of SES with catamaran
hulls (e.g. Harris and Grilli, 2007). Initial results in this respect
have been proposed by Sung and Grilli (2005, 2006).

In this paper we first present the mathematical and numerical
formulations of the model, with an emphasis on the free-surface
updating method. Next, we give simple applications, in which
we assess the accuracy and rate of convergence of the HOBEM.
Finally, we solve and validate the proposed methodology for the
problem of nonlinear waves caused by a traveling pressure patch
representing the air cushions of an SES.

GOVERNING EQUATIONS AND BOUNDARY
CONDITIONS

We assume the fluid to be incompressible and inviscid, and the
flow to be irrotational. We thus define the velocity potential, as
the scalar function, �(�x� t), of spatial variables, �x = �x� y� z� =
�x1� x2� x3), and time variable, t. The velocity potential is related
to the fluid velocity vector, �u = �u� v�w), by �u = ��, where �
denotes the gradient operator. With these definitions, mass con-
servation becomes Laplace’s equation for the potential in the fluid
domain, �t�:

� 2���x� t�= 0 (1)

The boundary of the fluid domain is composed of a free sur-
face, a body/ship boundary and external/far-field boundaries (lat-
eral, downstream and upstream—Fig. 1). Appropriate boundary
conditions (i.e., Dirichlet or Neumann) must be specified on the
entire domain boundary.

In an Eulerian-Lagrangian representation, the kinematic and
dynamic free-surface conditions are expressed as:

D �R
Dt

= �u≡ �� (2)

D�

Dt
=−gz+ 1

2
����2 − pa

�
(3)

respectively, with �R= �X�Y �Z) the free-surface position vector;
g, the gravitational constant; �, the constant fluid density; pa, the
atmospheric or applied pressure on the free surface (e.g. due to
the SES air cushions); and D/Dt = �/�t + �u · � , the material
derivative.

For an Eulerian representation, we instead classically obtain:
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�t
=−�H� ·�H� + ��
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Fig. 1 Sketch of domain for unsteady forward speed problem
(UB�t�)
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where �H denotes the horizontal gradient operator (i.e. in the x
and y directions). Below we detail the numerical time updating
of the free-surface boundary conditions and geometry.

Under potential flow theory, the body boundary condition spec-
ifies that the normal velocity is continuous from the fluid to the
body:

�� · �n= �V · �n (6)

where �n = �nx�ny� nz) is the outwards unit normal vector, and
�V is the body velocity, either given by the specified motion of
the disturbance (i.e. �V = UB �ex for a forward speed problem) or
obtained from the body equations of motion.

On the domain bottom and other fixed parts of the bound-
ary (e.g. lateral boundary), a no-flow boundary condition is
prescribed as:

�� · �n= 0 (7)

Far-field conditions are specified on the upstream and down-
stream boundaries. For instance, for a steady ship translation or an
advancing pressure patch in still water, one can specify these as:

lim
r→	�� = �0�0�0� (8)

where r denotes the radial distance from the source of the distur-
bance. Due to the domain finite length, the exact far-field condi-
tion (Eq. 8) will be modified, as detailed later in the paper. It is
noted that all of the above equations were stated in a fixed coor-
dinate system.

Free-Surface Time Updating Methods

The Lagrangian approach of free-surface time updating, based
on Eqs. 2 and 3, which is also referred to as the material node
approach, is more often used in problems with zero forward speed.
An Eulerian description based on Eqs. 4 and 5 has also been used,
particularly for nonlinear wave simulations in which wave over-
turning does not occur. The advantages of the former method are
that its formulation is very straightforward, and that it provides
fluid particle trajectories under wave motion. One of the difficult
numerical issues with the Lagrangian method is that fluid mark-
ers tend to accumulate around stagnation points and regions of
relatively high flow speed, which may cause numerical instabil-
ity (e.g. Beck, 1999; Grilli et al., 2001). One can circumvent this
difficulty in time-marching schemes by relocating (or regridding)
fluid markers from time to time (Grilli et al., 2001). Although
straightforward in principle, regridding poses some practical dif-
ficulties. By contrast, regridding is not required with the Eulerian
method, but one has to numerically evaluate the horizontal gra-
dient of the free-surface elevation, to be used in Eq. 4, and the
method is limited to single-valued free-surface elevation.

For forward speed problems, such as the present case of wave
generation by an advancing disturbance (Fig. 1), the Eulerian
method has advantages over the Lagrangian method, which when
expressed in earth-fixed coordinates usually requires a longer
computational domain in order to reach steady state. Further, grid
resolution must be very dense around the disturbance (or ship)
to capture the steeper waves generated around the bow and stern.
Hence, such calculations may be time-consuming and inefficient
for very large, finely discretized, computational domains. A prac-
tical solution to this problem is to use a coordinate system moving
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with the disturbance and adopt an Eulerian or pseudo-Lagrangian
updating.

For forward speed problems in a moving reference frame, the
total velocity potential is expressed as the sum of the free-stream
velocity potential, which corresponds to the translation of the dis-
turbance, and the perturbed potential. Beck (1999) solved this
problem with a pseudo-Lagrangian updating, which allows sur-
face markers to follow a prescribed path. To do so, he defined a
time derivative following the moving nodes as !/!t = �/�t+�v ·� ,
where �v is the velocity of a moving node (which may be dif-
ferent from that of the actual fluid particles). It is noted that
this approach can be regarded as an Eulerian updating method.
Similarly to this conventional approach, Sung and Grilli (2005)
proposed a new scheme of free-surface time updating, in which
fictitious fluid particles keep the values of their x-coordinates
stationary in the moving reference frame. Accordingly, the free-
surface boundary conditions read:

D̃ �R
D̃t′

=Wy �ey +Wz �ez (9)

D̃�

D̃t′
=�t′ +Wy

��

�y
+Wz

��

�z
(10)

where primes denote variables in the moving reference frame, �ey

and �ez are the unit vectors in the y- and z-directions, and �W =
�Wx�Wy�Wz) is the pseudo-Lagrangian velocity defined as:

Wx =UB�t��Wy =
��

�y
�Wz =

��

�z
− nx

nz

[
UB�t�−

��

�x

]
(11)

Summarizing the above, 3 different approaches of free-surface
time updating were used in past applications: the material node
(the Lagrangian); the Eulerian; and the pseudo-Lagrangian. We
present below yet a new method of time updating that proves
more relevant and efficient when applied to our problem than any
of the earlier methods.

Combined Method of Free-Surface Time Updating

To draw maximum benefit from the time updating methods
detailed above, we now combine the Lagrangian and Eulerian (or
pseudo-Lagrangian) methods as follows:

• We express boundary conditions in the conventional moving
reference frame, where we also solve the boundary integral equa-
tion using a higher-order 3-D BEM.

• The Eulerian wave elevation, �E�x� y� t) is obtained from
Eqs. 9 and 10, assuming waves do not overturn at the next time
step.

• The Lagrangian wave elevation, �L�x� y� t), is obtained from
Eqs. 2 and 3, after correcting fluid marker velocities (see below),
because the coordinate system is moving with the free-surface
disturbance speed.

• The 2 free-surface profiles are linearly combined using a user-
defined interpolation function, %�x� y� t), e.g. defined as:

� = &1−%�x� y� t�'�E +%�x� y� t��L

%�x� y� t�=




1 �x� y� ∈ SL

% ∈ �0�1� �x� y� ∈ ST

0 �x� y� ∈ SE

(12)

where SL denotes the free-surface region in which the Lagrangian
representation is used, SE the remaining Eulerian region, and ST a
transition region from SL to SE , with gradual variation of one time
updating method to the other. Given the problem definition for an
advancing disturbance and the particular grid system selected, one
can usually specify an appropriate shape for the 3 regions (SL, ST

and SE) for which the numerical solution will converge.
According to Eqs. 12, the surface elevation function � must

be single-valued in both the transition and Eulerian regions but
can become multiple-valued in the Lagrangian region (although
this will usually terminate computations when the touch down
of a plunging jet occurs on the free surface). However, a wave-
absorption algorithm can be easily applied in the Lagrangian zone
to prevent wave overturning, e.g. based on the absorbing pressure
algorithm detailed in Grilli and Horrillo (1997). This is detailed
below.

Finally, note that in this method the Eulerian (outer) region can
also be replaced by a pseudo-Lagrangian zone SP , such as was
done in the work of Sung and Grilli (2005).

SOLUTION METHODOLOGY

HOBEM

The governing Eq. 1, with time-dependent nonlinear free-
surface boundary conditions Eqs. 2 and 3, is solved using the
higher-order 3-D FNPF-BEM model of Grilli et al. (2000, 2001)
with extensions detailed in Fochesato et al. (2005). These refer-
ences should be consulted for details of the numerical implemen-
tation. The model is modified to apply to the moving disturbance
problem.

The main aspects of the higher-order BEM are summarized
below. Green’s second identity transforms Eq. 1 into the following
BIE:

+��xl����xl�=
∫
-

[
��

�n
��x�G��x� �xl�−���x��G

�n
��x� �xl�

]
d- (13)

where +��xl� is the normalized interior solid angle at point �xl;
G��x� �xl� = 1/40r is the free-space Green’s function, where r =
��r � = ��x− �xl� is the distance from the source point �x to the field
point �xl (both on the boundary); �G/�n��x� �xl�=−�r · �n/40r3; and
�n is the outward unit vector normal to the boundary at point �x.
Eq. 13 is discretized and solved by a BEM, using bi-cubic

piecewise overlapping boundary elements, based on the Mid-
Interval-Interpolation method (MII). In such elements, the local
interpolation of both the boundary geometry and variables is
expressed in 4 × 4 node sliding elements, of which only one
quadrilateral (usually the central one) is used in the integrations.
A curvilinear transformation is applied to express equations onto
a single reference element. The numerical integration for source
and doublet influence coefficients is as follows:

Regular integrals are calculated by a bi-directional Gauss-
Legendre quadrature method.

Weakly singular integrals, in which distance r vanishes, are
handled by first applying a polar coordinate transformation to reg-
ularize the integral kernel, and then Gauss-Legendre numerical
integration.

Quasi-singular integrals, in which distance r becomes very
small but non-zero, are computed by using a so-called adaptive
integration scheme, in which successive subdivisions of the ele-
ment are made based on distance and solid angle criteria.
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Time Integration

As detailed in Grilli et al. (2001), 2nd-order truncated Taylor
series expansion are used to update both the position vector �R
and the velocity potential � on the free surface. The resulting
time-marching scheme for the free-surface evolution, for instance,
reads:

�R�t̆n + !t̆n�= �R�t̆n�+
D̆ �R
D̆t̆

!t̆n +
D̆

D̆t̆

[
D̆ �R
D̆t̆

]
�!t̆n�

2

2
(14)

where the form of D̆/D̆t̆ varies depending upon the type of
method used for free-surface updating, as discussed above.

Higher-order Spatial Derivatives

One can show that 2nd-order Lagrangian and pseudo-Lagrangian
time derivatives in Eqs. 2 and 3, or Eqs. 9 and 10, respectively, can
be expressed as a function of 1st- and 2nd-order time and spatial
derivatives of the potential. The normal derivatives are obtained
as solution of the BEM equations. The tangential derivatives are
calculated based on the boundary solution, in a 5×5 quartic slid-
ing element, as detailed in Grilli et al. (2001). It is noted that
Fochesato et al. (2005) developed improved formulations of tan-
gential derivatives in the model, which are used in the present
applications.

Solution to Linear Algebraic Equations

The linear system of algebraic BEM equations is solved using
the iterative solver GMRES (Generalized Minimal RESidual),
combined with the FMA (Fast Multipole Algorithm), an efficient
N log N method implemented by Fochesato and Dias (2006) in
the 3-D BEM model and applied to tsunami and freak wave gen-
eration and propagation by Enet and Grilli (2005) and Fochesato
et al. (2007), respectively. (See also Grilli et al., 2008.) The rela-
tionship of computational time to discretization size N is studied
below, in the context of present applications.

NUMERICAL RESULTS

Accuracy and Convergence of Computations

As mentioned earlier, Grilli et al. (2000, 2001) originally devel-
oped the core of the BEM model and numerical algorithms.
Aspects of model efficiency, convergence and accuracy were ini-
tially analyzed in these papers for 3-D wave propagation, shoal-
ing and breaking, using a direct matrix solver. Later, Guyenne
and Grilli (2006) used the iterative solver GMRES and reported
improved performance on a vector computer. Fochesato and Dias
(2006) implemented the FMA in the model and similarly tested
model performance, finding the expected N log N convergence
rate of computations. In the following, we perform a similar anal-
ysis of numerical errors as a function of discretization size, in
the context of the present implementation of the model. To do so,
we solve a simple but representative case of linear periodic wave
propagation in a rectangular domain, for which there is an exact
solution in the form:

� = gAI

4

cosh k�z+h�

cosh kh
sin7

7= kxx+ kyy−4t+ 89k=
√

k2
x + k2

y94
2 = gk tanh kh

(15)

where AI denotes the wave amplitude, k the wave number (kx and
ky are the wave numbers along each direction), 4 the circular

(a) Flat top case 

X
Y

Z

(b) Wavy top case

X
Y

Z

Fig. 2 Domain and grid systems used for accuracy and con-
vergence studies based on linear wave theory (vertical scale
magnified)

frequency, and 8 the phase function. The last equation in Eq. 15 is
the linear dispersion relationship, relating the wave number to the
frequency, in depth h. The computation domain shown in Fig. 2
is a rectangular region similar to that used in later applications.
The velocity potential is specified as a boundary condition on the
free surface, and its normal derivative �n is specified on the other
boundaries, both based on Eq. 15.

In all calculations, the domain length, lx is 8 times the wave-
length : and depth is set to unity. The number of elements ranges
from 4 to 16 per wavelength in the x direction, and the element
length along y is set equal to that along x. The number of ele-
ments on the vertical sides is kept constant to 4.

Numerical errors are defined as the absolute difference between
the analytic and numerical solutions, normalized by dividing by
the maximum value of the associated variable on the correspond-
ing boundary. Errors are calculated for the potential normal gra-
dient on the Dirichlet boundary, SD, which corresponds to the
free surface, and for the potential on the Neumann boundary, SN ,
which includes the other boundaries. In each case, we calculate
the maximum error, ;max, mean error, ;mean, and rms (root mean
square) error, ;rms. Thus, for example, ;max

D , ;mean
D and ;rms

D are the
maximum, mean and rms errors on the Dirichlet boundary.

Fig. 3 shows numerical errors calculated on the Dirichlet
boundary as a function of the element size !x, normalized by the
wavelength, for a rectangular domain with a flat free surface.

Power curve fits of errors shown in Fig. 3 as function of relative
mesh size yield:

;max
D ≈ 20<64�!x/:�3<57 (16)

;mean
D ≈ 4<62�!x/:�3<48 (17)

;rms
D ≈ 6<85�!x/:�3<61 (18)

which indicates a rate of convergence of the solution close to a
power 3.5. This could have been expected considering the cubic
interpolation functions used in the BEM elements. Additionally,
we see for instance that approximately 6 elements per wavelength
must be used to achieve a 1% mean error level on the Dirichlet
boundary.
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Fig. 3 Numerical errors on Dirichlet boundary as function of nor-
malized element size (rectangular domain with flat top)

Fig. 4 shows numerical errors for the Neumann boundary,
which are found to be smaller, by almost one order of magnitude,
than errors on the Dirichlet boundary. This is a known feature of
the BEM solution for mixed Dirichlet-Neumann problems, hav-
ing been already identified and discussed by Grilli et al. (2001)
in the context of this 3-D BEM model, and for another BEM
model by Sung (1999). Additionally, power curve fits indicate that
error convergence rates are slightly better than for the Dirichlet
boundary.

;max
N ≈ 12<32�!x/:�4<04 (19)

Fig. 5 shows that, in the above computations, computational
time grows like the power 1.3 of the number of unknowns:

CPU Time(secs)≈ 0<0016N 1<32 (20)

This is close to the expected optimal growth of computational
time with the number of unknowns for the FMA.
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Fig. 4 Numerical errors on Neumann boundary as function of
normalized element size (rectangular domain with flat top)
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Fig. 5 Computational time of present method for case of Figs.
1∼3 (rectangular domain with flat top)

The accurate computation of flow velocities on the free surface
is of great importance for the global accuracy of the numerical
method, when applied to nonlinear time-domain simulations of
surface waves. Free-surface velocity and acceleration are indeed
used to update the fluid domain geometry and potential at every
time step. Fig. 6 shows numerical errors for flow velocities com-
puted on the free surface as a function of discretization size.
Curve fits to the results show that errors on the velocity ;V behave
approximately as follows:

;max
V ≈ 73<58�!x/:�3<34 (21)

;mean
V ≈ 8<16�!x/:�3<47 (22)

;rms
V ≈ 14<45�!x/:�3<57 (23)

hence similarly to other errors on the Dirichlet boundary. This was
expected since these errors combine normal velocities, which are
directly provided by the BEM solution, and tangential velocities,
which are calculated by interpolation of the exact potential.

Next we examine the effect of a wavy rather than flat free
surface on the numerical solution by using the analytic extension
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0.001

0.01

0.1

1
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average error

rms error

Fit to maximum error

Fit to average error

Fit rms error

δx/λ

ε
V

Fig. 6 Numerical errors of module of flow velocity on free sur-
face (rectangular domain with flat top)
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Fig. 7 Numerical errors on Dirichlet boundary as function of nor-
malized element size (rectangular domain with wavy top)

of the velocity potential up to the exact wave elevation (rather
than the mean water level). This is possible because the analytic
functions defining the potential are not restricted to the lower
half space. The analytical free surface is obtained by applying the
linearized free-surface condition to the potential in Eq. 15 as:

��x� y� t�=AI cos7 (24)

Fig. 2b shows the grid system for these computations. The
boundary value problem, constructed in the same manner as for
the flat free surface, now more closely corresponds to the bound-
ary value problem solved at every time step in time-domain com-
putation of nonlinear free-surface waves. Fig. 7 shows numerical
errors on the Dirichlet boundary for this case, for AI/: = 1/10,
which corresponds to a strongly nonlinear case. Both the accu-
racy and rate of convergence are somewhat reduced as compared
to the flat top case in Fig. 3. Through curve fitting, we find:

;max
D ≈ 11<87�!x/:�2<82 (25)

;max
N ≈ 49<13�!x/:�4<63 (26)

Thus we can conclude that, for the case of a wavy free sur-
face, the convergence of the present model solution is nearly 3rd
order with respect to the element size. When the coarsest case is
excluded in the accuracy estimates, we find that for highly non-
linear waves it is necessary to use a minimum of 8 elements per
wavelength to achieve numerical errors smaller than 1%. Hence,
for a wavy free surface we must use a slightly more refined mesh
to achieve the same level of accuracy as for a flat free surface.
By contrast, on the Neumann boundary, errors are slightly smaller
for a wavy free surface than for a flat surface, but this could just
be an artifact of the selected test case.

Waves Generated by Advancing Pressure Patch

In this first application of the full numerical model, we vali-
date the proposed combined updating methodology by computing
nonlinear waves, and the corresponding wave resistance, caused
by a pressure patch specified on the free surface and accelerat-
ing from a state of rest to a steady state. This problem has been
studied earlier using theoretical or numerical methods, in relation

Fig. 8 Definition sketch of free-surface regions used in combined
updating method: Lagrangian (SL), Transition (ST ), Eulerian (SE)
or Pseudo-Lagrangian (SP )

to the design of conventional Air Cushion Vehicles (ACV) (e.g.
Doctors and Sharma, 1972; Wyatt, 2000; Sung and Grilli, 2005).

Before discussing numerical results, we further detail the main
features of the 3 regions, with different free-surface time updat-
ing methods, used in computations: Lagrangian (SL), Transition
(ST ), and Eulerian (SE) or Pseudo-Lagrangian (SP ) regions. Fig. 8
shows a sketch of the 3 zones, in which elliptical shapes have
been used to delineate the boundary of each zone. (Note that, in
principle, any arbitrary shape could be used depending upon the
problem and areas of interest.) We solve 4 different test cases,
referred to as C1-C4, which differ by the size of each region used
for free-surface time updating (Table 1). Of the 4 cases, C4 has
the largest SL region and is thus defined as our reference case.
Numerical results are first compared between cases and later with
results obtained in earlier work.

As in Doctors and Sharma (1972), we define the theoretical
shape of the pressure patch representing the moving disturbance
as:

pa =M�t�
p0

4
&tanh+�x′ − x0 + a�− tanh+�x′ − x0 − a�'

× &tanh>�y− y0 + b�− tanh>�y− ys0− b�'

(27)

in which a time ramp-up function M(t) is used for gradually start-
ing simulations:

M�t�= 1
2

{
1− cos

0t

Tm

}
(28)

for t ≤ Tm, and M�t�= 1 for later times t > Tm.
Numerical results are normalized by setting 2a= 1<0, g = 1<0

and �= 1<0. Hence the characteristic quantities for length, time,
velocity, velocity potential and pressure variables are L,

√
g/L,√

gL, L
√

gL and �gL, respectively, where L is a characteristic
length. In the following, we use symbol (∧) to denote normalized
quantities. We also use a cosine ramp-up function for the transla-
tion velocity of the pressure patch.

Case Number
Dimensions C1 C2 C3 C4

Length of major axis of SL 2.0 3.0 4.5 6.5
Length of minor axis of SL 1.0 2.0 3.0 3.0
Length of major axis of ST 2.5 5.0 7.5 9.5
Length of minor axis of ST 1.5 3.0 4.5 4.5
Coordinates of center (8,0) (8,0) (8,0) (10,0)

Table 1 Parameters of elliptical free-surface regions used in
combined updating method
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Wave resistance due to the motion of the disturbance is obtained
as the pressure force on the disturbed free surface within the
cushion:

Rw =−
∫
SAC

pnxdS (29)

where SAC denotes the air-cushion surface area. This physical
quantity is made dimensionless as Rc = �Rw/W )(�ga/p0), where
W = 4�gap is the weight supported by the pressure patch.

In the coordinate system traveling at the instantaneous veloc-
ity of the moving disturbance, no-flow boundary conditions are
applied on the downstream, upstream and sidewall boundaries of
the domain, which thus move at the same speed as the pressure
patch. An absorbing pressure is specified over a narrow strip of
the free surface next to the upstream boundary in order to prevent
the growth of small sawtooth instabilities that could be created
due to the amplification of small numerical errors by the relative
fluid flow velocity (Sung and Grilli, 2005). Grid point clustering
is prevented on the free surface by regridding nodes at every time
step in the simulations.

Unless otherwise noted, we use the following parameter val-
ues: L= 2a, p̂0 = 0<025, b/a= 0<5, +a= >a= 5 and Ûmax

B =−1
(dimensionless advancing velocity of the pressure patch). The
computational domain is 18 dimensionless units long and 10 wide,
and there are 81 and 15 node points in the x and y directions,
respectively, yielding an initial grid size of about 0.22 unit in
each direction. The water depth is d̂ = 1 (finite depth case).
Throughout the simulations, the time step and normalized modu-
lation time are kept constant at !t̂ = 0<05 and T̂m = 2<0.

Fig. 9 shows time histories of the relative difference between
wave resistance computed as a function of time for cases C1-C3
and the reference case C4. Results are normalized by the steady-
state value of wave resistance for C4. We see that results con-
verge to those of C4, which is the most accurate solution in the
full Lagrangian zone, as the area of the Lagrangian zone (SL) is
increased. Considering the very small differences with C4, case
C3 could probably be used as well as the reference solution.

Fig. 10 shows the time evolution of free-surface waves around
the traveling pressure patch for C4. Fig. 11 compares the wave
resistance coefficient Rc computed with (i) full Lagrangian,
(ii) pseudo-Lagrangian, and (iii) the present combined updating
method (the latter with zones of Case C4). In each case, non-
linear time-domain simulations are performed in the computa-
tion domain of the same size, with the same grid system. The
agreement is quite good after quasi-steady state is reached at

0 5 10 15 20 25

-0.01

0.00

0.01

0.02

t √g/L

 δRc

Fig. 9 Effect of size of time-updating regions (Table 1) on total
wave resistance—relative difference with C4 plotted by normal-
izing with steady-state value of Rc for C4: (©)= C1, (�)= C2,
(�)=C3

(a)

(b)

(c)

Fig. 10 Free-surface evolution of advancing pressure patch prob-
lem computed using combined time updating method, with zones
of case C4 (Table 1), at t̂ = (a) 4, (b) 8, (c) 12

t̂ = 12∼13. The predicted values of the steady-state wave resis-
tance are:

• 0.971 (full-Lagrangian updating)
• 0.970 (pseudo-Lagrangian updating)
• 0.986 (the present combined method)
For the sake of comparison, linear wave theory yields 1.041

(Doctors and Sharma, 1972). In the Lagrangian updating, because
a fixed domain is used, the pressure patch eventually reaches the
fixed upstream boundary, which terminates computations; also,
the downstream vertical surface causes reflection and fluctuations
in the computed wave resistance at larger times. The pseudo-
Lagrangian method is that reported in earlier results by Sung and
Grilli (2005). It can then be concluded that the present numerical
approach, with a new combined free-surface updating methodol-
ogy, provides accurate and efficient results (in the sense that a
much shorter domain can be used than with the full Lagrangian
method, while retaining the advantages of the Lagrangian updat-
ing near the moving disturbance).
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Fig. 11 Time history of wave resistance coefficient for trav-
eling pressure patch with updating method = solid line; full
Lagrangian = dashed line; pseudo-Lagrangian, and circles =
combined method with zones of Case C4
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Fig. 12 Mass conservation of computational domain for traveling
pressure patch with present combined update and zones of case
C4

In order to check the global accuracy of the combined method,
we compute time histories of total volume, kinetic, potential and
total energy for the case in Fig. 10. After computations have
reached the steady state, the maximum relative error on the total
volume of the computational domain is less than 0.006% (Fig. 12).
Fig. 13 shows that the total energy becomes constant after reach-
ing steady state, with a nearly equal partition of kinetic and poten-
tial energy.

Fig. 14 shows the steady-state free-surface wave patterns ob-
tained using the 3 different updating methods discussed above. As
expected, significant reflection occurs at the downstream boundary
for the full Lagrangian method, and fluctuations can also be seen
at the upstream free-surface boundary. These fluctuations do not
occur in the pseudo-Lagrangian and the present updating methods.
It is also noted that, with the full Lagrangian updating method, an

0 5 10 15 20 25

0.000

0.002

0.004

0.006

t√g/L

E(t)

Fig. 13 Wave energy for traveling pressure patch, with present
combined updating method and zones of case C4 (same case as in
Fig. 10): solid= kinetic energy (K<E<); dashed= potential energy
(P<E<); and circles= total energy (T <E<= P<E<+K<E<)

(a)

(b)

(c)

Fig. 14 Comparison of steady-state free-surface profiles (same
case as in Fig. 10) for updating method: (a) full Lagrangian, (b)
pseudo-Lagrangian, (c) combined (zones of case C4)

open boundary condition was specified on the downstream bound-
ary of the earth-fixed computation domain, as a pressure sensitive
“snake absorbing piston wave-maker” (Brandini and Grilli, 2001;
Fochesato et al., 2007).

Fig. 15 shows the wave resistance coefficient computed as
a function of the pressure patch velocity, using the combined
method with zones of Case 4. The faster the pressure patch, the
earlier the wave resistance coefficient reaches steady state, and
the smaller it is.

The steady-state values of wave resistance coefficients in
Fig. 15 are compared in Fig. 16 with those obtained by other
free-surface updating methods or predicted by linear wave the-
ory (Doctors and Sharma, 1972). We see that all of the nonlinear
methods yield smaller wave resistance results than the linear
method for the selected case. Further, the present combined
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Fig. 15 Wave resistance coefficient as function of pressure patch
velocity, using combined updating method and zones of case
C4: (©) Ûmax

B = −1<00, (•) Ûmax
B = −1<25, (♦) Ûmax

B = −1<50,
(�) Ûmax

B =−1<75, and (�) Ûmax
B =−2<00
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Fig. 16 Wave resistance coefficient computed with: (©) combined
updating method with zones of case C4, (�) full Lagrangian
updating, (+) pseudo-Lagrangian updating (Sung and Grilli,
2005), and (—) linear wave theory (Doctors and Sharma, 1972)

method of free-surface updating gives slightly smaller values of
wave resistance than other free-surface updating methods.

CONCLUSIONS

Using the 3-D higher-order BEM model (HOBEM) originally
developed by Grilli et al. (2000, 2001), with recent extensions
by Fochesato et al. (2005) and Fochesato and Dias (2006), we
developed a new combined methodology for simulating nonlinear
free-surface flows generated by an advancing surface disturbance.
As expected from the 3rd-order accurate spatial and temporal dis-
cretizations, in the BEM model, result convergence is of 3rd order
as a function of the grid size, and numerical errors of less than
1% for highly nonlinear waves can be achieved when using at
least 8 elements per wavelength. Using the Fast Multipole Algo-
rithm (FMA) in the BEM solver, we confirmed that CPU time
almost linearly increases with the number of unknowns. In con-
clusion, when properly discretized, the present BEM model yields
both an accurate and converged efficient solution when modeling
3-D nonlinear water waves in the context of a mixed Dirichlet-
Neumann problem, such as the wave resistance problem in a trav-
eling system of axes.

Numerical results obtained for waves generated by a traveling
pressure patch show that the new proposed method, for identical
accuracy, is more efficient than the conventional full Lagrangian

and pseudo-Lagrangian methods, such as used earlier by Sung
and Grilli (2005).

Further work must be done for modeling nonlinear waves gen-
erated by an advancing surface-piercing body, but in principle,
the model should achieve a similar performance for such prob-
lems. Such work will be presented in a future paper completing
the present study.
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